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1 Introduction

While the gauge sector of the Standard Model (SM) had been completed by the discovery

of the Higgs boson [1, 2], the actual structure of the Yukawa sector generating fermion mass

terms is still concealed. The SM Yukawa terms describe the nature very well, but we should

introduce three similar copies for realization of the three generations and a large number

of parameters describing the masses and the mixing-related issues of both the quarks and

the leptons. The values of the parameters are simply input parameters and are never

determined by dynamics. To make matters worse, even after we accept the above points,

the naturalness issue frightens us. Only within the quarks, 105-order hierarchy in the input

Yukawa couplings should be generated by hand. When we try to include the lepton sector,

situations get to be deteriorated as the magnitude of fine-tuning should be enlarged to at

least 1011 orders since the observed active neutrinos has sub-eV tiny masses.1 Apart from

the naturalness issue, another mystery is there with respect to the mixing structure of the

fermions. The Cabbibo-Kobayashi-Maskawa (CKM) matrix [4] showing the quark mixing

phenomena consists of three small mixing angles with a CP-violating phase. On the other

hand, two of the lepton mixing angles, θ12 and θ23, in the Pontecorvo-Maki-Nakagawa-

Sakata (PMNS) matrix [5, 6] are large, while the remaining one θ13 is small but has a

1Note that a recent upper bound on the sum of neutrino masses by Planck experiment is 0.23 eV [3],

and the possibility that the lightest active neutrino is a massless particle is not discarded yet.
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non-zero value, declared by recent experiments [7–11] and following global analyses [12–

15]. Note that the existence of CP-violating phases in the lepton sector is unknown to date.

One expects that these characteristics would be naturally explained by candidates

describing the physics beyond the SM, e.g., through the see-saw mechanism for a fas-

cinating explanation for the minuscule neutrino masses [16–21]. Here, related to the

Yukawa structure, we mention two important issues. One is that the number of mat-

ter generation is a kind of “topological number”. Within four-dimensional (4d) space-

time, we mainly rely on the gauge anomaly cancellation for discussing this point, e.g.,

in the following extended electroweak (EW) gauge theories, SU(3)W × U(1)Y [22, 23] or

SU(2)W ×U(1)Y ×U(1)B−L [24, 25]. The other point is the Higgs mechanism. Electroweak

symmetry breaking (EWSB) via the Higgs mechanism leads to the generation of the current

mass of fermions through Yukawa couplings. But the realization of EWSB within the SM

would be somewhat ad hoc since it is just assumed and has no relation to other dynamics

directly.

When we pursue a suitable answer for problems in flavor, one of the engaging ways

is considering a hidden structure of extra dimensions [26–45]. A large variety of solitonic

objects spreading around the extra directions explains the number of generations through

their topological numbers without violating 4d Poincaré symmetry and the localization of

matter profiles lead us to a natural explanation of mass hierarchies. In this paper, we

focus on the direction proposed in refs. [46, 47], where we think of generalized boundary

conditions (BC’s) described by point interactions (zero-thickness branes) in the bulk space

S1 [48–51]. By selecting the BC’s for five-dimensional (5d) fields suitably, we naturally

realize three-degenerated localized fermion profiles, EWSB and the SM gauge boson con-

figuration in the zero-mode sector simultaneously without suffering from any EW precision

data and the recent Higgs results at the Large Hadron Collider. As discussed in ref. [47],

by choosing parameters in the model appropriately, the whole configurations of the quark

sector including the number of the quarks, the quark masses and the mixing angles with

one CP phase are explained with good precision. Here, we note that one additional EW

singlet scalar is introduced with an extra-dimension coordinate-dependent exponential vac-

uum expectation value (VEV) [52–61] in the Yukawa sector to enhance the hierarchy in the

elements of the Yukawa matrices. Interestingly in the model, a complex degrees of freedom

for the CP-violating phase in the CKM matrix is supplied via a twisted boundary condition

on the Higgs doublet, whose VEV is also determined as a minimization of the corresponding

effective potential, as the realization of a complex VEV. After calculating overlap integrals

between the position-dependent VEV’s and localized quark profiles, desirable forms in the

Yukawa matrices are produced effectively.

Our main purpose of this paper is to answer a natural question whether or not the

above idea is applicable to the lepton sector. As we mentioned before, we should explain

the sub-eV neutrino masses with the two large mixing angles, as well as the quark masses

and mixing angles, in a unified manner. Situations are apparently different from those of

the quark sector and we need to find a suitable configuration of the system. We have found

that all the lepton properties can be described with acceptable precision after carefully

fitting effective parameters. One of the captivating points of the model is predicting the
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CP violation effect in the lepton sector, whose origin is identified as the complex VEV of

the doublet Higgs and then we can predict the magnitude by use of the information on the

quark sector.

This paper is organized as follows. In section 2, first we summarize the way of our

model construction with point interaction briefly and subsequently, we apply the idea to

the lepton sector and discuss the validity from quantitative and qualitative points of views.

Section 3 is devoted to summary and further discussions. In appendix A, we review the

quark sector analysis. In appendix B, we discuss how the form of the mass matrix is

restricted by the geometry of the extra dimension.

2 Lepton flavor structure from point interactions

In this section, we briefly overview our concept and idea for generating the three-generation

structure, the hierarchy and mixing in the lepton mass matrices, switching on EWSB and

CP violation effect. Then, we show our numerical results showing how much our mechanism

works correctly in a focus point of parameters. The model is a 5d gauge theory on a circle S1

with point interactions and contains one-generation fermion for each SU(2)W eigenstate

at the level of 5d action. By imposing the suitable BC’s for the fields at the positions

of the point interactions, we obtain a three-generation structure in chiral massless zero

modes. The rather mass hierarchy in the charged leptons comes from the intercorrection

between the localization of the chiral massless zero modes toward the boundary points and

the extra-dimension coordinate-dependent VEV of the gauge singlet scalar. On the other

hand, minuscule masses of the neutrinos are realizable by extremely localized profiles of the

neutrinos. A significant feature appears in the lepton flavor mixing since it is determined

by the configuration of the point interactions in our model. The origin of the physical

CP phase cannot be the Yukawa couplings themselves since our model consists of one-

generation fermions and hence field redefinitions can make them real in general. It comes

from the oscillatory VEV of the Higgs doublet, which includes a complex degree of freedom.

