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Abstract

We discuss an effective way for analyzing the system on the magnetized twisted orbifolds in operator
formalism, especially in the complicated cases T2 /Z3, T2 /Z4 and T2 /Ze. We can obtain the exact and
analytical results which can be applicable for any larger values of the quantized magnetic flux M, and
show that the (non-diagonalized) kinetic terms are generated via our formalism and the number of the
surviving physical states are calculable in a rigorous manner by simply following usual procedures in linear
algebra in any case. Our approach is very powerful when we try to examine properties of the physical
states on (complicated) magnetized orbifolds T2/ Z3, T2/Z4, T%/ Zg (and would be in other cases on
higher-dimensional torus) and could be an essential tool for actual realistic model construction based on
these geometries. (Note: This article is registered under preprint number: arXiv:1409.5421.)
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

¥ Corresponding author.
E-mail addresses: t-abe @scphys.kyoto-u.ac.jp (T.-h. Abe), Fujimoto @het.phys.sci.osaka-u.ac.jp (Y. Fujimoto),
kobayashi@particle.sci.hokudai.ac.jp (T. Kobayashi), takashi.miura@people.kobe-u.ac.jp (T. Miura),
nishiken @kias.re.kr (K. Nishiwaki), dragon @kobe-u.ac.jp (M. Sakamoto).

http://dx.doi.org/10.1016/j.nuclphysb.2014.11.022
0550-3213/© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.



T.-h. Abe et al. / Nuclear Physics B 890 (2015) 442—480 443

1. Introduction

Even through the mass of the Higgs boson had been measured precisely at the CERN Large
Hadron Collider, some other related topics are still veiled, e.g., the origin of the generations, the
mass hierarchy and the mixings of the Standard Model (SM) fermionic particles. Extra dimen-
sions can call us fascinating directions, especially when we try to solve the above problems.

Plenty of models have been proposed to date, and in this paper, we focus on torus compactifi-
cation with magnetic flux [1-5]." This possibility holds lots of captivating aspects. Chiral theory
can be realized as a four-dimensional low energy effective theory on the background. Zero-mode
equations are analytically solvable, apart from further nontrivial background, e.g., Calabi—Yau
manifolds, and, interestingly, their profiles are split and quasi-localized. The former point nat-
urally leads to the nature with three generations, and the latter aspect would promise a natural
explanation for the drastic hierarchies in the masses and the mixing patterns in the fermionic
sector of the SM.” Along this direction, several studies have been done to pursue (further realis-
tic) models and to search for the phenomenological aspects on, namely, Yukawa couplings [5],’
realization of quark/lepton masses and their mixing angles [20,21], higher order couplings [22],
flavor symmetries [23-29],* massive modes [33], and others [34-45].

Another important manipulation in higher-dimensional model building is orbifolding. By
adding discrete symmetries on original backgrounds via this mechanism, we can realize su-
persymmetry breaking [46,47], removing exotic particles and breaking down gauge symme-
tries [48-50]. On two-dimensional torus T2 (without magnetic flux), not only the simplest Z;
case, also more complicated twisted orbifolds T2 /Zy for N = 3,4, 6 can be constructed [47] and
their geometrical aspects are discussed [51-53] within the context of string theory. In a higher-
dimensional field theory, detailed studies of SU(N) and SO(N) gauge theory have been carried
out [54-58]. Furthermore on T°, which has much amount of degrees of freedom compared with
T2, other complex patterns are possible like 7°/Z7, T®/Zg, T®/Z 15 and so on.

Here, we can also consider to combine the two ideas. On orbifolded background geome-
tries, all the states are classified under the eigenvalue (parity) of orbifold, and some zero-mode
particles are projected out. Also, mode functions are deformed from the original ones, which
could be helpful when we try to realize more realistic SM flavor structure. The simplest case of
twisted orbifold with magnetic flux T 2 /Z, was studied in [59,60],°> and other cases on higher-
dimensional torus (with magnetic flux) T /Z and T /(Zy % Zé) were also already analyzed [59,
60]. More nontrivial twisted orbifolds on T2, namely, T%/Z3, T?/Z4, T?/Zs with magnetic
flux was recently scrutinized in Ref. [63]. On these magnetized orbifolds, nontrivial (discrete)
Scherk—Schwarz phases [64,65] and (discrete) Wilson line phases [52,66,67] play an important

1 See for string magnetized D-brane models [6,7] and references therein.

2 Another possible way to tackle these problems is to introduce point interactions (zero-thickness branes) in the bulk
space of a five-dimensional theory on S 1 and consider various boundary conditions of fields on them [8-10].

3 Within the framework of superstring theory, magnetized D-brane models are T-dual of intersecting D-brane models
[6,7]. Yukawa couplings are also computed in intersecting D-brane models [11-14]. See also Refs. [15-19]

4 A similar flavor symmetry can be obtained in heterotic string theory on an orbifold [30] (see also [31,32]).

5 See for heterotic models on magnetized orbifolds [61] and also for shifted T2 /Zy orbifold models with magnetic
flux [62].
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role.® Especially in T2/ Z3 and T?/Zg, nonzero values of Scherk—Schwarz phases and/or Wilson
line phases are mandatory for defining these magnetized orbifolds consistently [63].

Onthe T?/Z3, T?/Z4, T? ] Zs magnetized orbifolds, constructing mode functions itself is still
formally possible following the usual prescription. However, analyzing the number of surviving
physical states and writing down four-dimensional (4D) effective Lagrangians with suitable field
normalizations are highly nontrivial because the forms of mode functions on magnetized T2/ Zy
are very entangled, where we should consider (weighted) linear combinations of complicated
original functions on magnetized T2 which include theta functions for all the mass-degenerated
states. According to our previous analysis based on numerical computations in [63], the number
of degenerated states we should consider tends to be quite large for realizing three generations,
especially in the case of T2/ Zg, it culminates in 24. Only focusing on efficiency, exact analytical
evaluation of the above issues is desirable.

In this paper, we declare that operator formalism gives us a remedy for analytic computa-
tions of important physical quantities. The way discussed in operator formalism is very powerful
when we try to examine properties of the physical states on (complicated) magnetized orbifolds
T2 /Z3, T2 /Z4, T2/ Ze and could be an essential tool for actual (realistic) model construction
based on these geometries. We would like to note that we can derive all the results on the number
of physical modes in exact and analytic ways based on operator formalism, while it was evaluated
in Ref. [63] relying on (huge) numerical calculations.

This paper is constructed as follows. In Section 2, we review the previous wavefunction anal-
ysis on magnetized T2/ Zy orbifolds. In Section 3, with keeping in mind the difficulties of the
wavefunction analysis, we show how to describe the system on 72 with magnetic flux in op-
erator formalism. Based on the knowledge, in Section 4, we analyze the system on magnetized
orbifolds 72/Z, and complicated T%/Z3, T?/Z4, T?/ Ze with operator formalism step by step
and lead the results in the exact way. After that, in Section 5, we confirm the correspondence
between analysis with actual forms of wavefunctions and that in operator formalism. Section 6
is devoted to the conclusions and discussions. In Appendix A, we have a discussion on physi-
cal degrees of freedom in the quantum mechanical system in operator formalism through large
gauge transformations. In Appendix B, derivations of the formulas which we use in Section 4 is
supplied.

2. Brief review of the wavefunction analysis

In this section, we review the wavefunction analysis of the magnetized T2/ Zy orbifold mod-
els [63].

