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We compute an s-channel 2 — 2 scalar scattering ¢¢p — ® — ¢¢ in the Gaussian wave-
packet formalism at the tree level. We find that wave-packet effects, including shifts of the pole
and the width of the propagator of @, persist even when we do not take into account the time
boundary effect for 2 — 2 proposed earlier. An interpretation of the result is that a heavy scalar
1 — 2 decay ® — ¢¢, taking into account the production of &, does not exhibit the in-state
time boundary effect unless we further take into account in-boundary effects for the 2 — 2
scattering. We also show various plane-wave limits.

Subject Index B30, B39

1. Introduction and summary

It is well known that a plane-wave S-matrix is ill-defined when taken literally because its matrix
element is proportional to the energy—momentum delta function, which always gives either zero or
infinity when squared to compute a probability. On the other hand, we may define an S-matrix in the
Gaussian wave-packet basis without such an infinity [1,2].

It has been claimed that the Gaussian formalism gives a deviation from Fermi’s golden rule [3,4],
in which the probability is suppressed only by a power of the deviation from energy—momentum
conservation rather than the conventional exponential suppression;! see also Refs. [6-8].

In Ref. [2], a scalar decay ® — ¢¢ was computed in the Gaussian formalism, and the previously
claimed power-law deviation from Fermi’s golden rule was identified to come from the configuration
in which the decay interaction is placed near a time boundary. As we will see, this configuration is
realized, even if the in-/out-states are at a distance. To examine the in-boundary effect for 1 — 2 in
more detail, it is desirable to take into account the production process of the decaying .

In this paper we compute a tree-level s-channel scalar scattering ¢¢p — ® — @¢ in the Gauss-
ian formalism. We find that wave-packet effects, including shifts of the pole and the width of the
propagator of ®, persist even when we do not take into account the time boundary effect proposed
earlier. An interpretation of the result is that a heavy scalar decay ® — ¢¢, taking into account
the production of @, does not exhibit the in-state 1 — 2 time boundary effect unless we take into
account the in-state 2 — 2 time boundary.

! One might find relevance to the use of the crystal ball function; see, e.g., Appendix F in Ref. [5].
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The paper is organized as follows: In Sect. 2 we present the basic setup of the Gaussian formalism,
and compute the Gaussian S-matrix for the s-channel 2 — 2 scattering: ¢p¢p — ® — ¢¢. In Sect. 3
we discuss the possible time boundary effects. In Sect. 4, we focus on the bulk contribution and
show that wave effects exist even when we neglect the boundary contributions. In Sect. 5 we present
several plane-wave limits of the obtained result. In Sect. 6 we present a summary and discussion. In
Appendix A, we compare with the ¢p¢ — ¢¢ scattering in ¢* theory.

2. Gaussian S-matrix

Here, we first review the Gaussian formalism, and obtain the S-matrix for the s-channel 2 — 2 scalar
scattering: ¢ — © — P¢.

2.1.  Gaussian basis

We review the Gaussian formalism, following Ref. [2], to clarify the notation in this paper. A free
scalar field operator ¢ at x = (xo, x) (in the interaction picture) can be expanded by the plane basis:

[e7*a,(p) + h.c.]

- / d’p
X) = —_—
4 V2p° 2m)3?

PO:Ew(p)
d’p R
=] 7 [(0:x|@;p) ay(p) + h.c.] : (1)
P PO=Ep)

where ¢ = ¢, ® labels the particle species; a,(p) and &Z, (p) are the annihilation and creation
operators, respectively, with

I:&QZ) (p) 9&;’ (P/)] = 5¢¢/83(p —P/) 5 others = O, (2)

and

Ey(p) = \/m3 +p?, 3)

lp:p) =} (p) 10}, 4)
, eip~x
<<P;x‘<.0 ,P> = SW/W, Q)
%) 1= et il |g: x) (6)
with Hfree being the free Hamiltonian:
Hee |9:p) = Eo(p) |93 p) . (7

Here and hereafter, we use 7, T and x°, X° interchangeably: ¢ = xY and 7 = X°. Note that lp; x)
and |p; p) are independent of time and hence can be regarded as either a Heisenberg-picture state

or a Schrodinger-picture eigenbasis (of the total Hamiltonian), while |¢; x) is an interaction-picture

0

basis at time x" as seen from its time evolution by the free Hamiltonian.

We define a Gaussian wave-packet state |¢, o; IT) by

1 iP-(x—X)

—Lx—Xx)2
<§0/’x‘¢’0;n> = We e 20 Xx—X) 8y (8)
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where IT := (X, P) gives the center of the wave packet in the phase space. Note that

O\ e o
(¢'.ple, 03 TT) = 8,y (;) e Xz 0mh, €))
o1 3/4 _L(X_X/)z A (p_p)? L(UP—HT/P/)-(X—X/)
<¢’0;H‘(p/,g/; ]'[/>= (a) e 4o e_T( —P') e?al 5(,0(,0’, (10)
where
o+ao ol +o/1 - 200’ (11
oA = , o= ——— =
A 2 ! 2 o+o

are the average and the inverse of the average of the inverse, respectively. In particular,
(g0 M|, 0 I) = e~ 3 (X=X § (P=P)’ o3 (P+P)-(X=X), (12)

The state |@, o; IT) is time independent and hence can be regarded as either a Heisenberg state or
a Schrodinger basis. We also define the interaction basis at time X°:

g, 05 TT) 1= el | 5o T | (13)

where IT = (X,P) = (XO,X,P) = (XO, l'[). As we will see later, we will treat |@,o;I1) as a
time-independent Heisenberg state (or equivalently a time-independent Schrédinger basis).
We define a creation operator of the Gaussian basis by

A 5 (D) [0) := |, 0 TT) (14)
which results in 4, (TT) [0) = 0 and
[aw(n) ,21;,,0/(1'1’)] =(p,0,T1|¢/,0’; 1), others = 0. (15)

We may also expand ¢ by the creation and annihilation operators of the free Gaussian wave packets:

A d°X d°P .
Hx) = / oy eexp () s (XoP) he . (16)

where X = (X . ¢ ) is the center of the wave packet; P is the central momentum of the wave packet;
o and X are fixed (and can differ) for each field participating in the scattering; and the coefficient
function becomes

N S SN
fgﬂ,o‘;X,P(x) = / \/ﬁ <§0,X‘§0,p> (‘PaP“P:U: H)

3
= <2>3/4f d’p ol a=X) =5 (p—P)’ (17)
/50 32
& 2p° (2m) PO=Ey(p)
We also write
d*X d*P
b4
so that
G(x) = / 4T [fw;n(x)aw(n) +h.c.]. (19)
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By, e.g., sandwiching between (p| and ‘p’), we can show the completeness of the Gaussian basis in
the one-particle subspace:

/dén 0,03 ) (@, 03 TT] = 1. 20)

in other words, the Gaussian basis can expand any one-particle wave function ¥ (x) = (x|{) as

<xw>=/d6n<xn> My, @1)

where we used the shorthand notation |IT) = |¢, o; IT) etc., and (x| IT) is given in Eq. (8). We have
also used |IT) (IT1| = |IT) (II| from Eq. (13). Note the following relation:

<0I/Al¢,a(1'l)?1;,0,(l'l’) 10) = (¢, 03T @, 073 TT') 8y, (22)
(00211 9,03 TT) oy = 30 XD FPPY 3 (PHP) (X-X), (23)

In the large-o expansion, we get

o\3/4 (21 \/? 1 . (-20(:))’
f(p,a;X,P(x) - (— (—> —nelp'(x_x)_ 20 5 (24)
7'[) o V2P0 27)3/ PO—EP)
where
2, () =% + V)’
=X +V,P) (x* - X, (25)
in which

X} =X-V,P)X° Vy(P) =

. 26
E,P) (26)
2.2.  In- and out-states

We consider the s-channel scalar scattering ¢p¢p — ® — ¢¢. Since both the in- and out-states are
of ¢, we omit the label ¢ hereafter.