2.1 Action and configuration of point interactions

Let us introduce the action and the geometry of the extra dimension. We mainly focus

on the lepton sector. The analysis of the quark sector will briefly be summarized in ap-

pendix A. We consider a 5d SU(3)C × SU(2)W × U(1)Y gauge theory on S1 with point

interactions. The action consists of one-generation 5d lepton fields with the Higgs doublet,

the gauge singlet scalar and the Yukawa sector.

S = Slepton + SHiggs + Ssinglet + S
(lepton)
Yukawa , (2.1)

Slepton =

∫

d4x

∫ L

0
dy
[

L(x, y)
(

iΓND
(L)
N +ML

)

L(x, y)

+N (x, y)
(

iΓN∂N +MN
)

N (x, y) + E(x, y)
(

iΓND
(E)
N +ME

)

E(x, y)
]

, (2.2)

SHiggs =

∫

d4x

∫ L

0
dy

[

H†(x, y)
(

DNDN +M2
)

H(x, y)− λ

2

(

H†(x, y)H(x, y)
)2
]

,

(2.3)

– 3 –



J
H
E
P
1
0
(
2
0
1
4
)
1
9
1

Ssinglet =

∫

d4x

∫ L

0
dy

[

Φ†(x, y)
(

∂N∂N −M2
Φ

)

Φ(x, y)− λΦ
2

(

Φ†(x, y)Φ(x, y)
)2
]

, (2.4)

S
(lepton)
Yukawa =

∫

d4x

∫ L

0
dy
[

Φ
(

−Y(N )L(iσ2H
∗)N − Y(E)LHE

)

+ (h.c.)
]

, (2.5)

where we denote L(x, y) as an SU(2)W doublet lepton, N (x, y) as an SU(2)W singlet neu-

trino, E(x, y) as an SU(2)W singlet charged lepton, H(x, y) as the Higgs doublet and Φ(x, y)

as an gauge singlet scalar field, respectively. D
(Ψ)
N (Ψ = L,E) shows the corresponding 5d

covariant derivatives and note that N does not couple to the gauge fields since it corre-

sponds to the right-handed neutrino in 4d point of view. The variable xµ (µ = 0, 1, 2, 3)

indicates the coordinate of the 4d Minkowski spacetime and y is the coordinate of the extra

dimension with the circumference of S1, L. N (and M) runs among µ, y as a 5d Lorentz

index. The 5d metric is chosen as ηMN = diag(−1,+1,+1,+1,+1) and the Clifford alge-

bra as {ΓM ,ΓN} = −2ηMN with adopting the representation of the gamma matrices as

Γµ = γµ and Γy = −iγ5 = γ0γ1γ2γ3. We note that our theory is defined in the segment

[0, L]. MΨ (Ψ = L,N , E) in eq. (2.2) denotes the bulk mass for the fermion and we put

the sign as

ML < 0, (2.6)

MN > 0, (2.7)

ME < 0, (2.8)

for our purpose. We explain the reason of this adoption later in this section. Here, we omit

the action for the SU(3)C × SU(2)W × U(1)Y gauge fields since their situations become a

simple Universal-Extra-Dimension-like profile still in our strategy.

Note that the discrete symmetry, H → −H, Φ → −Φ, is introduced to forbid the

terms L(iσ2H
∗)N , LHE, ΦLL, ΦNN , ΦEE for simplicity. We also simply ignore the

term (H†H)(Φ†Φ) in this model.2 We also mention that although the Yukawa couplings

Y(N ) and Y(E) can be complex, they cannot be an origin of the CP phase of the PMNS

matrix since the model consists of only one-generation leptons in 5d point of view. The

number of the 5d Yukawa couplings is not enough to produce a CP phase in the PMNS

matrix. A source of the CP phase is the VEV of the Higgs in the model and will be

discussed in subsection 2.5.

In the case of an extra dimension scenario, not only the action but also the geometry

of the extra dimension is important. In the model, the geometry consists of S1 with point

interactions. Every fermion field (L, N , E) feels three point interactions at the positions

y = L
(Ψ)
i (Ψ = L,N , E; i = 0, 1, 2, 3), respectively. On the other hand, the Higgs doublet

H and the gauge singlet scalar Φ feel one point interaction at y = 0. Gauge fields do

not feel any point interaction, where the usual periodic boundary condition is chosen. A

schematic figure is depicted in figure 1.

Because of the point interactions, every field feels boundary conditions at its own

positions. We impose the characteristic BC’s for the fermions and the singlet scalar at

2The term (H†H)(Φ†Φ) can be a source of gauge universality violation in this model and its effect was

investigated in ref. [46]. See, its appendices A and B.
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Figure 1. A schematic figure of the configuration of the point interactions. The fermions feel three

point interactions, the gauge singlet scalar and the Higgs doublet feel one, the gauge fields do not

feel the point interactions in the model.

which the flow of the probability current is not allowed through the point interactions. It

was pointed out in ref. [46] that the general BC’s in the situation is given by ΨR = 0 or

ΨL = 0 at y = L
(Ψ)
i for the fermion where the indices R and L denote the 4d chirality as

ΨR ≡
(

1+γ5
2

)

Ψ, ΨL ≡
(

1−γ5
2

)

Ψ. Then we impose the following BC’s.

LR = 0 at y = L
(L)
0 , L

(L)
1 , L

(L)
2 , L

(L)
3 , (2.9)

NL = 0 at y = L
(N )
0 , L

(N )
1 , L

(N )
2 , L

(N )
3 , (2.10)

EL = 0 at y = L
(E)
0 , L

(E)
1 , L

(E)
2 , L

(E)
3 . (2.11)

The BC’s for the partners of the different 4d chirality just come from the 5d Dirac equation.

In this model, we choose the following order of the point interactions of the fermions:

0 < L
(N )
0 < L

(L)
0 < L

(N )
1 < L

(L)
1 < L

(N )
2 < L

(L)
2 < L

(N )
3 < L

(L)
3 , (2.12)

0 < L
(L)
0 < L

(E)
0 < L

(E)
1 < L

(L)
1 < L

(E)
2 < L

(L)
2 < L

(L)
3 < L

(E)
3 . (2.13)

We also explain the reason of this adoption later in this section. We should mention that

the following positions should be identified since the geometry of the extra dimension is S1

with the period L.

L ∼ 0, (2.14)

L
(N )
3 ∼ L

(N )
0 , (2.15)

L
(L)
3 ∼ L

(L)
0 , (2.16)

L
(E)
3 ∼ L

(E)
0 , (2.17)

the situation of which is depicted in figure 2.