In the previous wavefunction analysis, Zy orbifolds (N =2, 3, 4, 6) were introduced for the
torus 72 with a homogeneous magnetic flux and the structure of the generations, which is a
key ingredients for the generation problem, was evaluated. However, the analysis totally relied
on the numerical calculations and has limitations to derive the analytic results. Moreover, there
are several unclear points, e.g., the meaning of the degeneracy index j of the wave functions
f;éf;;g’) (z; ay), g(T];lZl’%’) (z; ay) (see Eq. (2.11)). The index j is expected to be an eigenvalue

of an operator though no one finds such an operator so far.

6 Alsoin intersecting D-brane models, Scherk—Schwarz phases were discussed in [68] and discrete Wilson line phases
were studied in [69] (see also [70,71]).
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As we will see in this section, the difficulties to derive the exact results appear from the
Z y-rotated zero-mode functions. On the magnetized T2/ Zy orbifold, the physical states consist
of the proper linear combinations of the Zy-rotated zero modes. The Zy -rotated zero modes also
can be expanded by the original zero modes on T2 since both of them satisfy the same zero-mode
equation and the boundary conditions. Then, we need to compute the expansion coefficients of
the Zy-rotated states to find the number of physical states on T2/Zy. However, the derivation
of the expansion coefficients with the general magnetic flux is very difficult in an analytic way
because the zero-mode functions contain theta functions.

We will see in Section 4 that, in the operator analysis, we can overcome these difficulties and
can obtain exact analytic results for the number of physical states and the expansion coefficients.
The correspondence between the wavefunction analysis and the operator analysis can be found
in Section 5.

2.1. Fermion zero-mode wavefunctions on T* and T*/Zy with magnetic flux

We consider the 6D action on M* x T2 with magnetic flux [5,72]

/d4x/dzd2{ill_f+FMDMlI/+}, 2.1
M4 T2

where the capital roman indices M, N run over i (=0, 1,2, 3), z and z. The complex coordinate
z (z), which is very useful for evaluating the actual forms of wavefunctions, is defined as z =
y1 +iy2 (z=y1 —iy2), where y; and y, are two Cartesian coordinates. Here, we take the bases
of the torus as u; = (1,0)T, u; = (Re v, Im )T with the modulus parameter 7 (t € C,Imt > 0)
for convenience.

Y, is a 6D Weyl fermion with 6D positive chirality and the covariant derivative Dy
(:=dp — iqAp) represents the gauge interaction with a U (1) gauge field Aj; with the back-
ground configurations Agb) and Ag’), where ¢ is a U(1) charge. On T2, the complex coordinate
z is identified as z ~ z + 1 ~ z + 1, the counterpart of which in operator formalism is found in
Eq. (3.5). When we consider the case with a 6D Weyl fermion with 6D negative chirality ¥_, the
resultant 4D chirality is simply flipped. We use the notations for representations of 6D Clifford
algebra and complex coordinates adopted in Ref. [63].

The vector potential A®”) describing the magnetic flux b = sz F through the field strength
F = %dz A dz can be written as

AP () = le[(z-i-&w)dz]

2Imt
__° (Z+ ay)d (z+ay)dz
" 4iImt L duw)az 4ilmt LT duw)az
= AP @) dz+ AV @) dz, (2.2)

where a,, is a complex Wilson line phase. From Eq. (2.2), we obtain
b
AP+ D =40 @) + o —Imdz = AV @) +d i+ aw),

b _
AP +1)=aD () + S Im(#dz) =: AP () + dyr (z 4 aw), (2.3)



446 T.-h. Abe et al. / Nuclear Physics B 890 (2015) 442—480
where x1(z + ay) and x;(z + ay) are given by7

b
x1(z +ay) = ——Im(z + ay),
2Imt

b _
Ko aw) = p— Im[EG + aw)]. 2.4)

Here, the Lagrangian density in Eq. (2.1) should be single-valued under the identification z ~
7+ 1 ~ z+ 7, and thereby the field ¥ (x, z) should satisfy the pseudo-periodic boundary con-
ditions

Vi(x,z+ 1) =U1(0Q)¥(x,2), Vo(x,z4+1)=U ¥4 (x,2), (2.5)
with
Uy (z) == eiqxl(z+aw)+2nia1 ’ U, (2) := giqxf(z+aw)+2nia1 ’ (2.6)

where a1 and o are allowed to be any real numbers, and correspond to Scherk—Schwarz phases.
The consistency of the contractible loops, e.g., z—>z+1—>z+ 1+ 1t — 7+ T — z, requires
the magnetic flux quantization condition,

qb

— =M eZ. 2.7
2

Then, Uj(z) and U, (z) satisfy

Uiz + 1)U (2) = Uz (2 + DUL(2). 2.8)

It should be emphasized that all of the Wilson line phases and the Scherk—Schwarz phases
can be arbitrary on T2, but are not physically independent because the Wilson line phases can
be absorbed into the Scherk—Schwarz phases by a redefinition of fields and vice versa. This fact
implies that we can take, for instance, the basis of vanishing Wilson line phases, without any loss
of generality. It is then interesting to point out that allowed Scherk—Schwarz phases are severely
restricted for T2 /Z n orbifold models, as we will see in Section 4, while there is no restriction
on the Scherk—Schwarz phases for 72 models.

It is known that the zero-mode states of ¥, become chiral and multiple due to the effect of
the magnetic flux

)] .
Z|M|071 <wR,8(x)> f(J‘HXI,Olr)(Z; aw) for M > O,

Jj= T2,0, .0

Vio(x,2)= Y 0 y : (2.9)
_ I
lezlo <¢(j2)(x)> gT]2 gloé (z;ay) forM <O,
7 N2
where j =0, 1,...,|M| — 11is just an index for | M|-degenerated states and wl(?];z)(x) or wé{g(x)
are 4D chiral zero modes. The mode functions f;’z.f;:g’)(z; ay) and g(Tj;;J‘r”%’)(z; ay) are the

solutions of the zero-mode equations

7 Note that we can freely add constants in the definition of x| and x; without changing the relation (2.3). Here, we
chose such constants, as in Eq. (2.4), for later convenience.
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M + .
(BZ + 3 @ —i—aw))f;j2 o (@ aw) =0,

M _ .
(82 ~ 3@ +aw)>g(T’z+§' o (@ aw) =0, (2.10)
and take the forms
f(/+a1 af)( ‘a )_NemM(erau)ilm( +f"’) . H% (M( +ay) M‘L’)
T2,9,,0 w o z+ay), ,
Graen) ) - e an 52 o [ (11 12, M7) @.11)
gT2’11,+’0 Z w _ar < w/s ) .

with the normalization factor N. For a,, = 0 and (a1, a¢) = (0, 0), w(J ts a’)(z; ay) are reduced
to the results obtained in Ref. [5]. Here, A/ may be fixed by the orthonormality condition

+ T k+ T
/dzdz(f;fz 07 @ aw) fs e (5 aw) = 8,

T2
/‘dzdz(g(Tj;r;f1 %’)(z an))'g 2+$‘ %’)(z aw) =8k (2.12)
T2

It should be stressed that although j (=0,1,2,...,|M| — 1) in Eq. (2.11) is the index that
distinguishes the |M| degenerate zero-modes and is expected an eigenvalue of some hermitian
operator, the form of such operator is unclear in the wavefunction approach. We will later clarify
the operator, which is crucial to evaluate the exact analytic results, in operator formalism.

The ¢ function is defined by
- 00
K Z (cv, 1) = l Z eiﬂ(a+l)zcreZﬂi(a+l)(cv+b)’ (2.13)
- =—00

with the properties

a 27 a
) b | (c(v +n),cr) S [bi| (cv, c1),
[a] —imentt—2mi nala
9 b | (c(v+n7), cT) = ¢ imenT2min(cvD) |:b:| (cv, c1),
) [a+m (cv, cT) —ezm‘mﬂ (cv, c1), (2.14)
| b+n ’

where a and b are real numbers, ¢, m and n are integers, and v and t are complex numbers with
Imz > 0.

