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Abstract

In this paper we study seminormed double sequence spaces of a four-dimensional
matrix and Musielak—Orlicz function over n-normed spaces. We explore some
interesting inclusion relations, algebraic and topological properties of these spaces.
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1 Introduction and preliminaries

Generalizations of single sequence spaces are double sequence spaces which were initially
given by Bromwich [2]. Later on, these spaces were investigated by Hardy [13], Méricz and
Rhoades [24, 25], Tripathy [39, 40], Basarir and Sonalcan [1] and many other researchers.
Hardy [13] presented the idea of regular convergence for double sequences. Recently, Haz-
arika and Esi [14] studied generalized difference paranormed sequence spaces defined over
a seminormed sequence space using ideal convergence. A double sequence x = (xy) is a
double infinite array of elements xy; for all k,/ € N. A double sequence has Pringsheim’s
limit L if, given € > 0, there exists n € N such that |x; — L| < € whenever &, > n. We shall
write it as P-limy ;o %x = L, where k and [ tend to infinity independent of each other.
Throughout this paper, the limit of a double sequence means a limit in the Pringsheim’s
sense.

Let w, lo, ¢ and ¢y denote the spaces of all, bounded, convergent and null sequences,
respectively. Kizmaz [16] explored the concept of difference sequence spaces and studied
the difference sequence spaces [, (A), ¢(A) and co(A). This concept was further explored
by Et and Colak [7] who introduced the spaces [,,(A™), c(A™) and co(A™). Let m be a

nonnegative integer. Then for Z = ¢, ¢y and [/, these sequence spaces are defined as

Z(A™) ={x=(x) ew: (A"xi) € Z},
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where A”x = (A"x;) = (A" ap — A" Lxp,1) and Alxy = x; for all k € N, which is equiva-
lent to the following binomial representation

Taking m = 1, we obtain the spaces studied by Et and Colak [7]. Similarly, the difference
operators can also be defined on double sequences as

Axpy = (K s — Xkie1) — Kke1,l — Xee1,061)

=Xkl — Xk, l+1 — Xk+1,0 T Xk+1,0+1
and
AWI — Am—l _ Am—l _ Am—l Am—l
Xk, = Xkl X l+1 Xk+1,0 + Xe+1,0+1-

In [15], Kadak and Mohiuddine extended the notion of an almost convergence and its
statistical forms with respect to the difference operator involving the (p, g)-gamma func-
tion. They estimated the rate of almost convergence of approximating linear operators by
means of the modulus of continuity and derived some Voronovskaja type results by using
the generalized Meyer—Konig and Zeller operators. Mohiuddine et al. [21] defined and
studied statistical 7-convergence, statistical t-Cauchy and S$*(t)-convergence of double
sequences in a locally solid Riesz space. Quite recently, Mursaleen and Mohiuddine [28,
29] studied the notion of ideal convergence of double sequences in probabilistic normed
spaces and also gave the concept of statistically convergent and statistically Cauchy double
sequences in intuitionistic fuzzy normed spaces. For more details also see [22, 23, 30, 38].

In [33], Orlicz introduced functions, now called Orlicz functions, and constructed the
sequence space ;7. An Orlicz function M : [0, 00) — [0, 00) is a continuous, nondecreas-
ing and convex function such that M(0) = 0, M(x) > 0 for x > 0 and M(x) — oo asx —> 00.
The idea of an Orlicz function was used by Lindenstrauss and Tzafriri [18] to define the
following sequence space:

oo
Ly = :xz (xx) € WZM(%{') < 0o for some p >O},
k=1

which is known as an Orlicz sequence space. The space ¢, is a Banach space with the
norm

%l :inf{p>0:ZM(|xk|> < 1}.
0

k=1

A sequence M = (M) of Orlicz functions is said to be a Musielak—Orlicz function (see
[19, 32]). A Musielak—Orlicz function M = (M) is said to satisfy the A,-condition if there
exist constants @, K > 0 and a sequence ¢ = (cx)g; € I! (the positive cone of /!) such that
the inequality

M (2u) < KM (u) + i
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holds for all k € N and u € R*, whenever My (u) < a. Recently, Esi [3, 4] introduced some
new generalized difference sequence spaces using a modulus function. In [5, 6], Esi et al.
constructed new spaces of statistically convergent generalized difference sequences via a
modulus function. They studied different properties of such sequences and obtained some
inclusion relations involving these new difference sequence spaces.

In the middle of 1960s, Gahler [8] developed a satisfactory theory of 2-normed spaces,
while that of #n-normed spaces can be found in [20]. Since then in the early part of the last
century, many researchers studied this concept and acquired various results, see [9-11].
For more details about sequence spaces and n-normed spaces, see, for instance, [17, 26,
27, 31, 34-36, 41] and references therein.