Generically, one particle in the in- and out-states can be asymptotic to an arbitrary free wave
function W (x) = (x| V), which can be expanded by the Gaussian basis as

W) = /d61'I ITI) (I | W) . (27)

Therefore, without loss of generality, we may assume that the asymptotic free states are Gaussian,
and we will do so hereafter.
We prepare the in and out Heisenberg states |in; oy, I11;02,113) and |out; o3, [13; 04, [14),
respectively, by
e M lin; o1, Ty 02, To) — e~ i’ oy, 115 0, ) (t = Tin),
e~ |out; 03, T35 04, TI4) — el |3, T35 04, T4) (t = Tout), (28)

where we have defined the free states

o1, s 02, o) = Af (1)) 4] (TT2) |0) (29)
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etc., and take
T S max(X7,X3), Tout 2 min (X3, X)) . (30)
See Sect. 3 for further discussion.

2.3.  Gaussian two-point function

In this subsection we omit the labels ¢ and o as they are all equal, except for the mass m,,. In the
later application, ¢ will be the intermediate heavy scalar .
We want to put the expansion in Eq. (19) into the time-ordered two-point function:

OITG() ¢(x') 10) = 0(x° —x) (01 6(x) §(x') 10) + O (x"° —x°) (01 (x') g(¥) [0). (1)

Now we can check that

01660 9()10) = [T [ @ fnco i (<) 014 2 (1) 0

d3 ' 6 617/
szE(p) V2E@) /d H/d i
(x|p) (p| T (T | T1) (I | p') {p' | ')

EP ()
R S X—X 32
/2E(p) x1p) ) = /ZE(p) 2n) " = Ep) (32)
Putting this into the two-point function of Eq. (31),
AN A d’p 0 0\ _ip-(x—x' in-(x'—

OIT N 10) = 9 _ 0\ ip-(x—x") 0(x"0 — 50 ip-(x'—x) )

(0] T @(x) ¢(x") 10) /—ZE(p) (271)3( (" —x")e +0(x" —x")e >p0:E(p)
(33)

We have recovered the ordinary plane-wave propagator as we should, since we integrate over the
complete set.> As usual, using

1 00 e—iwxo

Q(xo) = - w )
20 J_so @+ i€

(34)

with € being an arbitrary positive infinitesimal, we may rewrite it into a more familiar form:
d3p eip~(x—x/)
2E(p) 27)?

0 o e~ H@TEP) (" —x") 0 o e~ i(@—EP)(x°—x")
X [— —_— [— —_—
,/;Oo 2mi w + i€ /_OO 2mi —w + i€

/ dpo &P (x—x)

01T 400 ¢ (x) 10) =/

l
~ @) / 2E(p)

1 1
x <p0 " Ep) tie 0 —E(p)—l—ie)

2 See Ref. [9] for an early work by Feynman containing consideration with waves.
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=(2n)4/dp/_ dp elp(x X) 5 > ) 0)2
00 (p + m(p — 1€) — (p
/- d4p eip-(x—x/)
=—i
Q2m)* p? +mZ — ie

= —iAp(x —X'). (35)
2.4.  Gaussian S-matrix
Now we compute the probability amplitude under the assumption in Eq. (28):

S = (out; 03, I13; 04; T4 | in; 01, I11; 02, [13)

= (03, [13; 04, [14] giftee Tow g =iH Tou i Tin g =iFec Ti lo1, I11; 02, I2)

Tout
(03, I13; 04, T14| TeXp(—i/ dth(t)> lo1, ITy; 02, I2)

Tin
=: (03, T35 04, T4 S |01, T11; 02, ), (36)
where H. llnt(t) = e"ﬁfreet <]:I — ]:Ifree> e_"ﬁfreet is the interaction Hamiltonian in the interaction picture.
In the plane wave S-matrix, one subtracts the first term in the Dyson series of Eq. (36), writes
S = 1+iT, and concentrates on the transition amphtude from 7. In the Gaussian formalism, we do
not need such regularization of dropping the first term 1 because the inner product of the free states
would remain finite even for identical momenta.> When we integrate over the final state momenta
P53 and Py, the contribution from 1 would automatically drop out even if we take the plane-wave
limit after all the computations. Hereafter, we omit the trivial term (o3, I[13; 04, [14| 071, I11; 02, [13)
from S when we call it the “transition amplitude.”
In this paper we consider the following simplest interaction Hamiltonian:

Hi (1) = f dx §*(x) D(x) (37)
where qg and ® are given in Eq. (1). The tree-level transition amplitude is given by

EEPAY Tout Tout
5= ) / a’t/aﬁx/ dt//d3x/
8 Tin Tin

X (0] Ty Ay (T3) Ay (T14) $(x) p(x) D(x) G (+) P (') (') AT (T 4T, (TT2) [0),  (38)

where Ty, is the time ordering with respect to x and x” only. Hereafter, we concentrate on the
s-channel process because it is dominant in the near on-shell process of interest here.
For example, part of the s-channel process is

2 Tout Tout
5o &) / dt/d3x/ dt//d3x/
8 Jr, T

! ' 1 S s S ]
X (0] T Aoy (T13) Aoy (M) $) p) D) § (') (') D(x') AT, (M) AT, (M) 10) . (39)

3 Recall Eq. (23) for an explicit formula for particular equal-time packets.
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The Wick contraction with the external line gives, for example,

Aoy (1) 60 = [ M Aoy (12) AL 0|

d3
:/d6n/T”@<o,n¢,p> (6,p],x) (03; T3 |6, 05 TT)
o}
—fﬂw I3 |$.p) (¢.p| b, x)
- 2E¢(p) 3’ 3 b b b
:f(;’;;l_b (x) s (40)

where the propagator of @ becomes the same as the plane-wave one, as we have seen in the previous
subsection. Then, the contribution of Eq. (39) becomes

—_ 2 Tout Tout
(=) / dt / dx / dr / d3x
8 Jr, T

X foritty (¥) fosy () £, 0 £, ) (O T ©(x) @ (x') 10) . (41)

In total there will be factor of 8 from the other Wick contractions. To summarize,

§= (i (- Z)/(z ) p? +M2

Tout
3 ip-
[ [ g0 0
in

Tou .
) / | dar / d3x/f01;l'11 (x/)faz;l'lz (x,) e, (42)

where ¢ := x% and ¢/ := x'° are the production and decay times of ®, and M := mg¢ is the heavy
scalar mass. This is the starting equation for our computation.

Hereafter, we consider the leading approximation in the plane-wave limit, Eq. (24):

LN 71\ |
Jo.01:11, (X) fp 00511, (X) — (71_01) (7_[02> NeTaNeT

e B0 o (x=Epn)?
elP] x—X1) e ele x—X2) G ,

1 3/4 1 3/4 1
5 efiP3~(fo3)*%e*lpw(}c*)ﬁ)*%’ 43)
where, fora=1,...,4,
Ea(t) =X+ Vat, (44)

in which X, is the center of the wave packet at a reference time ¢ = 0 and V, is its central velocity:

Xo:=Xg—ViTy, (45)
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P,
Vyi=—2=———2 46
=7 (46)

,/m2+P§

We perform the Gaussian integral over the positions of interaction to get

2 ! Ly 32 s [P !
S=1i 27 0 2no
U7z (m) o) GTO0d | eyt g

Tout
X / dt exp { Fout P — Pow)* —
T

with m := my.