Now, we explicitly write down a part of the 4D effective Lagrangian describing fermion ki-
netic terms. Through Egs. (2.9), (2.11) and (2.12), when M > 0, Eq. (2.1) leads to the following
zero-mode part

[M]-1 |M|—1
Z {”p(l) Ma;ﬂﬂ(k)} Z {”p(J) uaﬂwm} (2.15)
J-k=0 j=0

where we obtain a |M |-generation chiral theory. When we consider M < 0, the chirality of the
fermions turns out to be left-handed.
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After imposing Zy-orbifolding on T2 with w = ¢>™/V in which the modulus parameter T

was identified with w for T2/Z3, T?/Z4 and T?/Zs, it had been found that the allowed Scherk—
Schwarz phases (1, o;) are restricted to the specific values in the basis of a,, = 0 [63]. We
should mention that we can always move to the basis in which the Wilson line phase a,, vanishes
without any loss of generality through a large gauge transformation. Thus, in the following, we
concentrate on the situation

ay =0. (2.16)
On the orbifolds, the Zy-orbifolded mode functions,
N-1
I @ On =Ny D A 5107 (2:0),
g el 0@ Ouy =N 3 @) gy o (023 0), 217
x=0

with the normalizing factors N/ Igj ) = N

Loon = =1/N.? fulfill the following conditions:

S (z;0), = nf ST (2;0),,

T2/ZN,¥+,0 T2/ZN,¥+,0
4,0 + T .
grrge) 0@z 0y =0n g b o %) (25 0)u, 2.18)

where 7 is one of the possible eigenvalues 1 € {1, w, w?, ..

the function f (]27; 1’0;5) 0

rotation: z — wz.

We note that the Zy-rotated mode function f. (sz;x "g’)(a)xz; 0), (g(Tj;;J‘r’%f)(wxz; 0)en) in

Eq. (2.17) can be expanded by the original mode functions as

wN~1}. Here, the subscript 7 of

jranen) .. 0),, under the Zy

(wz; 0), denotes the eigenvalue of f (2/2 w0

IM|-1
FAe (" Z Ci i en) (2 0), 2.19)
with the expansion coefficients
) = / dzdz [0 (02 0) (fray o (2 ) (2.20)

since they satisfy the same zero-mode equation (2.10) and the boundary conditions (2.5). As in
the T2 case of Eq. (2.9), the zero modes on T2/Zy are represented as follows:

T2/ Zy Wy ,0

Z|M| 1 <‘/’R O(X)) fUtered (.0),  for M >0,
v 2.21)

1 0 T
S (g ) S5 et On for e <0

In the T2/Zy cases with 7, the fermion kinetic terms could be evaluated like the previous 7>

8 This factor depends on a choice of the range of the integration [ dzdZ. 1/N corresponds to the case |. 72 dzdZ (after
the orbifolding).
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case as
M-
2 RS I ), 222
k=0

with the kinetic matrix IC%N o

K;iN;n)z/.dde(f(j+al’ar) (Z)U)* (1<+otl,ocr)0(z)77

T2/ZN,Wy,0 T2/ZN Wy,
T2
1 N—-1N-1 |M|—1 ,
= DB (s e (2.23)
x=0 y=0 m=0

The matrix IC%N s generally non-diagonal |M|-by-|M| matrix because the 72/Zy mode
functions are constructed as linear combinations of Zy-rotated zero-mode functions on T2 (see
Eq. (2.17)). An important point is that the rank of the matrix IC%N " indicates the number of

physical states on T2/ Zy orbifold:
The number of physical states = Rank[lC%N ;")]. (2.24)

To estimate the matrix IC(iN " with general M|, we need to evaluate the expansion coefficients
(2.20) thereby the integral (2.23) can be executed. However, it is enormously difficult to do it
for large | M| in the wavefunction analysis because of the existence of the theta functions (2.11),
though numerical calculations of Eq. (2.20) could be performed for small |M]|.

As we will see in Section 4, in the operator analysis, we can overcome these difficulties and
can obtain the exact analytic results for the number of physical states and the expansion coeffi-
cients. The hermitian operator, which has relation to the degeneracy index j in the wavefunction
(2.11), also becomes clear in Section 3.

3. Operator formalism for T2 with magnetic flux

Before we consider Zy-orbifolds, we formulate a quantum mechanical system on T2 with a
U (1) homogeneous magnetic flux like in Ref. [63]. Its energy spectrum should correspond to the
mass spectrum of the six-dimensional (6D) system M* x T2, where M* means four-dimensional
(4D) Minkowski spacetime. Due to compactness of the system, we face to additional constraints
on the system, part of which describes degeneracy of the allowed physical states.

At first, we describe the system with the wavefunction v (y), where we adopt the vector
notation on 72 as'y := (yi, y2)T for two Cartesian coordinates y; and y». We consider the Hamil-
tonian H and the corresponding Schrodinger equation with energy E as

H=(=iV—qAm)’,  HYy =Ey®y), 3.1)

where we use the vector notations of V := (dy,, d,,)T and A := (A,,, Ay,)T. The vector potential
A providing a homogeneous magnetic flux penetrating 72 can be expressed as

1
Aly)=—5%2(y+a), (3.2)
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or with showing all the indices explicitly

2

1
AW =—3) 2ij+a) (=12 (3.3)
j=I1

Here, we mention that only the antisymmetric part of §2 possesses a physical degree of freedom,
while the symmetric part of §2 depending on a choice of gauge is unphysical and can be gauged
away. In a later stage, we suitably fix the gauge to make the system simplified.

Two-dimensional torus 72 is defined from the two-dimensional plane R? by modding out the
lattice shift A with two basis vectors u; and u;:

2
T?=R?/A, A= {Znaua
a=1

ng € Z}, (3.4)

where n1 and n, show the numbers of shifting along u; and u, directions, respectively. This
means that the vector coordinate y should obey the identification

2
YNYH D ol 3.5)
a=1

The above condition leads to two requirements for ensuring consistency. The first one puts
a constraint on the form of the wavefunction after shifting ¢ (y + u,). In order to make the
Schrédinger equation well-defined on T2, the following pseudo-periodic boundary condition
should be satisfied,

Yy +uy) = e BT LWy vy forg = 1,2, (3.6)

where o, shows the y-independent Scherk—Schwarz phase for the u, direction.” In addition,
after considering contractible loops on T2, eg,y—>y+u —y+u +u —y+u —y, the
magnetic flux should be quantized to ensure the single-valuedness of the wavefunction v (y) as
follows:

quyBu, =27Q4 (a,b=1,2), (3.7)

where B := %(.Q — 27) is the gauge-independent antisymmetric part of £ and Q. =

- Qba eZ.
Now, we go to the operator formalism, where we introduce a momentum operator p := —iV
being conjugate to y. The operators satisfy the canonical commutation relations,

(31, pjl=i8;; (theothers)=0 (i,j=1,2). (3.8)

The wavefunction V¥ (y) is represented in the operator formulation as (y|y¥) and the system is
rewritten by use of |[{) as

2
ﬁ:(’ﬁ—i—%ﬂ@—i—a)) =@)’. Hiy)=Ely). (39

9 In this paper, the Scherk—Schwarz phases only represent twisted boundary conditions, not supersymmetry breaking.
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The constraints in Eq. (3.6) are also interpreted as
I Ta=i§U 200 |y — 2ica |y T,=u] (p+ 2Ty + a)) (a=1,2). (3.10)
Here, we can find the relation
ul Qu, =u! (;(.Q+.QT)>ua, (3.11)

which says that only unphysical components appear in this part. Hence in the following part, we
drop the unphysical symmetric part of 2,

1

5(sz +027) =0, (3.12)
which leads to the condition u} $2u, = 0. We can define new operators,

-~ 2 -~

Y=—£1’5’2, P =+2p;, (3.13)

w
gl g = P=—Th+2 (3.14)
= - —, =— T, .
mM T M g 2
where w = 2gB12 = 2q$212 and M := Q12 C Z. The transformation 3i,pi; i =12} —

{Y P.Y, P} is canonical and then the operators are suitably quantized with the canonical com-

mutation relations,
o~ o~ ~ ~
Y, P]l=i, Y, Pl=i, (the others) = 0. (3.15)

As apparent from Egs. (3.9) and (3.14), under the new variables, the Hamiltonian can be
rephrased only with the two new variables Pand Y as
1 w?