Let A = (@,1) be a four-dimensional infinite matrix of scalars. For all #1, n € N, the sum

00,00

YVmn = E AynnkiXkl
k,l=1,1

is called the A-mean of the double sequence (xg;). A double sequence (xy) is said to be
A-summable to the limit L if the A-mean exists for all m, n in the sense of Pringsheim’s

convergence:
P
P- lim E Aynkd®il = Ymn and  P- lim y,, = L.
P'q—>°0kl 11 m,n— 00

Theorem 1.1 (Robison [37] and Hamilton [12]) The four-dimensional matrix A is RH-
regular if and only if

(RH1) P-limy,, @i = for each k and 1,

(RHy) P-1imy Y s @il = 1,

(RH3) P-limy,y, Y ) @kl = O for each I,

(RHy) P-limy,y, Y l@mun| = 0 for each k,

(RHs) Zk', |@nra| < 00 for all m,n € N.

Let P, denote the class of all subsets of N x N not containing more than (r,s) elements
and let {¢,,,} denote a nondecreasing double sequence of positive real numbers such that
(m, ) Pys1ne1 < (M + 1), (1 + 1)y, for all (m, n) € N x N. Let w”(X) and I (X) denote the
spaces of all double and all double bounded sequences, respectively, with elements in X,
where (X, ) denotes a seminormed space. By 6 = (9,6, 6, ...) we denote the zero sequence,
where 6 is the zero element of X.

Let M = (M) be a Musielak—Orlicz function, p = (pg;) a bounded double sequence
of positive real numbers, and u = (i) a double sequence of positive real numbers. Let
(X, II->--.,1l) be an n-normed space and let A = (@,,,ux;) be a nonnegative four-dimensional
bounded-regular matrix. Now we define the following classes of sequences:

LM A A" up,q, )5l
00,00
’ MklAmxkl Pkl
= {x: (x1) € w'(X) : sup E ﬂmnklel|:qkl< ——— %1, 2l )] < 00,
k,i>1
Azl

for some @ > 0}
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and

m”[M)A, Am;”y¢;]9;6], ||',...,'||]

1 U A" %
= {x =) ew'X): sup — Z Amnki M |:¢Ik1< —

7,s>1,0 €Pyg ¢rs klco

»Z15+++1Zn-1

)

< 00, for some @ >0}.

Throughout the paper, we shall use the following inequality: If 0 < py; < suppy = H,
K = max(1,271) then

|a + bu|P¥ < K (lanlP? + |bylP4) (L.1)

for all k,! € N and ay, by € C. Also |a|Pk < max(1, |a|?) for all a € C.
The main aim of this paper is to study some classes of seminormed double sequences of
a four-dimensional matrix by using a Musielak—Orlicz function. Some interesting topo-

logical properties and interrelations are also examined.

2 Main results

Theorem 2.1 Let M = (My;) be a Musielak—Orlicz function, p = (pu) a double sequence of
positive real numbers, and u = (uy) a double sequence of positive real numbers. Then the se-
quence spaces m' [M, A, A", u,,p, ¢, |+ ...,- |l and I, [M, A, A", u,p,q, ||-...,-||] are lin-
ear spaces over the complex field C.

Proof We shall prove the assertion for m”[M, A, A", u,¢,p,q, |-, ..,-||]] only. Let x = (xx;)
and y = (yu) € m"[M,A, A", u,p,q, ||->...,-|l] and «, B € C. Then there exist positive real
numbers g1, 02 > 0 such that

1 uklAmxkl Pkl
sup  — Z AmnidMia| G\ || =215+ -1 2Zn-1 <00
r,s>1,0 €Ly ¢rs kilco
and
1 ”klAmykl Pkl
sup  — Z ApnkdMu | qu\ | —— 215+ -1 Zu-1 < 00.
r,s>1,0 €Pyg ¢rs klco

Define g3 = max(2|x|o1,2|8]03). Since ||,...,-| is an n-norm on X and (My;) is a nonde-

creasing and convex function, by using inequality (1.1), we have
>]Pkl

1
WP o Z At Mia [ka(
rs

r,s>1,0€Pr kleo
g

1
= sup — Zﬂmnkszz[Qk1<

r,s>1,0 €Pyg ¢rs klco

+ ka<

u A" (axi + Byi)
03

1Z1reeer1Zpn-1

)

uk[Amocxk;

)/

3Z1r+e03Zn-1

u A" Byu
7’ 1)""2}’1—1
3
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U A" oxgg
7’Z1’ A ’Zn—l