For the singlet scalar, the general BC is given by the Robin BC [62]:

{

Φ(x, 0) + L+∂yΦ(x, 0) = 0,

Φ(x, L)− L−∂yΦ(x, L) = 0,
(−∞ ≤ L± ≤ +∞), (2.18)

– 5 –
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Figure 2. A schematic figure of the configuration of the point interactions.

where L± are parameters which describe the BC. Note that by suitably choosing the pa-

rameters L± and other parameters in eq. (2.4), the form of the VEV gets to be hierarchical

along the y direction. Such a situation is preferable for generating the large hierarchy in

the lepton mass matrices.

For the Higgs doublet and the gauge fields, the flow of the probability current is allowed

on the circle S1. We impose the BC’s as
{

H(x, L) = eiθH(x, 0),

∂yH(x, L) = eiθ∂yH(x, 0),
(−π < θ ≤ π), (2.19)

{

GN (x, L) = GN (x, 0),
∂yGN (x, L) = ∂yGN (x, 0),

(GN = GN , WN , BN ), (2.20)

where θ is a phase parameter which specifies the twisted BC, whose complex degree of

freedom is just the origin of CP violation in our model. GN , WN and BN indicate a SU(3)

gauge field, a SU(2) gauge field and a U(1) gauge field, respectively.

We should emphasize that all the BC’s are consistent with the 5d gauge invariance.

In particular, the BC’s (2.9)–(2.11) do not break the 5d gauge symmetry since the BC’s

for the fermion are given by the Dirichlet BC, which is manifestly invariant under the 5d

gauge transformation.3

2.2 Three generations

In this subsection, we explain the mechanism to produce three generations in chiral massless

zero modes. To see this, let us execute the Kaluza-Klein (KK) expansion for the fermions,

Ψ(x, y) =
∑

n

(

ψ
(n)
R (x)f

(n)
ψR

(y) + ψ
(n)
L (x)g

(n)
ψL

)

, (2.21)

3The higher-dimensional gauge invariance of the system is important when we discuss the unitarity in

the scattering processes of KK particles [63–70].

– 6 –
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where {f (n)ψR
}
(

{g(n)ψL
}
)

is the eigenfunction of the hermitian operator D†D
(

DD†) and

forms the complete set,











D
†
Df

(n)
ψR

= m2
ψ(n)f

(n)
ψR
,

DD
†g(n)ψL

= m2
ψ(n)g

(n)
ψL
,

(D ≡ ∂y +MΨ, D
† ≡ −∂y +MΨ). (2.22)

The degeneracy of the eigenvaluesm2
ψ(n) for f

(n)
ψR

and g
(n)
ψL

is ensured by quantum mechanical

supersymmetry (QMSUSY) [71–74] as







Df
(n)
ψR

= mψ(n)g
(n)
ψL
,

D
†g(n)ψL

= mψ(n)f
(n)
ψR
.

(2.23)

Zero mode solutions of the above should satisfy the following equations since mψ(0) = 0.







Df
(0)
ψR

= 0,

D
†g(0)ψL

= 0.

(2.24)

From eq. (2.24), we obtain the forms of the non-trivial zero mode solutions (trivial solutions

are f
(n)
ψR

= 0 = g
(n)
ψL

) as







f
(0)
ψR

∝ e−MΨy,

g
(0)
ψL

∝ e+MΨy.

(2.25)

Furthermore, we have to consider the BC’s in eqs. (2.9)–(2.11). Since the Dirichlet bound-

ary condition does not allow any flow of the probability currents through the point inter-

actions, the profiles can split at them. It turns out that we can obtain three generations

of chiral zero modes in our configuration as follows.

L(x, y) =
3
∑

i=1

l
(0)
iL (x)g

(0)
liL

(y) + (KK modes), (2.26)

N (x, y) =
3
∑

i=1

ν
(0)
iR (x)f (0)νiR

(y) + (KK modes), (2.27)

E(x, y) =

3
∑

i=1

e
(0)
iR (x)f (0)eiR

(y) + (KK modes). (2.28)

The degenerated zero mode solutions are depicted in figure 3. The mode functions are

localized toward the boundary points because of the bulk massMΨ (Ψ = L,N , E), the sign

of whom determines the direction of the localization. We should note that the bulk mass

controls all the related zero modes so that we cannot change the form of the degenerated

zero modes, independently.

– 7 –
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(a) The profiles of triply-degenerated zero modes g
(0)
liL

with ML > 0. (The profiles of f
(0)
νiR , f

(0)
eiR with MN ,

ME < 0.)

(b) The profiles of triply-degenerated zero modes g
(0)
liL

with ML < 0. (The profiles of f
(0)
νiR , f

(0)
eiR with MN ,

ME > 0.)

Figure 3. A schematic figure of the zero modes.

2.3 The charged lepton mass hierarchy and tiny neutrino masses

In this subsection, we search for the configuration of point interactions where the charged

lepton mass hierarchy and tiny neutrino masses are derived. We should mention that only

the Dirac mass terms are introduced to the both charged leptons and neutrinos in our

model, which means that tiny neutrino masses appear from the geometry of the extra

dimension not from the seesaw mechanism. Under the Robin BC in eq. (2.18), the gauge

singlet scalar can obtain a non-vanishing VEV 〈Φ(y)〉 nevertheless M2
Φ > 0 [62]. Moreover,

the VEV 〈Φ(y)〉 inevitably possesses the y-dependence [62].

〈Φ(y)〉 = φ(y). (2.29)

After solving the minimization condition of the potential V4d =
∫ L

0 dy
[

Φ†(−∂2y +M2
Φ)Φ+

λΦ
2 (Φ†Φ)2

]

with the Robin BC (2.18), it was found that the following form of the VEV is

the vacuum configuration:

φ(y) =

MΦ√
λΦ

(√
1 +X − 1

) 1
2

cn

(

MΦ(1 +X)
1
4 (y − y0),

√

1
2

(

1 + 1√
1+X

)

) ,

(

X ≡ 4λΦ|Q|
M4

Φ

)

, (2.30)

where cn(y, a) is the Jacobi’s elliptic function, y0 and Q are constants which are determined

by the parameters L± of the BC’s.4 We can make it the exponential form by choosing the

suitable value of L±,

φ(y) ∼ eMΦy, (2.31)

where we omit to show a proportional factor with mass dimension 3/2.