ﬁ:iﬁ%r???, (3.16)

the form of which is the one-dimensional harmonic oscillator. On the other hand, the remaining
two ones, P and Y, work as constraint conditions on the state,

Py =1y). MY [y = |y (3.17)

where the two operators are considered to control degenerated states since they do not appear in
the Hamiltonian (3.16) and they commute with the Hamiltonian (3.16). In the following part, we
check this statement. ~ ~
After we take an eigenstate of Y, which obeys the relation Y |Y) = Y |Y), the second condition
in Eq. (3.17) is simplified,
2TIMY |y — 7). (3.18)

~

27iM¥ o the state el P1Y) (a € R) and using the relations in Eq. (3.15), we can

Operating e
obtain the relation

PPy =17 —a). (3.19)
From Egs. (3.17), (3.18) and (3.19), we can reach the periodic condition,
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¥y =Y —1), (3.20)
and also the coordinate quantization condition,

F_J (i _
Y_M (j=0,1,2,....|M|—1). (3.21)

These results imply that every energy state is | M|-fold degenerated and the index j discriminates
them as
n L) =g L) B =l (n42). (3.22)
M M 2

<m, IM 5, ﬁ> = Spndi ;. (3.23)
where m,n =0,1,2,...and i, j=0,1,2,...,|M| — 1.

Here, we note three things. The first one is that there is no constraint on the Scherk—Schwarz
phases o and «, on the two-dimensional torus with magnetic flux. We will see in Section 4 that
only the restricted values are allowed for the Scherk—Schwarz phase in the case of magnetized
T?/Zy orbifolds.

The second one is that the index j for the degeneracy states is nothing but an eigenvalue of the

operator Y. We can easily check that the index j in wavefunction analysis is also the eigenvalue
of Y:

+ T + T
Zme;]z ;1 g )( ) _lean(J2 ;18 )(Z; aw), (3.24)

where the explicit form of the operator Y in the complex coordinate is given by the following,

ezm'? _ eZni-ﬁ(7i(az+35)7%Im(ﬁaw)fbm])‘ (3.25)
On the other hand, the operator P acts as the translational operator with respect to the index j,

+ T +1)+ay,ar
fY('j2 ;13 ) w)—f;(zjq, )Oala )(Z;aw)v (326)

where the explicit form of the operator P in the complex coordinate is
=it P — i (120470~ FM Im[T G4aw) 1 +27 ) (3.27)

Thus, we have succeeded to clarify the form of the hermitian operator which has relation to the
index j, as announced before.

The last one is that E,, correspond to eigenvalues of the Laplace operator with magnetic flux
in Eq. (3.1), the value of which expresses the mass square of scalar field m% = |w|(n+1/2) when
we consider the higher-dimensional field theory on M* x T2 with magnetic flux. In the cases of
spinor and vector, there is a constant shift from the scalar case originating from their Lorentz
structure and the explicit forms are m = |w|n and m = |w|(n — 1/2), respectively [5,33].

4. Operator formalism for T2/Zy twisted orbifolds with magnetic flux
Based on the knowledge in the previous section, now we discuss the operator formalism de-

scribing magnetized T2/Zy twisted orbifold. We should emphasize that our results, e.g., the
number of physical states, are consistent with the previous numerical results in Ref. [63] and,
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moreover, our results are analytically exact. As we mentioned in Section 2, it is quite nontrivial
because of the following reasons.

In the wavefunction analysis, the physical states sz 1 Zn (z)y with a Zy eigenvalue n on the

magnetized T2/Zy twisted orbifold consist of linear combinations of Zy-twisted zero-mode
functions ) (wkz) (k=0,1,2,...,N —1):

g @ = N}J;Zn O (z), @.1)

x=0

where we omit the unimportant subscript. Since the Zy-twisted mode function f;é) (wz) satis-
fies the same equation as f ) (2), f o )(a)xz) has to be expanded in some linear combination of
f(/ ) ( Z) as

|M|—-1

(]) Z C(CU )f(m)(z) (42)

If we can evaluate the coefficient C (.‘,:X) analytically, then we can obtain the results, e.g., the
number of independent physical states, analytically from Eq. (2.24). However, it is not easy

since the mode functions f ( )(z) contain the theta functions (see Eq. (2.11)).

Amazingly, in the operator analysis, we can evaluate the coefficient C;ﬁ‘::) analytically as we
will see in this section. Furthermore, the results of the operator formalism are available to not
only the zero modes but also all KK modes. The correspondence between the numerical results
in Ref. [63] and the analytic results of ours will be found in the next section.

The T?/Zy twisted orbifold enforces the discrete symmetry under 277 /N-angle rotation,
where it is well known that only the N =2, 3, 4, 6 are possible on T2. In the following part, the
unitary operator Uy manipulates the rotation with an angle 6 around the origin (y; = y» =0). In
the vector coordinate y, the rotation is described by the two-by-two representation matrix Ry,

cosf —sinf
Y= Rey, Re= (siné cos 6 ) .3)
where the same expression is valid for the operators ¥ and P,
- Us5U, =Rey, D — UsbU, = ReP. (4.4)
In the following discussion, we take the Wilson line phase a as zero:
a=0. 4.5)

It has already been discussed in Ref. [63] that we can remove the Wilson line phase by using
a large gauge transformation without any loss of generality. We can find the discussion on the
issue in operator formalism in Appendix A. By use of the results in Eq. (4.4), the transformation
of the Hamiltonian in Eq. (3.9) under the rotation is evaluated as

o~

2
H— U,HU] = (ﬁ+%R9TQR9§) , (4.6)
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and hence the following condition is required for invariance:

[Ro, $2]1=0. 4.7

As shown in Eq. (3.11), only the unphysical symmetric part of £2 makes a nonzero contribution
to the commutator [Ry, §2]. Therefore, the condition in Eq. (4.7) is realized after the gauge
fixing (3.12) irrespective of the value of 6. Then, we can conclude that the Hamiltonian itself is
invariant under the rotation in spite of the value of the angle 6.