)l

1 1
<K sup — Y i Gkt Mia [%(

r,s>1,0 €Pyg ¢rs kico 01

1 1 Lt]dAm,Bykl Prl
+K sup — —a klel|:6]kl( —— 21, 2t
7,5>1,0 €Pyg ¢rs klgf 2pkl " "
1 U A" xpy Pkl
=K sup — Z Akt M |:le( 21 21
r,s>1,0€Pys ¢rs kleo
1 U A"y Pr
+K sup — “mnklel[le(‘ ——— 21, Zn
r,s>1,0 €Pyg ¢rs kleo
< 00.
Thus, ax+ By € m"[M,A, A", u,¢,p,4, - ..,-||]. Hence, m" [M, A, A", u,p,q, |-, ..., ||] is
a linear space. 0

Theorem 2.2 Let M = (My) be a Musielak—Orlicz function, p = (pi) a bounded sequence
of positive real numbers, and u = (uy) a sequence of positive real numbers. Then the space
m' [M,A, A" u, 0,0, |- .., ||] is a seminormed space with the seminorm g defined by

glx) = inf{(@)kal >0:

1
1 uklAmxkl PN\ G
( sup  —— Z ﬂmnklel|:qkl< %21 =1
r,s>1,0€Pys ¢rs kleo
where G = max{1, sup py; < 00}.
Proof Clearly, g(x) > 0 for x = (xi1) € m"[M,A, A", u,¢,p,q, ||, ..,||]. Since M (0) =0,

we get g(A) = 0. Let 0; > 0 and @, > 0 be such that

1
1 MklAmxkl PN G
sup  —— Z kM| qu\ || ————+215+ 1201 =1
r,s>1,0 €Pyg Prs kleo o1
and
? 1
1 U A" xyy K\ G
sup  — Z ApnkiMu | g\ | ——> 212 Zn-1 <1l
rs>1,0€Prs Prs kilco

Let 0 = 01 + 02. Then we have

U A" (X + yia)
o

1Z1eeerZp—1

1
( SUP o Zﬂmnklel[qkl<
rs

r,s>1,0€Pyg kleo

)
0l
)|

g A" (X + yia)
01t 02

»Z15+++>Zn-1

1
= ( sup  —— Z AmnkiMi [qkl(

7,5>1,0 €Pyg ¢rs kleo

1 4
< < sup — ) {( )ﬂmnkszz I:le(
r,s>1,0 €Pys (»brs kleo 01+ 02

g A" %y

3Z15+e03Zp-1

Page 5 of 12
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u A"y

3Z1yee3Zp-1

Ialk

u A" xy

Q
+ ( )ﬂmnkszz |:le<
01t02

0 1
< sup — a klel|: kl(
<Q1 + 02 < D Z " 1

r,8>1,0E€Pg ¢rs ko

+ sup  — ApnkiMia | qr
(Ql +02 ) (r,s>1,oEPys ¢ Z e 1

S kleo

3215043 Zn-1

)y
10l

U A"y
—_,

Z1yeeerZp-1

Since ©’s are nonnegative, we have

glx+y)

Prl

=inf{(Q)G >0:

1
( sup ¢—ZM1<1[61/<1<

7,5>1,0 €Pps kleo

Q-

U A" (X + yia)
e 2t

') =]

§inf{(gl)%i >0:

1
1 U A" xy PR @
( sup  —— ZMkl[qkz< ———Z1 - 21 <1
7,s>1,0 €Pyg ¢rs kleo
+ inf{(gz)% >0:
1
1 U A"y PN G
sup ~ —— ZMkl qu\ |—— 21+ Zu1 <1
7,5>1,0 €Pyg ¢rs kleo

=g(x) +g(y).
Thus, g(x +7) < g(x) + g(»).

Finally, we need to prove that the scalar multiplication is continuous. Let « be any com-
plex number. By definition,

g(ux)

=inf{(g)%i >0:

1 Mg A" X
( sup ¢_ZMkl[le<HT,Zhnqzn_1
rs

7,s>1,0 €Pyg kleo

PrL
:inf{(mm) ¢ >0:

1
( sup ¢_ZMkl|:le(

7,5>1,0 €Pyg klco

U A" xyy
21> Zp-1

= |u|inf{(a)% >0:

Page 6 of 12
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1

1 uklAmxkl PKN G

( sup  —— ZMkl[qH( %L Zpl =1

r,s>1,0 €Pys ¢rs kico a

where a = -2 }

|l
= |plg ().
Thus, the scalar multiplication is continuous. The proof is complete. 0