2§out (t - ‘Iout)z - out —it (P Eout)

+ivout'(p_Pout)t+i¥out'(P_Pout)}

t/ . {Z )2 Rln

+it' (p" = Ein)

Tow oin )
X dt' exp | — 7@_Pin) - —
—iVin (@ — Pin)t' —i%in - (p — Pin) } 47)

where we have dropped a phase factor that cancels out in the square |S|? and have defined the
following:
o energies and momenta for the in- and out-states:
Ein :=E| + E, Py, =P + P>, (48)
Eout := E3 + Ea, Pout := P3 + Pa; (49)

© the averaged space-like width squared of the in- and out-states, respectively:

1 1\7! 1 1\!
Op =—+— s ooyt .= | — + — 5 (50)
o1 02 03 o4

o for any three-vector Q,

I 2 2
Qin ‘= Oin (% + Q2) > len = Qin : Qin’ inn ‘= Oin (% + %> 5 (51)
o1 o1

02

Qout = Oout (gj %) > Qiut = Qout : Qout’ onut = Oout <Q3 Q4> , (52)

04 03 04
and
2 ._ 02 _0? 2 ._ 02 0% .

AQin = inn - Qin’ AQout = onut - Qout’ (53)

© the time-like width squared of the overlap of the in- and out-states:

Oin Oout
Sin = ——, Sout = ———>—; (54)
AVE AV3,
© the interaction time for the in- and out-states:
Vin - Xin — X Vi Vou Xou— XV
‘Iin — mn mn 5 mn , Sout — out out > out ’ (55)
A Vin A Vout
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© the overlap exponent for the in- and out-states:

AX: T2 AXZ, 22
Rin := = — =, Rout := —oit _ Zoul, (56)
Oin Gin Oout Sout

We can show the non-negativity of R, and Ry as in Sect. 3.1 of Ref. [2]; our case corresponds
to the o9 — oo limit in their Appendix C.1.

We see from Eq. (47) that a configuration that has large R, or R oy of initial and final-state phase space
(My,...,4) and of the internal momentum p gives an exponentially suppressed wave-function
overlap, and the corresponding amplitude is also suppressed exponentially.

2.5.  Separation of bulk and time boundaries

After integrating over 7 and ¢/, we get

1\ a* 1
) )(2nam>3/2 2 G0m)?? f P

1_[ «/2EA (JTGA (27‘[)4]72 + M2 -
X 4/ 27 Gin Gin(,z;n(p)) V 27 Gout Gout(,z:)ut(p))

— 2 . —
X e*% e*%(pofgout*'/out'p) *l‘zout(pofgout*Vout'P) Uout (pr— Pou) > +iXour: P—Pout)

% e—% e—giT“(po—fin—vin-p)z-i-ﬂin@0—5in—71np) e—%(P—Pm)z—igin-(p—Pm)’ (57)

where
Ein == Ejp — 7in - Pin, (58)
Eout := Eout — 7out - Pout; (59)

we have defined the window functions as in Ref. [2],

Tout dt/ (t ) Tout dt 2
Gin(T ::/ A o . Gow(T ::/ _ ¥ T (60
in(7) " Tr - out(7) e (60)

and

Tin @) = Tin +iGin [(P° = Ein) — Vin - (p — Pin) ]
= Tin +iGin (p° — En — Vin - P) ,
Tout() := Tout — iSout [(P° = Eowt) = Vout - (0 — Pout)]
= Tout — ISout (PO —Eout — Vour - P) - (61)
Physically, the complex variable 7i, (Zout), or especially its real part N7, = Tin NZout = Tout)s
corresponds to an “interaction time” at which the interaction occurs between the initial (final) ¢¢

and the internal .
In terms of the Gauss error function

erf(z) := % /O T, (62)
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the above two functions are represented as follows:

1 T —Tn
Gin-int(7 f
t( ) |:er ( \/2§in >

1 T-T,
out 1nt(T) |:erf< \/Foul? >

— erf(—T _ TOUt)]
V2§in ’

T - Tout
“’rf(m)]' (63)

For convenience, we distinguish the bulk effects from the in and out boundary ones as

Gincint(T) := G¥X (T) + G4 (T) + GO (),

-1nt n-int 1n-nt
-bd -bd
Goutint(T) = GEUK (T) + Goee o (T) + Gowp ™ (T, (64)

where for the interaction between the initial ¢¢ state and the intermediate @,

1
i = |
m -bdry T 1
1n -int (7) = 5
out bdry [ T — Tout
1n -int (T) == 5 _sgn( m

(7 7ln) (2 7Ollt) |
L vV 2;111 V Zgin
L v 25111 \Y% 2511’1

T - TOUI
)=o) ®

and for the interaction between the final ¢¢ state and the intermediate @,

1
bulk .
Gouteint (1) = )
1n bdry 1
out int (T) = 5
utbdry,]- _l-sn T — Tout
out int (7): 2| g m

-sgn(T_ Tin) . sgn(T_ Tout)]
L\ V260u V26out /1
-erf(T_ Tm) — sgn(T_ Tm)]

L\ V260ut V26out /1

jollZ)

Here, the following sign function for a complex variable has been defined:

+1 forNz > 0or Rz =0and Iz > 0),

sgn(z) :={ -1 forMz <O0or Mz=0and Iz <0), (67)
0 forz = 0.
More explicitly,
1 (Tin < RT < Tow) s
— MT < Typor Tout < RT),
w0 0(13T) T = 1),
6(-3Z) O = Tow,
1 (T < NT < Tout)
ok o MT < Typor Toyr < RT), (68)
outint 0(+32) 0T =T,
6(-32) 0T = Tow),
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Fig. 1. Schematic diagram in position space. Each of the blue and red lines denotes the trajectory of the center
of the wave packet for the in- and out-states ¢, respectively. The thick dashed line denotes the trajectory of the
internal particle ®, while the black dots at its ends indicate that the interactions occur in a finite range with the
spatial and time-like widths ~ /0y, and /iy (~/0ou and /Gou) around the point E(T;,);, at time T, (the
point E (Tou)oy at time Ty, respectively. The circles are a reminder that each packet is given with a finite
width, namely with the widths ~, /o1 and /0, (~./03 and ,/0y) at times T and T, (73 and T3) for the initial
(final) wave packets. In the perturbation theory, we consider the time evolution of the in-state from 7}, to Ty
in the interaction picture, which are chosen near T}, 7, and T3, T}, respectively, and the S-matrix element is
taken with the out-state at 7,,.. The left figure shows an s-channel scattering without a backward propagation
in the sense of the old-fashioned perturbation theory. The right figure explains that there always exists a final-
state configuration that realizes, e.g., T} ~ T, no matter how large we take the cluster decomposition limit:
[E1(Tin) — Ex(Tiw)| ~ |X1 — X = o0

where we define the step function for a real variable as

| I (x>0)),
o =B (o), (69)
0 (x<0).