Although the Hamiltonian is invariant under the rotation Uy, situations in the constraints on
states are found to be nontrivial. Remembering Eq. (3.10), the two operators T, (a =1, 2) trans-
form under the rotation generated by Uy as

o~ o~

= T ~ "~
T — UpTaU; = (R} u,) <p+%9Ty) (@a=1,2). 4.8)

Here, the vector Rguu is given by a linear combination of u; and u;, and subsequently, ﬂ and 7\"2
are also mixed each other in general. It is convenient to choose the two basis vectors u, in such a
way that under the rotations generated by (Rg—27/ ~)T, the two basis vectors are transformed as

Zycase:  (Rog—an/n) Wi =—ui, (Rompn/n) wpy=—up,

Zzcase:  (Rgman/n) w1 =—u —wp, (Rpor/n) wp =+uy,

Zycase:  (Rp—an/n) w1 =—w2, (Ro—2n/n) W2 = +ul,

Zscase:  (Rg—pm/n) w1 =4u; —wp,  (Rg—zn/ny) 2 = uy. 4.9)

Transformations of /T\a under the discrete rotations with angles 6 = 2w /N in Zy orbifoldings
(N =2,3,4,6) are easily evaluated by use of the results in Eq. (4.9),

Z, case: 7‘\1 — —ﬂ, 7‘\2 — —?"\2, (4.10)
Zycase: T)— —T\— D, T — T4, (4.11)
Z4 case: T”] — —@, T“g — T], 4.12)
Z¢ case: T‘l—>ﬁ—7‘\2, f"}—)ﬁ (4.13)

To investigate the number of physical states on the above magnetized T2/Zy orbifold, we
will construct physical states via the following three steps:

1. Derivation of the allowed Scherk—Schw/alrz phases (o1, «02)
On T?/Zy, any Zy-transformed state U 7y 1¥) should satisfy the same constraint condition
as |¥), which is a state on T2.

¢ Ta (T, 1) = 2™ (Tzy 19)  (a=1,2), (4.14)

where we already fixed a gauge (3.12) and we adopt a notation U Iy = Uz /N - The above
consistency condition will produce a restriction to the values of the Scherk—Schwarz phases
(a1, ) as a consequence of the Zy orbifold. We will find that the number of allowed
Scherk—Schwarz phases are the same as the number of fixed points on 72/Zy orbifold.
See Appendix A, for detail.

2. Derivation of the analytic form of a Zy-transformed state (ﬁzN)x [Yv) x=0,1,2,...,
N-1)
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Since the physical states |{)72,7, on T?/Zy consist of linear combinations of the states
[) on T2 with the projection operator PTz JZn

V) 722y 0 = Proyzy o). (4.15)

_ 1 [Y=

Pr2yzy.n = N{ Z ﬁx(UzN)x}7 (4.16)
x=0

we need to obtain the analytic form of the Zy-transformed state (U zy ) n, ) The states

n, 37) and U ZNln +7) satisfy the same equation with each other so that (U ZN)x|n 37
should be expanded as follows:

M|—1

J\ (@)
)= Y o

m=0

(Uzy)*

m 417

To obtain the analytic form of (l7 zx)tn, ﬁ), we need to calculate the coefficient D;‘;::).

However, as we mentioned in the beginning of this chapter, it is quite difficult to evaluate
D(‘;’l) in the wavefunction analysis. It turns out that it can be evaluated analytically and
exactly by using operator formalism in this section.

3. Construction of the physical states

With combining the above results, we can construct physical states on T2/ Zy,
n. L

= J

, :PTZ 7 n, _>,
M>T2/ZN,I7 /ZN.7 M
N-1 |M|—1

— D(w)
;) 2

J

> (4.18)

Thus, in the remaining part of this section, we first derive possible patterns of the two
Scherk—Schwarz phases (o1, ®p) for every Zy-orbifold (N = 2,3,4,6) from Eq. (4.14). We

then calculate D(w )in (4.17) and also the coefficients in (4.18) in the case of N =2, 3, 4, 6, sep-

arately. Finally, we construct the physical states on the magnetized T2/Zy orbifolds and derive
the number of physical states.

We emphasize that all the relations discussed in Section 3 should hold since the Zy discrete
symmetry is additional on T2. As we showed in Eq. (3.20), the system has the periodicity,

n,Y)=|n,Y — 1), (4.19)

and the coordinate Y is quantized, where the possible values in Eq. (3.21) differentiate the degen-

erated states. As shown in Eq. (3.19), the operator P works as the generator for the translation
along Y -direction. The following expression is helpful,

n, ﬁ> — e 1|0, 0). (4.20)

Throughout the following part, the mathematical formula for arbitrary operators Aand B,

AeB A1 = ABA! 4.21)
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is very useful and we use the relations between the operators ’7:1 s ?2 and Y s Pin Eq. (3.14) many
times. Also, we comply with the three “conventions”:

e We only consider the case M > 0 but we can analyze the case of M < 0 in the same way.

e Fundamental regions of oy, oy and Y (in the eigenstate of Y ) are selected as [0, 1) (without
loss of generality).

e We omit to describe eigenvalues of the energy since the following discussion is viable in
every energy eigenstate,

n, L>—> ‘L> 4.22)
M M

4.1. T?*/Z,

First, we calculate the allowed Scherk—Schwarz phases on 72/Z, by using Eq. (4.14). This
case is not complicated since the two operators T} and T are not mixed under the operation
of U 7, where only their signs are flipped. After requesting the coexistence of the conditions in
Egs. (3.17) and (4.14), we obtain the requirements,

o =—a; and op=-—ap (modl), 4.23)

where we used the relation in Egs. (4.10) and (4.21). As shown in [63], the two phases can take
individual values and the possibilities are

1 1 11
(0!1, az) = (O, 0), (5, 0), (O, 5), <§, E) (424)

Next, we consider Z;-transformed states. Here, we remember the statement in Section 3 for
the state on 72 that degenerated states of an energy can be specified by the eigenvalues of the

operator Y. Thereby, we first try to find a state which includes the operator U 7, and is also an

~ o~
eigenstate of Y. We find such a state as Uz, | j/M) with the eigenvalue (-2« — j)/M from the
following calculation,
J
M

eZﬂtY (UZZ

J ~ TIPS
M>) =0z, (0,e* 7~ 0z,)

)
)

J
M>) (4.25)

and then we can write down the state U 7,17/ M) as follows:

—201 —
I ,

. o
= UzzeZHI(— ZnM_ﬁ)

. 20

L.
M
:ﬁZ 6727”?727”7 L
? M

. —2a1—j ~
=e2m( 7 )(UZ2

Uz, (4.26)

i =€2ﬂi77j
M
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where 7; expresses a phase ambiguity to be determined.'’ Since there exists the relation on the
translation along Y -direction in Eq. (4.20), we have another expression for the above equation:

LR

Uz, ﬁ>= Uzye 17 |0)

= (Uz,e ' 5P T )Tz, (0) = 27/ 1202 m) (4.27)

201 —
I ,
where we used the relations in Egs. (3.14), (4.10), (4.20) and (4.26). Comparing the two equations
(4.26) and (4.27), we have the relation

n;=no— ﬁzaz (mod 1). (4.28)

The Z,-consistency requires the condition U 22 =1 for every state, where T is the unit opera-
tor. This fact leads to the condition,

02 |1\ _ 2mititnae )

Uz, > i (04020 - > ‘M> (4.29)
which is equivalent to

nj+n-2¢-j=0 (mod]l). (4.30)

Combining the results in Egs. (4.24), (4.28) and (4.30), we can determine the form of n; as

20 .
77,/2——(] +a1), (4.31)

where we omit the trivial overall phase. The explicit analytic form of the Z-transformed state
U 7,1 M) which corresponds to Eq. (4.17), is the following:

M) (4.32)

0| a

j —2m M 2 (j4ar)
M

which is equivalent to the following expression:

j M—1 k
75 _ ()| *
Uz, M>_ > D M>’
k=0
D;a]?) _ ,—2mi- M (]+011)8 21— k- 4.33)

Finally, we can construct the physical states on T2/Z, by using Eq. (4.18),

¢ (@") k>
J Z_Zn DY —
'M>T2/Zz,1’] 2 XZO k:0 J M
M—1
k
= > Mpm —> (n=+1,-1). (4.34)
k=0 M