4We note that this form is in the case of Q < 0 [46].
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The y-dependent VEV of the gauge singlet scalar 〈Φ(y)〉 can be a source of the charged

lepton mass hierarchy since the mass matrices, which appear from the Yukawa sector in

eq. (2.5), contain the following overlap integrals,

S
(lepton)
Yukawa =

∫

d4x

∫ L

0
dy
[

Φ
(

−Y(N )L(iσ2H
∗)N − Y(E)LHE

)

+ (h.c.)
]

⊃−
∫

d4x
3
∑

i,j=1

[

m
(ν)
ij ν

(0)
iL ν

(0)
jR+m

(ν)
ji

∗ν(0)jR ν
(0)
iL

]

−
∫

d4x
3
∑

i,j=1

[

m
(e)
ij e

(0)
iL e

(0)
jR+m

(e)
ji

∗e(0)jRe
(0)
iL

]

,

(2.32)

with

m
(ν)
ij = Y(N )

∫ L

0
dy 〈h(y)〉∗ 〈Φ(y)〉 g(0)liL

(y) f (0)νjR
(y), (2.33)

m
(e)
ij = Y(E)

∫ L

0
dy 〈h(y)〉 〈Φ(y)〉 g(0)liL

(y) f (0)ejR
(y). (2.34)

Note that the localized lepton profiles are described by real functions g
(0)
liL

∗ = g
(0)
liL

and we

have rotated the form of the VEV as 〈H(y)〉 = (0, 〈h(y)〉)T like the SM, irrespective of

y-dependence [47]. The exact shape of the VEV is found in eq. (2.38). Here, we try to

consider the configuration where the lepton doublet and the neutrino singlet profiles are

extremely tightly localized around the boundaries, while the profiles of the charged lepton

singlets moderately increase toward the y-positive direction.

Firstly, we mainly focus on the diagonal components of both the mass matrices. Of

particular importance of the non-diagonal terms is in discussing the structure of flavor

mixing, but we postpone its detail to the next subsection. As shown in figure 4, the

component m
(e)
11 of the mass matrix for the charged lepton contains the overlap integral of

the first generations g
(0)
l1L

and f
(0)
e1R , which live in the left side region of the extra dimension,

and another one, e.g., m
(e)
33 contains the overlap of the third generations g

(0)
l3L

and f
(0)
e3R ,

which live in the right side region. Obviously, the form of the VEV in eq. (2.31) makes a

big differences in the overlap integrals (2.34) and the exponential mass hierarchy appears

for the charged leptons.

m
(e)
11 ≪ m

(e)
22 ≪ m

(e)
33 . (2.35)

In the case of the neutrinos, however, it is not the case. For the neutrinos, we need to

make the value of the bulk masses ML, MN as large to realize an immoderate localization

of the zero modes with MLL, MNL= O(100). In that situation, the overlap integrals in

eq. (2.33) become extremely small so that tiny neutrino masses appear without tuning

the Yukawa couplings. Moreover, because of the immoderate localization, the effect of

the y-dependent VEV of the gauge singlet scalar 〈Φ(y)〉 becomes weak, which means that

non-hierarchical masses appear to the neutrinos.

m
(ν)
11 . m

(ν)
22 . m

(ν)
33 . (2.36)

The situation is depicted in figure 5. Thus, we can obtain both the charged lepton mass

hierarchy and degenerated tiny neutrino masses at the same time in this model.
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Figure 4. A schematic figure of the configuration of the charged leptons. The overlap integrals

of the blue, green and pink colored region indicate the diagonal components m
(e)
11 , m

(e)
22 and m

(e)
33

of the charged lepton mass matrix, respectively. The exponential VEV of the gauge singlet 〈Φ(y)〉
produces the charged lepton mass hierarchy.

Figure 5. A schematic figure of the configuration of the neutrinos. The overlap integrals of the

blue, green and pink colored region indicate the diagonal components m
(ν)
11 , m

(ν)
22 and m

(ν)
33 of the

neutrino mass matrix, respectively. Because of the immoderate localization, the overlap integrals

suppressed so that degenerated tiny neutrino masses appear.

2.4 Flavor mixing angles

In this subsection, we discuss the flavor mixing in our model. Since each 5d fermion feels the

point interactions at the different positions as figure 2, the mass matrices possess the off-

diagonal components. Significantly, the form of the mass matrices, which are determined

by the overlap integrals (2.33)–(2.34), is restricted by the geometry of the extra dimension,

where up to three nonzero non-diagonal terms are possible.

Generally, off-diagonal terms of a mass matrix play a very significant role in determin-

ing the corresponding mixing angles. Also, when the magnitude of off-diagonal terms is
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sizable compared with diagonal ones, they make a primary contribution to the mass eigen-

values. Thereby, we should carefully choose the order of the positions of the 5d fermion’s

point interactions.

When we adopt the choice in eqs. (2.12) and (2.13), the following three-zero textures

appear:

M (ν) =











m
(ν)
11 m

(ν)
12 0

0 m
(ν)
22 m

(ν)
23

m
(ν)
31 0 m

(ν)
33











, M (e) =











m
(e)
11 m

(e)
12 m

(e)
13

0 m
(e)
22 m

(e)
23

0 0 m
(e)
33











. (2.37)

The correspondence between the restricted mass matrix components and the configura-

tions of the point interactions are depicted in figure 6. Note that if we change the con-

figurations (2.12)–(2.13), the forms of the mass matrices are modified. In general in our

configuration, we cannot fill up all the off-diagonal components, but only up to three we

can. Therefore, the flavor mixing pattern is highly restricted. The other main possible

patterns of the restricted mass matrices are represented in appendix B.

Now, we give some comments on the choice of the signs and magnitudes of the bulk

masses (2.6)–(2.8) and the configurations of the point interactions (2.12)–(2.13). To pro-

duce the large mixing structure for the leptons with tiny neutrino masses, we need to realize

the situation in which the off-diagonal components of the neutrino mass matrix are compa-

rable with the diagonal components of that by the immoderate localization via significant

magnitudes of the bulk masses for ensuring the tininess of the elements. The choice of

the sign of the bulk masses (2.6)–(2.7) is really suitable for us to make the neutrino mass

matrix as that situation with the configuration of the point interactions, where all the

matrix elements for the neutrinos are automatically suppressed. The overlap ways of the

off-diagonal components and the diagonal ones are comparable so that the large mixing of

θ12 and θ23 can appear. For θ13, if one considers a neutrino mass matrix with m
(ν)
13 6= 0

(and m
(ν)
31 = 0), the magnitude of m

(ν)
13 is too small to reproduce θ13 due to the smallness

of the overlap. This is the reason why we take the non-vanishing m
(ν)
31 for the neutrino

mass matrix. As a result, the choice of the configurations (2.12)–(2.13) is favored for the

realization of the leptonic mixing angles.