Detailed discussion of the boundary terms can be found in Ref. [2].
Under the above classification of the in and out window functions, we divide the probability
amplitude S into two parts:

S= Sbulk + Sboundarya (70)

where Spyi contains the pure bulk contributions from Gﬁﬁlil;t (7in) and Gg’ﬁg‘i ot (Zout), while every term

of Spoundary includes at least one boundary window function.

3. Interpretation of boundary effect

We present and clarify two different interpretations of the result in Eq. (57). We consider a finite time
interval Toy — Tin. Without loss of generality, we focus on the initial time boundary at T, unless
otherwise stated. First, we stress that when we integrate over the final-state phase space I13 and Il4
with varying interaction time %oyt (= N7out) according to Eq. (55), there always exists a final-state
configuration that gives a significant in-boundary effect at 7j,, no matter what initial configuration
we take, even a cluster decomposition limit | E 1 (7Ti,) — E2(7j,)| — oo and/or take T;, — —o00; see
Fig. 1.
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To illustrate the qualitative behavior, let us tentatively focus on the expressions in the following
limit [2]:*

|T - Tin| > vV 2§0uta (71)

which results in®

1 T’ 2cou
Goutint(T) — G2k (T) — —ﬁe Zoout o ‘;ft . (72)
- mn

Note that the illustrative limit in Eq. (71) implies that near the boundary, (M Zout — Tin)?> < 2<Souts
the deviation from “energy conservation” is large:

— 2 -
(po — Eout — Vout 'P) = (RS,]E)ut)2 > 26out- (73)

From Eq. (72), we see that the boundary effect may become significant when 7 is near the in
boundary, namely when (R7 — Tin)2 < 2¢out With (I7) > 2¢oyt as stated above:

1 672 /260
Gout-int(T) — —ﬁe Zsout T,]O.u

(74)

Note that the apparent exponential growth for the energy non-conserving limit (37)% >> 2¢ou is
cancelled out by the existing energy conservation factor coming from

574 2 ST )2
67%(1707&,11th0qu) _ ei(‘zg%utt). (75)

That is, the exponential suppression factor for a deviation from energy conservation, e~ QTow)/ 2Sout
is cancelled and replaced by the power suppression factor 1/3J7 in the boundary effect. Recall that
the boundary contribution from the configuration (R75y: — ‘Iin)z < 2¢out arises even if X3 and X4
are at a distance.®

The existence of the boundary effect crucially depends on the relation in Eq. (28). The key
question is the following: Can we well approximate the real physical setup in an experiment,
namely the Schrddinger-picture in-state e 1 |in; T11 1), by the “free Schrédinger-picture” state
e~ Hireet |1 T1,), evolving in a virtual free world without any intergction, att = T;, when interactions
are not negligible?7 If not, what state should we prepare for e 1t |in; T1;T1,) at ¢t = Tiy? Here, we
introduce two different constructions, “free” and “dressed,” which answer “yes” and “no” to the first

question, respectively.

4 Hereafter, we sometimes use 7 for 7, just for presentation. More precisely, we should rather write Zgq.int
and Tiy.pary, but this would be too cumbersome.

5 In Eq. (72), we cannot take the [Zou=Tin]

taken, this limit is finite; see Ref. [2].

— — 0 limit because of the assumption in Eq. (71). When correctly
¢ Suppose we consider the probability from the amplitude in Eq. (57), P = |S|?, for the special case T} =
T, =Thand T35 = Ty = Toy: P(Ty 11 I, — T, I15101,). It satisfies P(T,, M1 11, — Tou II3I14) — O in the
limits T, — Tinand |X; — X;| — ooforalli = 1,2andj = 3,4. Wealso have P(T;, I, I, — T, II;1I,) = 1.
Here, P(T;,I1, I, — T, II;I1,) represents a transition probability for not only short-distance interactions but
also long-distance ones such as the Coulomb potential; see also the discussion below Eq. (36).
7 In this section we omit the trivial dependence on o, 0>, etc.
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3.1.  Quantum mechanics basics

For the discussion below, let us recall the basics of quantum mechanics and spell out our notation.
We identify the Schrodinger, Heisenberg, and interaction pictures at an arbitrary reference time #:
For an arbitrary operator O in the Schrodinger picture, we relate them by®

O\ (1) = oiHtiee (1=1r) () p—iHfrce (1=t (76)
OH(t) _ eiﬁ (t—ty) Oe—ilfl (t—tr)’ (77)
and for a time-independent state |\W) in the Heisenberg picture by
W 1) = oiHiiee (1=tr) =i (t—t;) W)
_ <T e—if,’r AL (1t dz’) W), (78)
W3 g = e 00 |w), (79)
where we have used
Ut 1) = oiHfiee (1—1r) ;=i (11 ~12) p—iHfree (2~ 1)
—Te ! ,;1__;' AL () T e—if,tzl AL (1'—t) dt" (80)

If an eigenbasis |®) exist in the Schrodinger picture, 0 |®) = 0|P), the corresponding operators in
the interaction and Heisenberg pictures have the following eigenbases, respectively:

|D; £y = efliee (=10 | ) | 81)
|®; t)yg = 170 | D). (82)

The time dependence of these eigenbases is different from that of the states in Eqs. (78) and (79).
Typically in our computation, O stands for I:Ifree.

3.2. “Free” construction

So far, we have chosen an arbitrary initial (final) time T, (Toyt) anywhere near 71 (73) and/or 7> (T4).
In the “free” construction we identify the in and out Schrodinger-picture states at times 7, and oy,
respectively, with a “free Schrodinger picture” state that evolves in a virtual free world governed by
the free Hamiltonian no matter how significant interactions are at these times:

lin; T1i Mo ¢ = Tin)s = |TiTlo 7 = Tin)§°°,
Jout; TT3TT43 7 = Tou)s = TaTM4s 1 = Tou)§*, (83)
where we have defined the “free Schrodinger” state that evolves in the virtual free world:

;1)1 = ol (=10 @) (84)

8 Recall that in the interaction picture, we separate an expectation value as

((\I‘| eiﬂ (t—tr)e—iﬁlfree (t—tl-)) (einree (t—t,)@e—ilf[free (t—tr)> <ei1:[free (t—tr)e—iH (1—tr) |\I’)) )
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In other words, the in- and out-states are given in the Heisenberg picture as
lin: T1;T,) = /! Tn=) g=ifliee (Tn=1) 11, 1) |
Jout; M3TLy) = efff Tout0 g~ iflies Tou=t) | 11371, ; (85)
in the Schrdédinger picture as
lin; T4 T; £)g = o—iH (1—t) (eiﬁl (Tin—tr) g—iHfice (Tin—1r) |1—[11—[2>>
— ol (=Tin) g=ifliee (Tn=10) | T T1,) ,
lout; TT5TT4; )g = e—zf[ (t—tr) (eiﬁl (Tout—tr)e—iﬁfree (Tout—tr) |I‘[31’I4))
= ol (=Tow) g=ifliee (Tou=t) | T, 1) ; (86)
and in the interaction picture as
lin; T, TTo; 1) = oillivee (t=1r) p—ifl (1—11) (ezfl (Tin—t) g =iHliee (Tin=1) | T 11—[2))
— gifliee (t=t0) =il (1=Tin) =iflxee (Tin=1) | [T, 1)
= T i = | 1 1y
lout; TT3TT4; £); = oiHlivee (t=1) =il (1—ty) ( o (Tow—1) y=iHliree (Tour—tr) T3 1—[4>)
— ¢ifitee (1=10) =i (1= Tou) p=ifliee (Tow=1) | [151,5)
= Te o =) | 117,y (87)
One can trivially check the following:
lin; T1; 1) = [in; 11 Ip; &) = |in; I1; I2; &)y,
lout; [T3T14) = |out; IT3T14; #)g = |out; [T3T14; )y . (88)
We also see that, in the Schrodinger picture, the Heisenberg-picture relation in Eq. (85) reads
in; T4 T3 Ti)g = e~ Mise Tt 1, 1),
jouts T3 T3 Tour)s = e 7/se Tow=0 11311, (89)
and in the interaction picture,
lin; T11 T12; Tin)y = [T1i 12) ,
lout; [T3T14; Tout)y = [T13114) . (90)