10° Here, the norm should not be changed under the rotation.
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The number of independent physical states |%>T2 /7,y 1s nothing but the rank of the M-by-M

: (Z2;m)
matrix Mjk s

The number of physical states

n, i> — Rank[M7>™]. (4.35)
j
T2/Zs,n
The analytic results for the 72/Z5 have already been given by Ref. [63].
4.2. T?/Z3

First, we note that in the cases of T?/Z3 and the following T2/ Z, a linear combination of the
two operators T, (a = 1,2) appears to a variable of the exponential and the Baker—Campbell—
Hausdorff formula (or the Zassenhaus formula) for two operators A and B with ¢ € R is helpful:

~ = ~ s 2~ PN PPN
! A+B) — At B =5 ABl (when [A,[A, B]] =0and [B, [4, B]] =0). (4.36)
Since the commutation relation associated with 7} and 75 is given by
(71, 2] = —27iM, (4.37)

the precondition in Eq. (4.36) is trivially fulfilled for T”as.
Now, to obtain the allowed Scherk—Schwarz phases, we follow the same strategy as in the
case of T2/ Z,. Then, from Eq. (4.14), a,s should satisfy the conditions

M
ar=ay and oy =—ar —a] — > (mod 1), (4.38)

for T2/ Z3 and the resultant allowed combinations are as follows:

o I=0] =0o), (4.39)
, for M: even,

!O’
=1,
56 3 for M: odd.

Interestingly, when the value of M is odd, the Z3-orbifold system cannot be defined without the
Scherk—Schwarz phases.

(4.40)

Jwo WI—
o WD

To evaluate the form of the Z3-transformed state U 75 |j/M), we act the operator 2™ o it.

In the case of T2/Z3, the state U 75 |j/ M) is not an eigenstate of Y because the argument of the
ket vector gets to be different from the original one as j/M — (j + 1)/M after manipulating

21 to the Z3-rotated state Uz, |j/M):

ezﬂf7ﬁz3 %>= 1723(17}38”"(2:—%‘%)(723) ‘ﬁ>
=Uy, eZ”i(Zz_ZM_aﬁl) ﬁ>
A ﬁ
= Uz, %> (4.41)
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where we used Eq. (4.39). This fact gives us a hint for finding a suitable form of an eigenstate

of Y. Effects of this shift would be cancelled out after taking summation over the index j. Based
on this speculation, we focus on the following state,

M—1

> Uz

j=0
Since the above state satisfies the condition,

2mY Z Uz, J > Z Uz,

the followmg representation should be completed with two parameters .4 and 6, which show the
magnitude and phase parts of the undetermined coefficient,

M-I
2 Uz
J=0

J
M>‘ (4.42)

> , (4.43)

é> — Ac?10). (4.44)

. . . —iLlP . .
With casting the shift operator e /3 £ on both sides, we obtain

—i%z 6””1 2 : —27”MU

M> A619

l
M> (4.45)

and subsequently, we can derive the following simple form from the above with summing over /
fromOto M — 1,

. T[ T O l
Uz 10) = 2ol P LY 4.46
2:10) Z - (4.46)
Here, we used the formula,
Y ik =Moo (s=0.1,....M—1), (4.47)

which is proved with ease via properties of M-th root of unity.
The Z3-consistency (U Z3)3 = 1 pins down values of 4 and 6 immediately when we utilize
the formula,

gl i GH1EB)? 1 " 7 0 for M: even, 48
E M =+/Me"3 —

Oe ¢ ort ez, p % for M: odd. (4.48)
§=

We mention that the above summation takes the universal form irrespective of the choice of
t, B and the sign in front of B (within the shown ranges in Eq. (4.48)). The derivation of this
is provided in Appendix B. After some calculations, resultant values are declared, (e.g., via
U3,10)=10) as

3
A=vM, o=-24T42 (4.49)

where we ignored the trivial overall phase in 6.
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Now, we can obtain the form of the Z3-transformed state U A %) for the projection operator
from Eq. (4.46) with the shift operation in Eq. (4.20) as

0, L>_ (T3 ) L>_ I gtz Mﬁlei%k(k+6a)+2ni% £>
3 =\Yz = ’
M M VM = M
(Uzy)* i> =0} i> _ L ipia i iea) %1e*2ni% ﬁ> (4.50)
3 =Yz = ) .
M M| UM = M
which are equivalent to the following expressions:
j M-1 k
7 _ (") —
(Uzy)* M>_ > DY M> (x=0,1,2),
k=0
@ _ 1 imaitme? kersnromi b
jk m s
cm 3ma? w ol e
(@*) _ 1 e’ﬁ_’}M —tﬁ./(J-‘r()C()e—ZTH%. (4.51)

jk o M
We again comment that the above analytic results of the Z3-transformed state are nontrivial.
In the case of the wavefunction analysis, we need to rely on numerical calculations since the
states are given by theta functions. On the other hand, we can evaluate the exact form of the
Zj3-transformed states in this case and, moreover, the above results are applicable to all KK-
modes since they are irrelevant to the principal quantum number n of the state |n, ﬁ). We can
say the same thing for the following T2/Z4 and T?/Zg cases.
Finally, we construct physical states on 72/Z3. By using Eq. (4.18), the physical states are
represented by

i 1 2 M—1 X
= (w*)
LIS Y
'M>T2/Z3,77 3 XIO k:0 J M
M-1 X
z
DY M M> (n=1,w,w?), (4.52)
k=0
where
1 2
(Z35m) —x y(@®)
P =L o @59
x=0

The number of independent physical states %)Tz /75,y 18 nothing but the rank of the matrix
(Z3:) ‘
M,

The number of physical states S = Rank[M](f};")]. (4.54)

>T2/Z3J7

After investigating the rank of the matrix M](.?;"), we obtain the results shown in Tables 1,
2, 3 and 4. We, again, emphasize that the following results are completely consistent with the

previous wavefunction analysis [63]. The correspondence between the matrix M;f“") and the

kinetic matrix IC%M) will be discussed in Section 3.
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Table 1
The numbers of linearly independent zero-mode eigenstates with Z3 eigenvalue n for M = even
and (o, ) = (0,0) on T2/ Z3.

n M|

2 4 6 8 10 12 14
1 1 1 3 3 3 5 5
w 0 2 2 2 4 4 4
2] 1 1 1 3 3 3 5
Table 2

The numbers of linearly independent zero-mode eigenstates with Z3 eigenvalue n for M = even
and (1. 02) = (3. 1), (3. 3) on T2/ 7.

n M|

2 4 6 8 10 12 14
1 1 2 2 3 4 4 5
o 1 1 2 3 3 4 5
12 0 1 2 2 3 4 4
Table 3

The numbers of linearly independent zero-mode eigenstates with Z3 eigenvalue n for M = odd
and (@1, 2) = (§. ). (2. 2) on T2/ Z3.

n M|

1 3 5 7 9 11 13
1 1 1 2 3 3 4 5
w 0 1 2 2 3 4 4
@ 0 1 1 2 3 3 4
Table 4

The numbers of linearly independent zero-mode eigenstates with Z3 eigenvalue n for M = odd
and (a1, 02) = (3, 3) on T%/Z3.

n M|
1 3 5 7 9 11 13
1 0 2 2 2 4 4 4
w 1 1 1 3 3 3 5
%) 0 0 2 2 2 4 4
4.3. T?)Z4

In the case of T2/ Z4, the situation is similar to T2/ Z; case but is somewhat complicated. The
way for determining allowed values of o and  is the same as in T2/Z, and T?/Z3. By using
Egs. (4.12), (4.14) and (4.21), we find that the following two conditions should be fulfilled:

a1=ay and o;=—ap (modl). (4.55)