Moreover, for the charged leptons, the choice of eq. (2.7) leads us to the charged lepton

mass hierarchy. In the configuration (2.6) and (2.8), the off-diagonal part of the charged

lepton mass matrix is irrelevant to the lepton flavor mixing since the value of which is small

due to the small overlap. In addition, the hierarchical structure of the diagonal components

of the charged leptons lessens the effect to the flavor mixing, too. Thus, the choices (2.6)–

(2.8) and (2.12)–(2.13) are really convenient for us to produce the flavor structure.

Finally, we point out two issues on other possibilities. When we only look into the

charged lepton mass hierarchy, some other configurations are possible since what is re-

quired is only the primary diagonal terms and secondary off-diagonal terms in magnitude,

respectively. On the other hand, our configuration for the neutrino sector is the most suit-

able one for reproducing leptonic mixing angles but there might exist an allowed region in

other configurations. It would be intriguing to perform full numerical scans in all possible

– 11 –



J
H
E
P
1
0
(
2
0
1
4
)
1
9
1

Figure 6. A schematic figure of the correspondence between the components of the mass matrices

and the overlap integrals. The orange colored regions indicate the off-diagonal components of the

mass matrices. m
(ν)
ij corresponds to the overlap of g

(0)
liL

, f
(0)
νjR and m

(e)
ij corresponds to that of g

(0)
liL

and f
(0)
ejR .

configurations. For the neutrino mass spectrum, our configuration predicts only the normal

mass hierarchy because of the structure of m
(ν)
11 . m

(ν)
22 . m

(ν)
33 .

2.5 CP phase

This subsection is devoted to the CP phase. Since, our model consists of one-generation

fermions, the Yukawa couplings Y(N ), Y(E) cannot be a source of the physical CP phase

nevertheless they would be complex. It was found in ref. [47] that the Higgs VEV possesses

the y-dependent phase under the twisted BC (2.19),

〈H(y)〉 =
(

0

〈h(y)〉

)

=

(

0

v/
√
2

)

ei
θ
L
y, (2.38)

H(y) ⊃
(

0

v/
√
2 + 1/(

√
2L)h(0)

)

ei
θ
L
y, (2.39)
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where v
√
L is set as 246GeV and θ is a twist parameter. h(0) represents the physical Higgs

particle in the unitary gauge. Interestingly, the above y-dependent phase of the Higgs VEV

can be a source of the CP phase in this case.5

The y-dependent phase of the Higgs VEV provides the different phases to the compo-

nents of the mass matrix through the overlap integrals (2.33)–(2.34) and the physical CP

phase appears effectively. A schematic figure of the situation is depicted in figure 7. The

value of the physical CP phase is a function of the twisted parameter θ and the config-

uration of the extra dimension, just like the mass hierarchy. Significantly, this structure

indicates that the lepton CP phase is a predictable value when we consider the quarks and

leptons at the same time in this scenario through the Yukawa couplings with the common

Higgs doublet H. After fixing the value of θ to reproduce the CP phase of the CKM matrix,

we have no free parameters to tune the CP phase of the PMNS matrix. Then, a full scan

of the parameter space provides us a prediction for the value of the lepton CP phase. It

should be investigated in the near future.

2.6 Numerical analysis

As a typical example, we choose the parameters as6

L̃
(L)
0 = 0.2565, L̃

(L)
1 = 0.5776, L̃

(L)
2 = 0.9432,

L̃
(N )
0 = 0.08240, L̃

(N )
1 = 0.3909, L̃

(N )
2 = 0.7317,

L̃
(E)
0 = 0.277, L̃

(E)
1 = 0.49, L̃

(E)
2 = 0.79,

M̃L = −136.9, M̃N = 112.1, M̃E = −2.00,

M̃Φ = 8.67, λ̃Φ = 0.001,
1

L̃+

= −6.07,
1

L̃−
= 8.69, θ = 3,

Ỹ(N ) = −0.0000309− 9.15× 10−6 i, Ỹ(E) = −0.00309− 0.000915 i (2.40)

where the variables with ˜ are dimensionless parameters, which are scaled by using the

circumference L of the extra dimension. By calculating the mass eigenvalues, the PMNS

matrix and the Jarlskog parameter in the leptonic sector Jlepton [86, 87] through the overlap

5Here, we briefly comment on the couplings associated with “the” Higgs. At the tree level, the coupling

to a SM gauge boson is completely same with that in the SM since the position dependence of H is

eliminated since H is introduced in the form (DMH)†(DMH). The couplings to SM fermions are also

the same because the VEV and the physical mode profiles take the identical form as shown in eqs. (2.38)

and (2.39). When we focus on loop-induced vertices, deviations are expected at the leading order, e.g.,

Higgs to diphoton coupling. But our model generates tree-level flavor-changing neutral current (FCNC)

exchanging KK gauge bosons and then typically MKK & 103 TeV is required. Consequently, our Higgs boson

cannot be distinguished from the SM one, unlike Universal Extra Dimension models [75–84] inspired by the

early work in the string theory context [85], and is consistent with the latest LHC results. A challenge in

phenomenology is to find an improved setup where the effect of FCNC is diminished.
6The absolute value of the Yukawa couplings

√

|Y(N )|,
√

|Y(E)|, which are dimension −1, are
√

|Y(N )| =
0.00568L and

√

|Y(E)| = 0.0568L. Obviously, there is no sizable hierarchical structure for the Yukawa

couplings.
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Figure 7. A schematic figure of the lepton profiles and the y-dependent VEV of the Higgs doublet.

integrals (2.33)–(2.34), the following values are obtained.

mν1 = 0.0092 eV, mν2 = 0.013 eV, mν3 = 0.018 eV,

melectron = 0.519 MeV, mmuon = 106 MeV, mtau = 1.778 GeV,

sin2 θ12 = 0.333, sin2 θ23 = 0.435, sin2 θ13 = 0.0239,

Jlepton = 0.0214 (sin δ = 0.607). (2.41)

Obviously, we obtained the neutrino mass scale mν ∼ O(0.01) eV − O(0.1) eV and the

charged lepton mass hierarchy at the same time. The ratio of the above results and the

experimental results are shown in the follows:

√

δm2

δm2(exp.)
= 1.03,

√

∆m2

∆m2(exp.)
= 0.285,

melectron

m
(exp.)
electron

= 1.02,
mmuon

m
(exp.)
muon

= 0.995,
mtau

m
(exp.)
tau

= 1.00,

sin2 θ12

sin2 θ
(exp.)
12

= 1.08,
sin2 θ23

sin2 θ
(exp.)
23

= 1.02,
sin2 θ13

sin2 θ
(exp.)
13

= 1.02, (2.42)
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where we defined δm2 and ∆m2 as

δm2 ≡ m2
ν2

−m2
ν1
, (2.43)

∆m2 ≡ m2
ν3

−
(

m2
ν1

−m2
ν2

2

)

, (2.44)

according to ref. [15]. The mixing angles of the PMNS matrix are within the 3σ range [15].7

Interestingly, we can interpret the above results instinctively from the geometry. Since

we chose the sign of the bulk mass as eqs. (2.6)–(2.8), the magnitude of the off-diagonal

components can be comparable with that of the diagonal components for the neutrino mass

matrix, which is an indication of the large mixing. In addition, we put the large values on

the bulk masses ML, MN , so that the immoderate localization of the zero modes makes

the overlap integrals small. Because of this, tiny neutrino masses are realized. Moreover,

large bulk masses reduce the effect of the y-dependent VEV of the gauge singlet scalar,

which is a source of the mass hierarchy, via the immoderate localization. Due to this, we

obtained the degenerated neutrino masses. In this way, we have chosen the geometry, i.e.,

the positions of the point interactions, and we have then obtained the suitable lepton flavor

structure.

Finally, we comment on the number of the parameters. We have fourteen parameters

for the lepton flavor structure in our model, where we ignore the parameter for the expo-

nential VEV of the gauge singlet. The number of physical quantities is ten, where ratios

to experimental values are represented in eq. (2.42), so that we have much more the input

parameters than the outputs. Though, it does not mean that we can always reproduce

the experimental results in our model. Since the restriction of the geometry is so tight as

in eq. (2.37), we cannot produce an arbitrary mixing angle nor the degenerated neutrino

masses. The full scan of the parameter space is needed for finding out the full structure of

our model. This is one of the future works.

2.7 Constraints on KK scale and cutoff scale

In this part, we would discuss the constraints on the KK scale MKK, which is defined as

MKK ≃ 1/L, and the cutoff scale of the theory Λ. At first, we focus on the relation between

MKK and Λ in a theory with a compact extra dimension. In general above MKK, couplings

in the theory run power-like, not logarithmically in a four-dimensional theory [88, 89].

Then, a coupling rapidly blows up or blows down at an energy near MKK, where the

theory breaks down and the cutoff scale Λ should be set here. Typically in the 5d minimal

Universal Extra Dimension when MKK is O(1)TeV, the Higgs vacuum stability put a

7The value of
√

∆m2

∆m2(exp.) in our example is slightly smaller than experimental range, i.e. about factor-

four. For a sizable splitting in
√
∆m2, all the components of the neutrino mass matrix should not be the

same magnitude, where slight differences are required. The y-dependent singlet VEV is expected to make

the difference explicitly, but the amount is not enough among the second and third generations due to the

extremely left-side localization of the neutrino profiles, where the effect is minimized. Besides, when we

simply try to move the positions of the point interactions to right side, the above problem can be solved,

but simultaneously and inevitably, the magnitude of the (3, 1) component is reduced and θ13 gets to be too

small. An exhaustive parameter scanning would help us to find a rather reasonable point.
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stringent bound on Λ as Λ ≃ 5MKK [81, 90]. In this analysis, we simply adapt the following

relation,8

Λ ≃MKK. (2.45)

The constraints can be classified into two categories. The first one is the restriction

from a process which KK particles contribute to, e.g., FCNC processes, Lepton Flavor

Violation (LFV) and the modification to the Newton’s law of gravity. In this case, the

value of MKK is restricted by these phenomena. The other possibility is the constraint

originating from a gauge-invarinant higher-dimensional operator suitably suppressed by

the scale Λ. When we consider that the accidental global symmetries of the SM, e.g.,

baryon and lepton numbers, are not preserved above Λ, we can write down the operators

causing proton decay and neutron-antineutron oscillation, and they put bounds on the

possible value of Λ. In the following part, we examine both cases.

As we mentioned, a typical bound onMKK from theK–K mixing isMKK&O(103) TeV,

which would be obtained by an operator analysis. We also simply estimate the bounds

from the LFV processes of µ→ eγ and µ→ 3e based on the formulas in ref. [91] and both

bounds are MKK & O(10)TeV. The constraint from the modification to the Newton’s

law of gravity is R . O(10−6)m (in the most stringent case) [92], which is equivalent to

MKK & O(0.1) eV. We completely neglect it in our model.

In our 5d theory, operators generating proton decay are

QQQL, DUQL, UDEU , QQUE, (2.46)

where they are dimension-eight operators since fermions hold mass dimension of two in

5d. As mentioned before, 5d fermion fields do not have generation index, which is “spon-

taneously” generated from the KK expansion. In our analysis, we focus on the operators

including only the first-generation fermions, which give us a stringent bound. Interestingly

in our parameter configuration describing the quarks (A.12) and the leptons (2.40), there

is no overlap of the first-generation singlets within the four operators in eq. (2.46). Then,

it is enough to evaluate the limitation from QQQL.

After the integration along y, this operator looks like a dimension-six operator as

follows:

∫ L

0
dy
cQQQL
Λ3

QQQL =

∫ L

0
dy
cQQQL
Λ3

ǫijkǫabǫcd

(

(QC)iaQjc

)(

(QC)kbLd

)

→ cQQQL
Λ3

IQQQL ǫijkǫabǫcd

(

(

q
(0)
1L

)C

ia

(

q
(0)
1L

)

jc

)(

(

q
(0)
1L

)C

kb

(

l
(0)
1L

)

d

)

,

(2.47)

8This relation is evaluated when MKK is O(1)TeV, where we can see some dependence on the value of

MKK [81, 90]. When MKK gets to be away from O(1)TeV, the values of MKK and Λ would become close.