The “free” construction puts more emphasis on the interaction picture, in which the identification
in Eq. (90) appears most natural. We can also rewrite the probability amplitude as an inner product
of the interaction-picture states at an arbitrary time ¢:

S = ({out; [M3I1y4; ¢ [in; IT1 ;1)
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g 2 ro_ (gl oy ’
(T3 4| T & Jrow it =) ' =1 [ Hip(U=1e) A" 1

[:[ilnt(t/_tr) d'

_ = rTout
— (T304 Te /7 ML), O1)

which becomes Eq. (36) when we set the arbitrary reference time #, = 0 as before.” Note that the ¢
dependence drops out of the expression, and hence the probability does not depend on .

We may say that the boundary effects remain even if the interaction is taken into account in the
following sense [4] (see also Ref. [10]): Suppose that we transform the free states by a unitary
operator V() with V¥ (x) V(x) = 1 in Eq. (91):

T TL) = ¥ (k) [T TI) (92)
ITT3T04) = V() |TT3T0) . (93)

Then the S-matrix becomes

~ P —_—

S = (T3T14| U (Tout, Tin) |T11TT2)
= (M3T04] VT () U (Tous, Tin) V (1) [T11 T12) . (94)

If V is expanded as V = 1 + O(k), we see from U (Tout, Tin) = 1 + O(k?) that

76, 0T T | = O(%), (95)
and hence
V) U(Touts Tin) V (k) = U(Touss Tin) + O(i3) . (96)

Accordingly, the order-«2 contribution of the transition amplitudes are invariant under the unitary
change of the free states.

3.3, “Dressed” construction

To repeat, we have chosen an arbitrary initial time T, anywhere near 77 and/or 75. One might think
it strange to identify the initial state as in Eq. (83) for a wave-packet configuration (Ily,..., II4)
that gives a significant overlap of the final-state wave packets at T, >~ Ti, so that interactions are
not negligible at 7j,, as in the right panel of Fig. 1. In particular, the boundary interaction in Eq. (72)
crucially depends on the arbitrarily chosen T;,: For a given fixed initial and final state configuration
(IIy, ..., I4), the boundary contribution drops off exponentially as we shift the arbitrarily chosen
Tin backwards in time.

The boundary effect is a consequence of the abovementioned identification of the Heisenberg state
lin; T11I15) and |out; [13114) at T, and Ty, respectively. What if we identify different states at 7,
and T,u? Suppose that we take into account the interactions from Tl’n (< Tin) to Tip and from T,
(> Tout) to Tout (backward in time as Toy < Tj,) in addition to the “free” construction above:

—z‘f;}“ Hinl(t —t;) dt’ |
mn

|1n, l‘[l 1‘[2>/ — eiH (Tinftr)efinree (Tin—tr) Te H1H2> ,

® Or else, we may rewrite
s i ToutﬂI Y di’ o~
S = ((H3H4| e—szreelr) <Te ilrg i (e )") (etHfreetr |H1H2)> ,

and redefine all the free states e//free’s |®), each being an I:[free eigenstate, to be | D).
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- rTout 7 ’ /
- .A —i [lout fr (¥ —t) dt
lout; TT3T14) = o (Tout=tr) p=iHfree (Tou—t) T o /Ty ('~ tr) [T13T14), (97)

where we have replaced |I11I15) and |I1314) in the “free” construction of Eq. (85) by

T o~
—i [ ot —t) df
M) - Te ™y
—i fTout (¢ —t) dt'
ITI3M4) — Te ou ITT3114) . (98)
TN

—i [ H (1) dtf

We note that the free basis |IT;I1») and the state Te " in (=)

other; the same note applies for the out ones. Note also that we can rewrite the Heisenberg-picture
states in Eq. (97) as

|IT1I1,) are different from each

LI [ il:l (Tin—tr) _lf]free (Tin—tr)
lin; TT{I1,) = e e
X (ei[:]free (Tin_[r)e_ﬂ:[ (Tin_tr)elf{(Ti/n_tr) e_lf[free(n/n_tr)) |H1 H2>
— eiI:](Ti/n—tr)e—iﬁ[free(Ti/n—tr) |H1 1—[2> ,
|0ut; H3H4>/ — elf[ (Tout_tr)e_iﬁfree (Tout—"1r)
X (eiﬁ[free (Tout*tr)e*iﬁ[ (Tout*tr)ei]:](zc/)ut*tr)e*i[:\]free(Téutflr)) |H1 H2>
— o (Tou=1r) p=itfiee (T —tr) ITI5TT4) . (99)
In the Schrodinger picture, these are equivalent to
lin; 14 T1,; t>/S — e—iﬁ (t—tr) <ei[:1(7}/,1—tr)e—iﬁfree(ﬂ;—fr) |1'[1]'[2)>
= e_’ﬁ (+=T3) g‘iﬁfree (T},—t) |T1;115),
|0ut, H3H4’ t>/s — efif_] (tflr) <eiﬁ](T(;ut7tf)eii[:Ifree(T(;utitr) |H3H4>)
— e_iH (t_Tém)e_iﬁfree (T(;ut_tr) |]‘[3 ]‘[4) , (1()0)
and in the interaction picture,
lin; IT1;I15; t){ = eiﬁﬁee (l_’f)e_’f] (t—tr) <eiﬁ(Ti/n_tr)e_iﬁﬁee(Ti/n_tr) |H1H2))
— e”:[free (l_tr)e_”:[ (t_Ti/r])e_inree(Ti/n_fr) |l‘[1 H2>

—i [L, AL (7 —t)d
_re I gy (101)

|out; I153113; t)i — ei]:Ifree (l*tr)e*if'] (t—t) <ei[:\](Tc;ut7tf)efif_]free(Ti/n*tr) |H3 H4>>
— piffivee (1=t) y—=iH (1= T4y) p=ifiree (Tou—tr) ITT5T14)

o t, fr1 It /
= T g A=) Ay (102)

Just as in the free construction of Eq. (91), we may write the S-matrix as an inner product of the
interaction-picture state at an arbitrary time ¢:

S’ = [(out; [T3T4; ¢ |in; T11 ;)]
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: T t 7 / /
—i [P Hin( —t) dt
— (e T (103)
from which the ¢ dependence drops out. Hereafter, we come back to the choice #. = 0. We note that
S’ and S are physically different.

If we could take the limits 7. i/n — —ooand 7"

! — 00, we would be able to write!?

S' = (M3Ty| T e~ oo Al ' 11 1) (104)
However, the limits

T, — —00, Tiu — 09, (105)

do not commute with the final-state integral of infinite volume over I13 and I14, as we will see below.