Here, we conclude that the consistent values are



462 T.-h. Abe et al. / Nuclear Physics B 890 (2015) 442—480
oI=0] =02 (4.56)
a=0o0r —, 4.57)

which are a subset of the result in 72 /Z> since the Z4 orbifolding includes the Z; operation
To evaluate the form of the Z4-transformed state U, 7417/M), we act the operator 82” i¥ {0 the

transformed state. Unlike T2/ Z,, the state U 74 |J/ M) itself is not an eigenstate of Y as in the
case of the T2/Z3, ie.,

wiv (., | J 2 N
o2 <UZ4 M>> UZ4(U ﬂl(an )UZ4)‘M>

i)

= Uy, e2itsh 5 =)

— 624 2711(—7—)

2

(4.58)

Then we again consider the following state as a candidate for ?—eigenstates as T2/ Z3,
M1
2. Uz
j=0
Using Eq. (4.58), the following condition holds,
aM-1 j M-l
oY jgo Uz, M>= jgo Uz,
Then it should be rewritten as

M—1
> Uz
j=0

J
M> _ (4.59)

J
M> . (4.60)

%>=Aei0 10}, 4.61)

. il
and casting the operator e ™' ™

)

on both sides brings us to

dra, ] 1 j

_jara _ (A R .

ezM12:62ﬂ1MUZ4 ZAelﬁ
— M

The parameters A and 6 show the magnitude and phase parts of the undetermined coefficient,
respectively as in the case of T'%/Z3. Here, taking summation over / from 0 to M — 1 in Eq. (4.62)
leads to the simple relation,

UZ4 |O 10 Z

!
M> . (4.62)

> (4.63)
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where we used the formula (4.47). The form (4.63) is just a part of what we would like to obtain.
The values of A and 6 can be derived when we examine the consistency condition coming
from Z4 symmetry, UZ = 1. After making use of Eq. (4.47), we can reach the result,'’

2
A=VM, 6= ﬁnaz, (4.64)

where we dropped the overall phase in 6.

Now, the form of the Z4-transformed state l724 |j/M) is easily evaluated from Eq. (4.63)
by using the shift operation in Eq. (4.20). Here, we summarize the results for constructing the
projective operator,

0z, ﬁ>=(f]§4)3 ﬁ>= 1 ezm% 2 kA2 b %>
M k=0
g2 4N o2 L eni By | T2
0, >—(UZ4) M>—e i =T,
77.\3 j t | J 1 —2mﬁ—2m2—ajM_l _onidk | k
Wz |+ U4M=We WA N e ™S ) (4.65)
k=0
which are equivalent to the following expressions:
0z > ZD<‘”>‘—> (x=0,1,2,3),
(w) _ 1 2mﬁe2m +2m k
Vi
2 2 .
Dié}t{) ) _ efznzzﬁ(oﬂr])s_za_j .
(@) _ 1 6_2”17_27” M]e—2m%. (4.66)

ik M

Finally, we construct physical states on 72/Z4 by using Eq. (4.18),

j 1 3 M-1 k
. ")
DS
'M>T2/Z4,n Ao = M
M-1 k
DY M —> (n=1,0,0% 0%, (4.67)
J M
k=0
where
1 3
(Zysm) _ ~x (@)
M=) 0Dy (4.68)

' The relation 172 =Tis valid irrespective of operated states. The easiest way to determine .4 and 6 is to use the state
10) (U7, 10) = 10).
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Table 5
The numbers of linearly independent zero-mode eigenstates with Z,4 eigenvalue # for (a1, ap) = (0, 0) on T2 /Z4.
n |M|

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
+1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4 5 5
+i 0 0 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4
-1 0 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4
—i 0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3 4
Table 6
The numbers of linearly independent zero-mode eigenstates with Z4 eigenvalue 7 for (a1, ap) = (%, %) on T2 /Z4.
n M|

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
+1 0 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4
+i 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4
-1 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3 4
—i 0 0 1 1 1 1 2 2 2 2 3 3 3 3 4 4

The number of independent physical states |%)T2 /Z4.n 18 nothing but the rank of the matrix

(Za3m)
Mjk R

J
n, —

(Z45m)
= Rank|{M: . (4.69)
M>T2/Z4,n [ jk ]

The number of physical states

After investigating the rank of the matrix M/(f‘“”), we obtain the results shown in Tables 5 and 6.
We emphasize that the following results are consistent with the previous wavefunction analysis
[63].

4.4. T?*)Zs

For the case of T2/ Zg, there is no new future to be declared separately and all the calculations
are basically the same with those in the previous 72/ Z3, even though it is somewhat more com-
plicated. Thereby, it suffices to pick up only important points which are different from 72/Z3
and to write down components of the projective operator in this case.

From the requirement (4.14), the two Scherk—Schwarz phases «1 and o> should comply with
the conditions

M
aj=ap and oy =y —o] — = (mod 1), 4.70)

and only the following varieties are realizable,

ai=a] =0 4.71)
0 for M: even, 47
“= % for M: odd. @.72)
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To evaluate the form of the Zg-transformed state, we can also consider the following state
M-1
2 Uz
Jj=0

Since the above state satisfies the condition

J
M> , (4.73)

it Z 0z, > Z 02 > (4.74)
we can reach to the form
Z > Ae?10). (4.75)
With casting the shift operator e ~* P on both sides, we obtain
T2 2mi ] Lomilk s |k io| L
M Z e M Uy, = Ae i 4.76)

and subsequently, we can derive the following simple form from the above with summing over /
fromQOto M — 1,

UZ |0 19 Z ,,,k2+2m,
6

k > (4.77)

The Zg-consistency (U Z()) =T will lead to the following values for .4 and 6, with the help of
Egs. (4.13), (4.14), (4.20), (4.47), (4.48), (4.77),
T,
A=+vVM, 0=10+ ek, (4.78)
In the above, we neglected the trivial overall phase.
Summarizing the above results, we can indicate the forms of the Zg-transformed states for
constructing the projective operator in 72/ Zg:

M—1

Uz A]/I>_ (1726)5 ﬁ> —IM if+ifpe Z ot kP2 Sk 2mi b £>
j i M—1
(ﬁZ )2 L — (ﬁ )4 L _ Le_i]”_z""i 3ma? l +27”M Z 4nak+2]_”jk i
6 M Ze M /—M 2 m ,
G\ il \ i | 20—
(UZ6) M> = (UZ6) M> =e M T ,
j i M—1
U / 0i )| 1 if5 37[&2—14— —i —2mi L k— Zka k
U wl= U v o M M M S )
(Uz0) M> (Uz) M> N7 k=0 M
j i M~—1
([726) L>:[7;é L>=Le lﬁ*lMa2+lM] —2miggj Zef2mM ‘_>7 (4.79)
M M M k=0
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which are equivalent to the following expressions:

X (wx) . _
(Uze) D (x=0,1,2,3,4,5),
(w) __ 1 ilJriloz2 —i Z k24 2xi “k+2m
— Ty M M
Jjk M
2 i
;c]«()z) _ | o T g R i g i S k2 g
v M
2
(a)S) _i4na 47rot
Djk =e M s 2a—j.ks
2 .
5’3?4) _ 1 o T =i i i 5 ] i k=2 fk—2mi
v M
5 1 _‘l_'iz .1.2_ s s M
;ﬂ;{))z eI ifet i P -2migy j = 2midy (4.80)
v M

Finally, we construct physical states on 72/ Zg at last. By using Eq. (4.18), the physical states
are represented by the follows:

LS5 M—1 X
— (")
L) —arr o)
'M>T2/Z6,77 6 x=0 k=0 ! M
M—1 X
M%ﬁ m M> (n =1, 0,02, a)3,a)4,a)5), (4.81)
k=0
where
13
Zs; — *
Mj('k6 m_ c Z nxD;_c;() ). (4.82)
x=0

The number of independent physical states |%)T2 /z¢.n 18 nothing but the rank of the matrix
(Zs;m)
Mo,

The number of physical states |, L> = Rank[MJ(f“")]. (4.83)
T%/Ze.n

After investigating the rank of the matrix M (f“"), we obtain the results shown in Tables 7 and

8. We again emphasize that the following results are consistent with the previous wavefunction

analysis [63].