In addition in our theory, a large difference in the masses of the KK particles with a same KK index would

be found because of the field localization, which could alter the relation. In this analysis, we simply ignore

this issue.
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with the overlap integral with mass dimension of one

IQQQL =

∫ L

0
dy
(

g
q
(0)
1L

)3
g
l
(0)
1L

≃ 2.7/L. (2.48)

Here, we pick up the part including only the first-generation fermions in the last line of

eq. (2.47). cQQQL is an undermined dimensionless constant, the charge conjugation QC is

defined as QC := (iΓ2Γ0)
(

Q
)T

, i, j, k and a, b, c, d are the indices of the fundamental rep-

resentation of the SU(3)C and SU(2)W gauge groups, respectively. As a crude estimation,

the overall coefficient part should obey the following inequality [93],

2.7 cQQQL
Λ3L

≃ 2.7 cQQQL
Λ2

. 10−24TeV−2. (2.49)

When we consider cQQQL should be natural as O(1), not only the cutoff scale Λ, but also

the KK scale MKK takes the constraint through the relation in eq. (2.45) as

Λ, MKK & O
(

1015
)

GeV ≃MGUT, (2.50)

whereMGUT represents the typical scale of the Grand Unified Theory (GUT) since no sup-

pression factor comes from the overlap integral in our case. Note that we can find operators

contributing to neutron-antineutron oscillation. But the bound from this estimated based

on the formula in [94] is Λ, MKK & O(102) TeV, which are much less significant compared

with the previous one.

In conclusion, only within the effective theory below the cutoff scale, the most stringent

constraint onMKK is from the K–K mixing asMKK & O(103) TeV. On the other hand, in-

cluding the estimation of the effects from the physics above the cutoff with the assumption

that the coefficient of higher-dimensional operator is O(1), the result is Λ, MKK &MGUT.
9

Finally we comment on particle cosmology issues. Due to the existence of the point interac-

tions in the bulk space, the translational invariance along the extra direction is drastically

violated, which means that no discrete symmetry ensures the stability of a KK particle.

Also, no extremal suppression of the gauge couplings could be expected in our configura-

tion. Thereby in our theory, no candidates of absolutely stable or long-lived particles exists

and there would be no serious constraint from cosmogonical issues in an early stage of the

universe.10

3 Summary and discussions

In the part so far, we have discussed the possibility of explaining all the lepton properties

in the context of the extra dimension with point interactions in the bulk space of S1. We

have found a suitable parameter configuration where all the observed values are generated

with acceptable precision.

The geometry of our model tells us the following tendency. Due to the extra-dimension

coordinate-dependent VEV in the gauge singlet scalar, all the three values of the neutrino

masses can get to be minuscule but not zero, and the normal mass hierarchy is preferable.

9When we assume the conservation of baryon number above the cutoff scale, proton decay never occurs

and the condition, Λ and MKK & O(103) TeV, is enough for circumventing the experimental bounds.
10Within a field theory with extra dimensions, no limiting temperature exists like the Hagedorn temper-

ature in the string theory.
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The most appealing point is that, in the present configuration, the magnitude of the CP-

violating effect in the lepton sector parameterized by the Jarlskog parameter is much greater

than that in the quark sector. It might be checked at T2K and NOνA experiments in the

future. They have the common origin as the complex VEV in the Higgs doublet and thereby

its value is “predictive” after assigning the all the parameters among the quark part. We

expect that the telltale signature could be detected in future neutrino experiments as an

indirect “proof” of our scenario.

Now, we recognize that our idea of point interactions is successful in describing the

flavor phenomenology of the quark and lepton sectors in the context of the SU(2)W×U(1)Y
EW gauge theory. One fascinating further direction is to consider a GUT model with the

existence of point interactions. In usual GUT context, the gauge structure is explained by

an extremely sophisticated matter, but the matter configurations, especially in the number

of fermions, are not so well-integrated. Another motivation which we consider a higher-

dimensional GUT models is that we can solve the doublet-triplet splitting problem in the

Higgs sector in a natural way by twisted orbifold boundary conditions [95–97].

Another orientation is to estimating quantum effects with the existence of point interac-

tions. To understand the system more concretely, we should evaluate possible corrections

on the “moduli” of positions of point interactions via the Casimir force [98–100] or the

mass term generation for the extra-direction scalar of a 5d gauge field via the Hosotani

mechanism [101–103].11 We will publish the work in this direction in the near future [106].
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A Quark flavor structure from point interactions

In this appendix, we shortly review the analysis in the quark sector in ref. [47]. The basic

strategy for the quark sector is the same with that for the leptons which has been explained

in section 2. The model is given by a 5d gauge theory on a circle with point interactions.

With this model, we can produce three generations of chiral massless zero modes and the

11Another nontrivial topics is the structure of the boundary-localized anomaly terms [104, 105] in a theory

with multiple boundaries like our model.
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quark mass hierarchy with realistic flavor mixing without breaking the higher-dimensional

gauge invariance.

In the following part, we briefly describe the quark part and show the results in ref. [47].

In the quark sector, the point interactions provide extra boundary points to the 5d quarks

and the following BC’s are imposed at the points.

QR = 0 at y = L
(Q)
0 , L

(Q)
1 , L

(Q)
2 , L

(Q)
3 , (A.1)

UL = 0 at y = L
(U)
0 , L

(U)
1 , L

(U)
2 , L

(U)
3 , (A.2)

DL = 0 at y = L
(D)
0 , L

(D)
1 , L

(D)
2 , L

(D)
3 . (A.3)

Under the BC’s, three generations of chiral massless zero modes are produced from one-

generation 5d quarks:

Q(x, y) =

3
∑

i=1

q
(0)
iL (x)g(0)qiL

(y) + (KK modes), (A.4)

U(x, y) =
3
∑

i=1

u
(0)
iR (x)f (0)uiR

(y) + (KK modes), (A.5)

D(x, y) =
3
∑

i=1

d
(0)
iR (x)f

(0)
diR

(y) + (KK modes), (A.6)

and the masses of the fermions are represented by the following overlap integrals.

m
(u)
ij = Y(U)

∫ L

0
dy 〈h(y)〉∗ 〈Φ(y)〉 g(0)qiL

(y) f (0)ujR
(y), (A.7)

m
(d)
ij = Y(D)

∫ L

0
dy 〈h(y)〉 〈Φ(y)〉 g(0)qiL

(y) f
(0)
djR

(y), (A.8)

where the VEV profiles of the Higgs doublet H and the additional singlet scalar Φ are

totally the same with those for the leptons as discussed in section 2.