3.4. Comparison of the two constructions

The in-boundary effect for the fixed configuration (ITy, . . ., I14) disappears from S’, which includes
the interaction from the time 77, (or sufficiently earlier time than T}, — v/2out for the given final-state
configuration) to 7j, in Eq. (98). In the original S in the “free” construction, interactions at ¢ < Ti,
do not appear. If we start from S’ for the configuration (ITy, . . ., I14), we recover the boundary effect
of S by sharply switching off interactions at ¢ < Tjy.

Here, in &', although the free wave packets in |IT;I1,) are given experimentally at 77 and 7>,
we identify |I1;11;) with the Heisenberg state at the much earlier time T]/n, not at somewhere Ti,
near them. Namely, the Schrodinger-picture state e~ |in; T T, att — T, " is identified with the
“free Schrodinger-picture” state e‘iﬁfreet |IT;I1,) that is time-evolved backward ¢t — Tl’n in a virtual
free world governed by I:[free, even for the case where interactions are not negligible for ¢t < T,. In
|lin; I1;T1,)’, interactions are put at times much earlier than T, at which the supposedly free in-state
is to be defined.

For the particular in- and out-state configuration (I, . . ., II4) with (%o — T; in)z < 26out, We may
always choose T/ < Tin — +/2out, and the in-boundary effect for this configuration drops out of ',
but there always exists another configuration (IT3, I1) that has the in-boundary effect at Toy >~ T
according to Eq. (55). Therefore, the probability summed over (Il3, I14) has the in-boundary effect
for any fixed 7} .

Let us rephrase the above discussion in a slightly different way. As we move 7, backwards, the
bulk region expands, and the effective in-boundary at 77 goes back in time. For a given 77 , the
in-boundary contribution arises from the out-state that has an overlap of out wave packets at 7 .
Therefore, the Tl/n — —oo limit is not uniform because the region of the in-boundary effect in I3 14

moves along with T/ . For these out-states for given T} , the boundary effect persists. If such an

n’
out-state is not included, the boundary effect disappears.
To summarize so far, for any configuration of I3 and Iy, there always exists a 7. that removes
the boundary effect, while for any 7; , there always exists a configuration of IT3 and Il that yields
an in-boundary effect. Therefore, it is subject to debate whether or not the limit in Eq. (105) can be

taken to remove all the time boundary effects.

10" The “dressed” construction corresponds to the ordinary plane-wave computation of taking the T —
S T gl ro e e e oo . .
o0 (1 — i€) limit in e 2r Hil ) \yith a positive infinitesimal €, and further switching off the interactions by
hand by the replacement H. (1) — e “"IH] (¢) in the S-matrix.
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The expression for the boundary effect in the second term in Eq. (72) vanishes exponentially in the
limit 73, — —oo. Inthe “dressed” construction, this is natural because this limit corresponds to taking
into account all the interactions from —oo, for the fixed initial and final-state configurations. In the
“free” construction, we emphasize the fact that no matter how much we take the limit 7j, — —oo,
there always exists a final-state configuration with (N7Zyyt — Tin)2 < 2¢out for a given Tj,. The
difference of the two constructions is the order of procedures: taking the limit 7j, — oo first vs
integrating over the infinite volume of (Il3, I14) first.

So far, both constructions have pros and cons, subject to one’s theoretical prejudice. Ultimately,
experiment should determine which (or what else) is right. Currently, an experiment is ongoing [11]
based on the “free” construction [12]. In this paper we will leave the choice of constructions open,
and concentrate on the wave effect that persists even when we only take into account the bulk effects.
See Sect. 4.2 for a related discussion on the in-boundary effect for 1 — 2 decay of ® — ¢¢.

4. Bulk amplitude

Hereafter, we focus on the bulk contribution and do not take the boundary contributions into account.
We will perform the integration of the virtual momentum p of @ in the saddle-point approximation.
Note that so far the Gaussian integral over the position of interaction x and x” is exact, up to the
time-boundary effects for 7 = x% and ¢’ = x'°.

4.1.  Bulk amplitude after integral over internal momentum

Neglecting the time-boundary contribution, the probability amplitude in Eq. (57) becomes

_ oy 2 )4p2+M2

4 3/4
I 1 P—
V2E <_) ) Qmow)*? 2 oou)*? /21 Giny/2m g"‘“/
A

R — _
X exp { Tout (P — Pow)? — ;ut + iXout - (p — Pout) — iTout (PO — Eout — Vout - P)
S - 2
- %ut (PO - Sout - Vout ‘P) }
Rin _
XEXpy — 5~ (p Pm) — % - (p — Pin) +i%in (P in — Vin 'P)
i — 2
—%(po—é’in— Vin - p) } (106)

We can square-complete the four p°-dependent terms in the above exponent as

s ST\ < ) O

D <]7 Qp) +i §+) 5 (wout(P) a)ln(P)) 2¢t
‘Iin Tou

+ig <_ + t) (out(p) — win(p)) , (107)
Gin Sout

where we have defined

S+ = Gin + Souts

(tr)
=\|—+ R
Gin Sout

1202 Ae|N G| uo 1senb Aq | GSH68G/409€01/01/020Z/8101e/de)d/wod dno olwspeoe//:sdiy woly pepeojumo(



PTEP 2020, 103B04 K. Ishikawa et al.

% = Tout — Tin,
win(p) 1= Ein +Vin ‘D,
Wout(P) = Eout + Vout ‘D, (108)

and the typical “average energy” for the 2 — 2 process

Sin®@in(P) + Sout@out (P)
Sin 1 Sout .

Qp) = (109)

By the saddle-point approximation, we get

SEE 1\
S = ix? (A]_[ ( ) ) Qo) ? Crogw) /?/2n ¢
=1

«/ZEA TToy

d’p 1
x (271)3 i57\? 2 2 _;
— () - Z5) 4 p2 M2 e

(o R — o
X exp { =550 = Pow)’ = %+ iFow - (¢~ Pow) = " (p — Pin)’?
R —
- —iXn- (p—Pin)}
s 2 . GOSN
X eXpy — E(wout(l’) - a)in(P)) —iQ(p) 6% — 2c + i (@out(P) Tout — win(p) Tin) 7.
+
(110)
Here, the p dependence of the exponent eF is of the form
F:-%pz—%(W-p)erw-erc, (111)
where
04+ = Oin + Oout, (112)
8V :=Vou— Vin, (113)
w:=o+1>—g555V+i(53_e+1§57), (114)
Oin ;2 Oout 2 Rin + Rout S 2 (5‘:)2
C=——7—P ——P;,——— — = (86" —
2 m g 2 2 09 264
+1[Xin - Pin = Fou Pout + THE |, (115)
in which!!
8% 1= Tout — Tin, (116)
8% = Xout — Xins (117)

' Here, we let § denote the difference between the in and out quantities in 2 — 2 scattering, rather than
the difference between the in and out ones in 1 — 2 decay in Ref. [2].
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8& == Eout — En, (118)

and we have defined the “average momentum” for the 2 — 2 process

P OinPin + ooutPout (119)

Oin + Oout

and the “interaction time” for the 2 — 2 process

Toi=c¢ (E + TOM) . (120)
Gin Sout

Note that the last term in Eq. (115) (in its second line) can be dropped since it is a pure imaginary
constant. _
The saddle point % =0 is at'?

wi s (8V),(8V - w)