Proposition 2.3 For any Musielak—Orlicz function M = (My), let p = (pi) be a bounded
sequence of positive real numbers and u = (uy) a sequence of positive real numbers. Then

the space I [M, A, A", u,p,q,|I-,...,-||] is a seminormed space, with a seminorm given by

=

u A" xyy
%153 Zp-1

. - 00,00
g)=inf{ (o) >0:sup Y @pmiiMu [ka(

mszly1

Theorem 2.4 Let M = (My) be a Musielak—Orlicz function. Then
m”[M;Ay Am, u, ¢*yp; qy ” Treeer” ”] C m//[M;A; Am, u, ¢**,P, q: ” BRI ”]
ifand only if sup, -, %fi <ooforallr,s e N.

Proof Letx e m"[M,A, A", u,¢*,p,q, ..., Il and S = sup, . % < 00. Then, we obtain

)l

3Z1r+++1Zn-1

)

U A" xy

1
SUp  — ) driMut| qua Ly sZnt

rs>1,0€Prs Prg kleo
»

g A" %y

* 1
<sup-——  sup — Zﬂmnklel |:le<

Hk
rs>1 ¢ rs>1,0€P, ¢
W8 rs IS4 rs rs k,leo

)

ug A" %y
%13 Zp-1

1
=S sup  — Y apMu |:qu<

7,5>1,0 €Prg ¢rs kleo

< OQ.

Thl.lS, X € m,/[M,A; Am: Mr¢**rp7 q, ||! e ”]

Conversely, suppose that
m”[M’A, Am, u, ¢*,P, 1/], ” freeer” ”] C m”[M:A, Amr u, ¢**;P7 q: ” BEEEEN ”]

and x € m"[M,A, A", u,¢*,p, ¢, ||-»...,-||]. Then there exists a ¢ > 0 such that

IR

U A" Xy
%1501 Zp-1

1
sup  — Z Akt M [ka(

r,$>1,0 €Pys ¢VS kleo
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for every € > 0. Suppose that sup, ., % = 00, then there exists a sequence of numbers

X
. risi
(r;,5;) such that lim;;_, o —Z = 00. Hence, we have

Fok
¢r,-s/

1 MklAmxkl Pkl
sup - — Z AmndMia| i\ | =215+ Zn-1
r,s>1,0€Prs ¥Prg kleo

*

brs; 1
>sup—L  sup  — Y apuMu |:ku<

.. k%
ij>1 ¢ris}- r,szl,oePrl.S}. 1iSj kleo

u A" xy

1Z1re o1 Zp-1

)

= OoQ.

Therefore, x ¢ m"[M,A, A", u,»**,p,q,||*,...,-|], which is a contradiction. This com-
pletes the proof. d

Theorem 2.5 Let M = (My) be any Musielak—Orlicz function. Then
m”[M’A, Am, u, ¢*,P, 1/], ” freeer” ”] = m”[M;A’ Amr U, ¢**,P; qr ” freees” ”]

if and only if sup, -, fTI:i < 00 and sup, ;- %ﬁ: <oo forallr,s e N.
Proof We omit the details since the proof is easy. O
Theorem 2.6 For Musielak—Orlicz functions M’ = (M,)) and M" = (M})) which satisfy
the Ay-condition, the following relations hold:

(i) m'[M,A, A"y, o.0:q ..., ”] cm’" M o M", A, A", u, o.p:q .., ”]

(11) m”[M’A’ Am» u, ¢;l7; q: ” fyeeer” ”] N m”[M”,Ar Am} u, ¢;P: q; ” EEREER ”] C

m' M + M" A, AN u, 0,0, |55l

Proof (i) Let x = (xxy) € m"[M,A, A", u,¢,p,4, .- .,-||]. Then there exists a positive real

I

Since M’ = (M) is a continuous function, we can find a real number §, 0 < ¢ < §, such

number o > 0 such that

up A" x1
71Z1""’2n*1

1
sup  —— Z AmniiMit| Gia
r,8>1,0 €Ppg ¢rs kleo

that Mj(£) < €. Let yi = My, [qu(| 224 ,, .., 7, |)]. Hence we can write

00 00
Z amnklM;q/l D/kl]pkl = Z amnklM;(/l b/kl]pkl + Z amnklMZl [ykl]Pkl,

k,leo Vi1 <6 V1>
and thus
o0 o0
> G [yl < max{ LMW} dyalyal?. (2.1)

Vi <0 Vi <8
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For yj; > 8, we use the fact that yi; < 2 < 1 + 24, By using the definition of M" = (M]

have

17 17 Yki 1 Zykl
M M| 1+— M, (2) + .
1 Ok) < kl( + 5) D) w(2) + 2( 5 )

) we

Since M" = (M})) satisfies the A,-condition and yaﬂ > 1, there exists a 7' > 0 such that

4 kl 4 kl " ki 1

Therefore, we have

[e¢]
TM(2)

Y [ MG < max{l ( 81 ) } > mmialyil?.