In the quark part, we adopt the following ordering in the position of the point inter-

actions for 5d quarks,

0 (= L
(Q)
0 ) < L

(U)
0 < L

(U)
1 < L

(Q)
1 < L

(U)
2 < L

(Q)
2 < L < L

(U)
3 ,

0 (= L
(Q)
0 ) < L

(D)
0 < L

(D)
1 < L

(Q)
1 < L

(D)
2 < L

(Q)
2 < L < L

(D)
3 , (A.9)

and the signs of the quark bulk masses,

MQ > 0, MU < 0, MD > 0, (A.10)

for realizing the large/moderate mass hierarchy in up-/down-quark sector and the small

mixing angle with an CP phase, simultaneously. In this setup, the restricted mass matrices

are given by the following forms,

M (u) =











m
(u)
11 m

(u)
12 m

(u)
13

0 m
(u)
22 m

(u)
23

0 0 m
(u)
33











, M (d) =











m
(d)
11 m

(d)
12 m

(d)
13

0 m
(d)
22 m

(d)
23

0 0 m
(d)
33











. (A.11)
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Because of this constraint, it is highly non-trivial whether we can produce the realistic

quark flavor structure in this model even though we have more input parameters than

outputs.

It has been found that, at least, there is a parameter set in which the following physical

quantities are reproduced.

L̃
(Q)
0 = 0, L̃

(Q)
1 = 0.30, L̃

(Q)
2 = 0.660,

L̃
(U)
0 = 0.024, L̃

(U)
1 = 0.026, L̃

(U)
2 = 0.52,

L̃
(D)
0 = 0.07, L̃

(D)
1 = 0.18, L̃

(D)
2 = 0.646,

M̃Q = 6, M̃U = −6, M̃D = 5, (A.12)

M̃Φ = 8.67, λ̃Φ = 0.001,
1

L̃+

= −6.07,
1

L̃−
= 8.69, θ = 3, (A.13)

mup = 2.5 MeV, mcharm = 1.339 GeV, mtop = 173.3 GeV,

mdown = 4.8 MeV, mstrange = 104 MeV, mbottom = 4.183 GeV, (A.14)

|VCKM| =







0.971 0.238 0.00377

0.237 0.971 0.0403

0.00887 0.0395 0.999






, (A.15)

Jquark = 3.23× 10−5, (A.16)

where the parameters listed in eq. (A.13) are common values in both of the quarks and

the leptons. The ratio of the above values to the experimental values shows a good accu-

racy [107],

mup

m
(exp.)
up

= 1.07,
mcharm

m
(exp.)
charm

= 1.05,
mtop

m
(exp.)
top

= 1.00,

mdown

m
(exp.)
down

= 0.993,
mstrange

m
(exp.)
strange

= 1.10,
mbottom

m
(exp.)
bottom

= 1.00, (A.17)

∣

∣

∣

∣

∣

VCKM

V
(exp.)
CKM

∣

∣

∣

∣

∣

=







0.997 1.06 1.07

1.06 0.998 0.978

1.02 0.978 1.00






, (A.18)

Jquark

J
(exp.)
quark

= 1.09. (A.19)

B The form of the mass matrix

In this section, we represent the main possible mass matrix forms. L
(D)
i (i = 0, 1, 2)

indicates the position of the point interactions for a SU(2) doublet field and L
(S)
i (i = 0, 1, 2)

indicates the position of the point interactions for a SU(2) singlet in this section. Here, we

show the criteria for classifying possible types of the mass matrix:

• for 1-2 mixing:







L
(D)
1 < L

(S)
1 : nonzero (2, 1),

L
(D)
1 > L

(S)
1 : nonzero (1, 2),
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• for 2-3 mixing:







L
(D)
2 < L

(S)
2 : nonzero (3, 2),

L
(D)
2 > L

(S)
2 : nonzero (2, 3),

• for 3-1 mixing:







L
(D)
3 (∼ L

(D)
0 ) < L

(S)
3 (∼ L

(S)
0 ) : nonzero (1, 3),

L
(D)
3 (∼ L

(D)
0 ) > L

(S)
3 (∼ L

(S)
0 ) : nonzero (3, 1),

where eventually configurations are divided into eight categories. Note that we cannot

judge whether or not the diagonal components have nonzero values only from the above

discussion. For example, in the configuration: L
(D)
0 < L

(S)
0 < L

(S)
1 < L

(S)
2 < L

(D)
1 , the

(2, 2) component becomes zero. In the following list, such a possibility is not written down.

1. 0 < L
(D)
0 < L

(S)
0 < L

(S)
1 < L

(D)
1 < L

(S)
2 < L

(D)
2 < L:

M(I) =









m11 m12 m13

0 m22 m23

0 0 m33









. (B.1)

2. 0 < L
(D)
0 < L

(S)
0 < L

(D)
1 < L

(S)
1 < L

(S)
2 < L

(D)
2 < L:

M(II) =









m11 0 m13

m21 m22 m23

0 0 m33









. (B.2)

3. 0 < L
(D)
0 < L

(S)
0 < L

(S)
1 < L

(D)
1 < L

(D)
2 < L

(S)
2 < L:

M(III) =









m11 m12 m13

0 m22 0

0 m32 m33









. (B.3)

4. 0 < L
(S)
0 < L

(D)
0 < L

(S)
1 < L

(D)
1 < L

(S)
2 < L

(D)
2 < L:

M(IV) =









m11 m12 0

0 m22 m23

m31 0 m33









. (B.4)

5. 0 < L
(D)
0 < L

(S)
0 < L

(D)
1 < L

(S)
1 < L

(D)
2 < L

(S)
2 < L:

M(V) =









m11 0 m13

m21 m22 0

0 m32 m33









. (B.5)
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6. 0 < L
(S)
0 < L

(D)
0 < L

(D)
1 < L

(S)
1 < L

(S)
2 < L

(D)
2 < L:

M(VI) =









m11 0 0

m21 m22 m23

m31 0 m33









. (B.6)

7. 0 < L
(S)
0 < L

(D)
0 < L

(S)
1 < L

(D)
1 < L

(D)
2 < L

(S)
2 < L:

M(VII) =









m11 m12 0

0 m22 0

m31 m32 m33









. (B.7)

8. 0 < L
(S)
0 < L

(D)
0 < L

(D)
1 < L

(S)
1 < L

(D)
2 < L

(S)
2 < L:

M(VIII) =









m11 0 0

m21 m22 0

m31 m32 m33









. (B.8)

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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