Dyi = — — — (121)
o+ o4 <O'+ + g (8V) )
that is,
538V —i (5% + 5, 67) ¢ (67) 5 8E8V — i (5% + %507
Py = P - - — P -
o+ o+ (5V) o ||
(122)
where
sV -0)
0, = (—2)6V. (123)
(57)
Now we can rewrite F without any approximation as
~ 1 _ ~
F=—=3(-p),;(cs8+5 (o), (69),) (o —p.); + Fu. (124)
where
- 2
~ 1 sV -w
Fo=— wz—g(—)2 el (125)
20'_|_ o, +c (8ﬂ
Let us separate two terms corresponding to the momentum and energy conservation from Fy:
Fo=F,— % (5P)% — 50+ (SE —V, -5P)2, (126)

2 (o4 + 5 (67)°)

where the phase factor part that is irrelevant for |S|? has been dropped and we have defined

1 1\! i
7= (O'_m * O’out) - (Z 0_a> ’ (127)

a=1

12 We have examined the saddle point only looking at the exponential factor. Around the pole of the
propagator, one might need to include its logarithm in the exponent.
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OE := Eout — Ein, (128)
OP := Poyt — Pin, (129)
ro_ _Rint Row (39’
T 2 26
— 2/ —\2 . _\2 _ _\2
. (V)" (6%) - (57 -6%) (6% +557)
- — + , (130)
204+ (67)°) ot s
and the “average velocity” for the 2 — 2 process
Vin V,
Vyi=0o <l+ °‘“), (131)
Oin Oout
and have used the identity
SE+SV - P =08E—V,-8P. (132)

We see from the first term in the parentheses in Eq. (130) that the suppression is weaker when the
— _ _\2

“impact parameter” § X is parallel to the “momentum transfer” § V. This combination (57)2 (8 %) —

— N2
(8V . 8%) is always non-negative due to the Cauchy—Schwarz inequality. Also, from the second
term, the suppression is weaker when the difference of the average position of in- and out-states is
close at the “2 — 2 interaction time” ¥, namely when ’8% + % SV‘ is small.

For integrating over p, the Gaussian factor is

Qn)’
GJZF (cu +g (8?)2).

(133)

Finally, we get the differential amplitude for a fixed configuration of initial and final states
(ITy, ..., y):

1/2 1 SOt 2

32, 1 5% _(sE-V,-5P)

x (27 [(i) / ez“”)z] L . (134)
2 2 oy +¢ (3 V)

where we have defined the dimensionless amplitude M, cf. Eq. (A.10):

KZeF*

_ ((Q(P*))z B (g)2> +i2Q(p,) g P24 M2 e

K2

M =

- ((sz(p*))2 - (§>2> +129(p,) T + p2 + M2 — ie

Rin + Rout _ (8‘1)2
2 254

xexp{—
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B . 67 <5¥)2 - (57"3%)2 .\ (5§+‘Sgav)2 }
2 (0+ + ¢ (57) ) o .

(135)

Several comments are in order.

o

(o]

o

[¢]

4.2.

All the terms in F, are negative or zero, and hence F, gives always a suppression factor.
In the amplitude in Eq. (134), the plane-wave limit 0 — oo gives a delta function for the
momentum conservation:

32 4
(%) e 80P s 53 (8P) = 83 (Pout — Pin). (136)
Likewise, the limit % — 00 gives a delta function for the energy conservation:
o+T¢§

/2 1 coyp 2

1 2T (SE—V,-8P)
(2—%) e Lorts(7) S SGBE—V,-5P).  (137)

T o4 —+ g (8 V)

In the squared amplitude |S|?, the factor e~ ®P )? gives the momentum conservation in the limit
o — o0:
3/2

(2)" e - 8 (Pou— Pun). (138)
We note that the infinity 8 (0) from [53 (8P)]2 that appears in the plane-wave computation,
using the right-hand side in Eq. (136), is tamed in the current wave-packet one: the would-be
delta function squared becomes another would-be delta function again.
Likewise, the factor

exp (—L_z E —V, -5P)2>
oL +¢ (8V)

SO+

—— —> OQ:
a++g(87)2

in |S|? gives the energy conservation in the limit

1 — T (BE—V5-8P)?
_ SO+ 5 e o++§(6V)2 — S(Eout —Ein—Vs - (Pout —Pin))- (139)
T o+ (3V)

Note that the energy conservation is deformed by the wave-packet effect V', - §P, which goes
to zero in the momentum-conserving limit: §P — 0.

It is remarkable that the wave effect persists even without the time-boundary effect. Namely,
the real and imaginary parts of the pole of the propagator are shifted as in Eq. (135). Even
when p, > Pi, and Q(p,) = Ein, the pole position of the propagator is shifted such that the
mass-squared M2 and decay width I are shifted by (§%/c)? and —2Ein8%/c- M, respectively.

In-boundary effect for decay

Here, we discuss how our result for the 2 — 2 scattering ¢¢p — ® — ¢¢ can be applied to the

1 — 2 decay process ® — ¢¢. In Sect. 3 we presented two different constructions regarding the

boundary effect. Forthe 1 — 2 decay ® — ¢¢ [2], the key question for its in-boundary effect is how
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we can better take into account the production process of ®. Which approximates an experimentally
prepared state of ® better at an initial time 7 iiecay? Is it the Heisenberg state

decay

A 2 P decay
lin; @) = eMTin e Heelin | ) (140)
in the free construction, or
d
. , iHTdccay —iI:I Tdccay 7l‘f ineca}' . (t/) o )
lin; @) =" fin T Hiieetin - Te "1 int | D) (T" - —00) (141)

in the dressed construction?!?

In our result for the 2 — 2 s-channel scattering of p¢p — © — ¢ ¢, the interaction time T;,, would
correspond to T iiecay for the ® — ¢¢ decay. We note here that the in-boundary effect of the decay
becomes significant when the decay-interaction point around % is near the center of the in-state

decay | T

wave packet at T} in, namely when

(5S)2 = (Sout - ‘Iin)2 S 25'0ut- (142)

Therefore, one might deduce that the limit §¥ — 0, which necessarily arises when we integrate over
the final-state phase space I3 and Il4, corresponds to the in-boundary for the 1 — 2 decay. By
taking T — 0 in Eq. (135), we obtain

M — 5 i
—(Qp.))” + P2+ M —ie
o] () ) eman))
204+ (67)°) o -

(143)

We see that there is no 1 — 2 in-boundary effect in the 2 — 2 bulk amplitude. If the in-boundary
effect of 1 — 2 decay exists, it can only emerge from the in-boundary effect of 2 — 2 scattering.

5. Various limits

Here, we take several limits where o3, and/or ooyt goes to infinity.

5.1.  Plane-wave limit for the initial state

First, we take the plane-wave limit for the initial state oy, — oo for fixed ooyt:

Oout
= — 144
o 1+ %unt Oouts ( )
Sout
=14 e — Souts (145)
P w (146)
o+ + ¢ (8V) AV G+ BEAVE + 2 (V)
S o, (147)
o+

13" See the discussion in Sects. 3.3 and 3.4 for subtleties on taking the 77 — —oo limit.
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0.

where, since o and % stay finite, both momentum and energy conservation is violated. The
o++¢

above-limited values lead to

P: Oout p
n Uo.u out
mn

P=——%a— — Pin (148)

14 S
Py — P =P, (149)

win(p ) St wout(p )
Q) = — e — @nlp) = onPin) = Fin (150)
Gin
Rin — 0, (151)
Fy - — ot (152)
2

Vo = Vou, (153)

where we used the result of Eq. (148) in the last steps of Egs. (149) and (150). From the above
information, we get the limit of the propagator:

1 1
2 2 T TR P M e (154)

- <(Q(p*)) - (g) > +2Q(p,) T +p2 +M? — e in " Vin

To summarize,
S—i li[ : (_1 )3/4 < 6_%
L 2E4 \7oy —E2 + PL +M? — e
x (2m)* [(@)3/2 e—”glﬂ(ap)z] [(@)1/2 e—ggm(aE—Vout.sp)z:| . (155)
2w 2w

We see that momentum conservation is broken by ~,/oout, and energy conservation by ~./cout,
along with the shift —V out - 8P in the plane-wave limit for the initial state.