Yki>8 Yk1>6
Hence, by inequalities (2.1) and (2.2), we have

1 , MklAmxkl Pkl
sup  — ﬂmnkl(Mkl OMZ,) [le( —— 21, 21
7,8>1,0 €Pps ¢rs kleo

= sup Z @it [ My i) |

r,szl,(rEPrs rs kleo

< sup Lk > G i)

r,s>1,0€P,
75 I yg<s

+ sup —— G Z Amnkl ()’kl YK,

r,s>1,0€P, rs
i Vii>8

where K = max{1, M};(1)"} and G = max({1, (TMkl 2))H}

Hence, m"[M',A, A", u,¢,p,q, ||->...,- Il C" [M o M", A, A" u,,p,q, ||»...

(ii) Let

= (xw) € M [ M, A, A" u, 0,0, ..., -l | N [M", A, A u, 0,0, || ..

)'”]'

1.

Then
U A" xy Pi
sup Z am,,klel qul| | ——— 21,5 2n-1 <oo forsome >0
r,s>1,0 €Ly ¢rs kleo
and
uklAmxkl Pkl
sup Z am,,klM,d qul |———> 215, Zu1 <oo for some o > 0.
7,8>1,0 €Ppg ¢rs kleo

Page 9 of 12
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The result follows from the following inequality:

MklAmxkl Pkl
21,3 %p-1

o
)'Pkl
MklAmxkl Pkl
21,5 %p-1

o

uklAmxkl Pkl
5 Z1.-+5Zp-1
o

)l

1 ! 1!
sup — ﬂmnkl(Mkl"'Mkl) qki

r,s>1,0 €Ly ¢rs klco

1
= sup — ZamnklM]/d[le<

7,8>1,0 €Pyg d)rs ko

1
+ sup  —— ZamnklM;(/l[le<

1,8>1,0 €Pyg ¢rs klco

1
<K sup — Z p— |:ku<

r,s>1,0 €Pyg ¢rs kilco

U A" xy
2153 %p-1

ug A" xyy
7’21) .. '7Z7171

1
+K sup — Z ('lmnklM;(/[ |:qkl(

rs>1,0€Prs Prs kleo
s

< 00,
where K = max{1,2771}. Therefore, x = (xi;) € m"[M’' + M", A, A", u,¢,p,q, |-,
Theorem 2.7 One has the following inclusions:

H[MA A wp g |l ]] Cmd [M,A A u, ., 0l

C lgo[M;Ax Am,u,[?,q, ”,1”];
where

L [M,A A w,p gl ..o

00,00 m
= i(xkl) ew'(®):sup Y apuMy |:le< v

kiz1 o1

for some o >O}.

Proof Let x = (x) € [ [M, A, A", u,p,q,]l,...,-||]. Then

g A" xy
— 215 1Zn-1

00,00
sup Z ApnkiMi [ka(

Kzl 11

P
):| <oo forsome g >0.

Since (¢,s) is monotonically increasing, it follows that

)l

3Z15++03%p-1

u A" xyy
77217“"2}’1*1

1
— Z Akt Mi |:6Ik1 <

S kleo

1
<— ﬂmnklel|: kl<
o1 Z 1

kleo

uig A" xyy

)l

oell. O

Page 10 of 12
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uig A" xy
211 %p-1

)

1 00,00
< o Z Akt Mp |:qkl<
11

k,l=1,1

< 00,
Thus, x = (xy) € m"[M,A, A", u,$,p,q, ||, .- .,||], which implies
l/l/[M)A; AWI: u,p,q, ”71”] C m”[M’A’ Am,M,¢,p,q, ”.’“".”]'

Further, let x = (xi;) € m"[M, A, A", u,¢,p,q, |, ..,-||]. Then

1 U A" xy PR
sup — E ki | qui| || ———> 215+ 2Zn1 <oo forsome >0
7,8>1,0 €Pps ¢rs kleo
1 U A" xy PH
== sup — E AntdMu| qu| || ———> 215+ -5 Zu1 <00
kleNxN Prs o

for some ¢ >0,
where the cardinality of o is taken to be 1. And then also
x = (xp) € L [M, A, A u,p, q, |15l
Therefore,

m”[/\/l,A, Am,u,¢,p,q, ||;»||] - lgo[MrA; Am’ u,p,q, ”»r”] O
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