5.2.  Plane-wave limit for the final state

Similarly, we may take the plane-wave limit for the final state o,y — oo for fixed ojy:

0 — Oin, (156)
S = Gins (157)
2 G (158)
oy +¢ (SV)
S o, (159)
O+
P > Pou, (160)
Ps =~ Pout (161)
Q(p*) — wout(Pout) = Eout, (162)
Rout = 0, (163)
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R.
Fy—> ——2, (164)
2
Vo = Vin. (165)
The limit of the propagator becomes
! : (166)
% .
2 2\ . , —E2 4 Ph 4+ M? —ie
(@7 - (2)) + 22 2 124w i Eout P
To summarize,
4 3/4 2
1 1 Rin
s—i(]] ( ) - T
=1 2E4 \T04 —EGu + PGy + M? —ie
x (2m)* <ﬁ)3/2 e Hon (ﬂ)l/z e~ (EViory (167)
2 2 )

We see that momentum conservation is broken by ~ ., /iy, and energy conservation by ~ /iy, along
with the shift —V;, - P in the plane-wave limit for final state.

5.3.  Plane-wave limit for both

Finally, we take the double-scaling limit oy, ooyt — 00 for fixed oout/oin:

Oout
= — 00, 168
o= (168)
Sout
= — 00, 169
=14 Em (169)
o o
§+_2:Uin 2 Oout 2 o —2 7% (170)
ot +¢ (V) AV AV + (67)
S R Oout/Tin (171
o (1 2 (aV + avE o)

The limits in Egs. (168) and (170) lead to the momentum- and energy-conserving delta functions
83(Pout — Pip) and 8(Eou — Ein) as in Egs. (136) and (137), respectively. Then, we obtain

8E~ —8V - P, (172)
Fint o Pou poap (173)
= 7 T om > Lin™ Lout
1+ % m oul
— c 2 —
SESV el CL SESV
o (o) EO(sie)
o+ I+3(57) >y
~ P (174)
[Ein —Vin - (Pin _p*)] + S;);t [Eout —Vour - (Pout _P*)]
Qp,) = —
Sin
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E in + o Eout

1 _i_g& ~ E(P) ~ Ein = Eoy, (175)
Sin
Fi =0, (176)

where 2 denotes that we have used the energy and momentum conservation from the abovementioned
delta functions. Based on the above information, we derive the plane-wave limit of the propagator:

1 1

- ((Q(P*))2 - (%)2> +129(p,) 55+ p2 + M2 — ie T Q) p M e

1
A . (177)

~(EP))’ + P>+ M2 — ie

We see that the propagator is reduced to the plane-wave form. To summarize,

4 3/4 2
1 1 K
S—i —) 1) 8*(Pout — Pin),  (178)
(Al:[l V2E4 \Tt04 ) —(E(P))* + P2+ M? —ic t

where 8*(Pout — Pin) = 8(Eout — Ein) 8> (Pout — Pin).

6. Discussion

We have computed the Gaussian S-matrix for the s-channel 2 — 2 scalar scattering: ¢¢p — & — ¢po.
We have found that the wave effects persist even without the time-boundary effect.

As future work, it would be interesting to study the integrated probability after performing the
final-state integral over the positions X3 and X4:

/d3X3 X4 |S)?. (179)

Then we may read off how the ordinary plane-wave differential cross section arises, and see the
derivation from it due to the wave effects. It would also be interesting to study the factorization in
the limit (E2, — P?) — M2,
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Appendix A. Comparison with ¢* theory

Let us consider an interaction Hamiltonian

~ A ~
Hint(0) = 4 f dxpt(x). (A.1)
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The the tree-level probability amplitude becomes

Tout
S=—ix /T di / xS, () fonety ) foarty () A2)

In the leading plane-wave approximation, we get

4 1 3/4 1 Tout 3
S = —ia Ly L / dt f Px
131 (n0A> V2E4 T
ey R o B0 o mEy0)? o (x=Eg0)?

% elPl (x—X1) 2oy ele x—X2) T e iP3-(x—X3) Ty e iP4-(x—X3g) oy

Tout 4 l 3/4 1 .
= —ik/ dt l_[ <_> ——plaEat=T1)

T _j \ 7oy 2F 4

= N2
X fd3xe21_l<_wﬂaAPA.(x_XA))

Tout 4 1 3/4 1
= —iA/ dt l_[ <_) ——plaEat=T1)
T oy 2E4

=1

“ / Bx o3 6B —iaoP-a=X), (A.3)

—1
wherea; =ap = —1, a3 =a4 = 1,and o := 4 L . The exponent becomes
A=1 o, p

_ 1 = i Z_L = 2 _ (E)?
exponent = ——— (x = E(1) +i0 8P)” — 5~ ((...(t)) (E0) )
—%(5P)2—im-sp+iaEt+i[---], (A.4)

where +i[- - - ] denotes irrelevant imaginary constant terms which disappear in |S|?, and we have
used aocE = o SE and aoc P = o 5P. Now,

AEM)? = (EW0) - (E0)
— @V (x5 vi)
=X -X +(V-V)P-2(XV-X V)
:Ax2+AV2t2—2(§-V—7) ‘. (A.5)

After integrating over x, the exponent becomes

exponent = —

2 2 ¥ 7w\ 2 [ 1 2
AX AV X V—-x.V AV [(X-V-X-V
— t— +

20 20 AV?

—%(SP)Z—iaeJr Vi-8P+iSEt+il---]

_ = = — 2
AV? . X V-X-V—io(SE—V . 5P)
20 AV?
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2 2 (¥ T 2
1 [ AX AV X V—-x.V
2 o o

2 AV?
o (SE—V - 5P)°

o 9 .
_ N — 5 OPY +il---]. (A.6)

In the last expression, the second term corresponds to the overlap exponent —R /2, with R =
2 2 . . . .
% — % being non-negative (see Sect. 3.1 in Ref. [2]), and the third and fourth terms to the energy
and momentum conservation, respectively.
After integrating over x and ¢ (neglecting the time boundaries), we get the expression for the

probability amplitude, namely the dimensionless S-matrix:

S 21532 /2 : Ly R _9(5P)*—5 (SE-V-sP)’
= —iA(2no b/ e 272 A
( . ° l:[1<7TUA V2E 4
4 3/4 B
— - e ([] b L )% (i>3/2e—%(81>)2 S 5E-Tp)’)
L \7oy V2E4 27 27

(A7)

We may compare this result with the relation between the dimensionful plane-wave S-matrix element
Splane and the dimensionless plane-wave amplitude Mpjape:

Splane = i(27‘[)4 54(Pout — Pin) Mplane' (A-8)
We see that
M = Mpane e/ (A.9)
gives the proper normalization, where Mjane = —A for the current case. That is,
4 3/4
1 1 0 \3/2 _o.pp2 ¢ _< 7.5P)2
S = iM m) b (_> ~%(5P) | S o~5CE-VSP)" ) (A 10
M (2m) (AEII <n0A> «/2EA> ( 2 ¢ Zne ( )
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