5. Correspondence between the operator analysis and the wavefunction analysis

Based on the analytical results that we have obtained in the previous section, we will derive
the correspondence between the wavefunction analysis in Section 2 and the operator analysis in
Section 4. First, we introduce the description of the magnetized twisted orbifold T2/Zy with
wavefunctions and rewrite it into the words of the operator analysis. After that, we check the
consistency between the operator analysis and the wavefunction analysis.
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Table 7
The numbers of linearly independent zero-mode eigenstates with Zg eigenvalue n for M = even and (a1, o) = (0, 0)
onT2/Z.

n M|
2 4 6 8 10 12 14 16 18 20 22 24 26

1 1 1 2 2 2 3 3 3 4 4 4 5 5
) 0 1 1 1 2 2 2 3 3 3 4 4 4
w? 1 1 1 2 2 2 3 3 3 4 4 4 5
3 0 0 1 1 1 2 2 2 3 3 3 4 4
o* 0 1 1 1 2 2 2 3 3 3 4 4 4
d 0 0 0 1 1 1 2 2 2 3 3 3 4
Table 8

The numbers of linearly independent zero-mode eigenstates with Zg eigenvalue n for M = odd and (a1, orp) = (%, %)
on T2 /Zg.

n M|

1 3 5 7 9 11 13 15 17 19 21 23 25
1 0 1 1 1 2 2 2 3 3 3 4 4 4
) 1 1 1 2 2 2 3 3 3 4 4 4 5
w? 0 0 1 1 1 2 2 2 3 3 3 4 4
3 0 1 1 1 2 2 2 3 3 3 4 4 4
w* 0 0 0 1 1 1 2 2 2 3 3 3 4
»d 0 0 1 1 1 2 2 2 3 3 3 4 4

First, we start to discuss the relation when M > 0

j (ar,07)
0, — . 5.1
M> (3.1

j+ay o
Ao =(:

Although we explicitly write down the energy eigenvalue and the Scherk—Schwarz phases in
Eq. (5.1) we hereafter omit the information on the T2 state |0, j/M)@%0) as | j/M) for simplic-
ity in description.

The rotated state |wz) on T%/Zy can be expressed with the operator U 7N

jwz) =T}, 7). (5.2)
Now, when we consider the following product
C(wx) _ dzdz (j4oar,o0) ( x (k+oaq,07) * =0.1 N—1 5.3
jk - < Zsz,lI/+,0 (Cl) Z)(sz,lI/+,O (Z)) (X— 9 Ly ooy )a ( . )
T2

it can be represented in the operator formalism as
. k ; ol ;
(@%) _ = JN_ & x|
Cix _/dzdz<M z><z M>_<M'(UZN) M>’ 5.4
T2

where we used the completeness relation sz dzdz|z) (z] = 1. As we calculated in the previous
section, the state (Uz, )" | j/M) can be represented as a linear combination of the states on T 2

(Uzy)*
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j M—-1
_ (")
£)= % ol
m=0

Then, from the orthonormality relation (% |57) = 8k.m we can conclude that

(Uzy)

m
M>' (5.5)

cil’ =D 6

where the concrete forms of D;‘,?X) are found in Egs. (4.51), (4.66) and (4.80) in the T2 /Z3,
T?/Z4 and T?/Zg cases, respectively. Since we already obtained all the analytical forms of

DE‘,‘{’X) in the previous section, we are now able to express the following relation analytically by

(™)
use of Djk

M-1
(j+ar.oq) _ (@) plktar,or)
fTZ,%r,O (@2) = Z Dy fﬂ,wl,o @. 5.7

k=0
We would like to note that the relation in Eq. (5.7) itself is interesting because it brings us lots

of nontrivial formulas on the theta functions. By using the numerical calculation for C;.‘,?X) in
Eq. (5.3), we can easily check the validity of the relation Eq. (5.6).

Next, we try to see the correspondence in the orbifold cases directly. The wavefunctions on
T?/Zy can be shown in operator formalism by use of the projection operator ﬁTz /zy.n for the
Z y eigenstate with eigenvalue 7 in Eq. (4.16)

J
M> (5.8)

and the kinetic matrix in Eq. (2.23) is rephrased as follows:

YePrrea )

Pr2yzy.n

(j+oar,ar) _
.fTZ/Z;],w+)0(Z)7] - <Z

Pr2yzy .y

ZNnin) _ I |5
ICjk _/dZdZ<M‘PT2/ZN»’7
T

=M 20 5.9
where we used the completeness relation on z and the property of the projection operator,
(73T2/ZN’,7)2 = 73T2/ZN,71 with Eq. (5.5). As shown in Eq. (5.9), all the materials of IC%N;")
are analytically evaluated and then we can now check the consistency between the results of both
the analyses by calculating the rank of IC%N " and form of the unitary matrix diagonalizing
IC%N M We already re-evaluated the numbers of independent zero-mode eigenstates in all the
cases of T2/ Z>, T?/Z3, T?/Z4 and T?/Zg in Section 4 with every possible combination of the
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Scherk—Schwarz phases. We then confirmed the agreement between the results of both the anal-
yses with exhausting the possibilities of three generations.'” All the results are totally consistent
with the previous ones in Ref. [63] and they are summarized in Tables 1 to 8, where we skipped
the 72 / Z» because in this case, exact formulas are available in Ref. [63].

Finally, we show some specific examples of the correspondence. The first one is the 72/ Zg
case with M =2 and (a1, a2) = (0, 0). In the Z¢ orbifolding, we should consider linear combina-
tions of six terms and calculations requires lots of efforts. However, when we utilize the operator
formalism on 72/ Zg, situations get to be very clear. We can explicitly evaluate the forms of the
inner products (% |Pr2 1 Zen Y (= IC%(’;W) = M,EJ.Z“")) for all the cases of x by use of the results
in Eq. (4.80) and Eq. (4.82). These concrete forms are

IC(ZG;(DO)_ %(24‘\/56_%4‘\/56%) %(lﬁe_% +\/§e%)
" §(V2eT B —iV2eB)  §2—iv2e T 4iv2e)

~ <O.289O '38(?.2891' 0'2890.;1(1'2891 ) ’ (5.10)
K= (5 5): s
e LW CARIE (i B

t(—iv2eT T +4/2e17)  LQ2+iv2e7 T —i/2eTD)
~ <—0.2809.%:i).289i _0.2809.7_890 = ) : (5.12)
iy = (8 8) ’ (5.13)
Kige? = (8 8)’ (5.14)
Kigee? = (8 8) : (5.15)

where the subscript “op” indicates that these matrices are evaluated in operator formalism ex-
plicitly. The above result means that there is no physical degree of freedom in the cases of
n= ol, w3, w*, @, For n= @, w?, the unitary matrix U diagonalizing the “kinetic matrix”

KC(Z6: can be easily calculated,

Jr2-v3) —Ji2+v3)

N 13+3)

e vh Jh2-v3)

Ulyes = : 1 . (5.17)
JeB+3) oW

12 Sjtuations are the same with the right-handed KK modes (in the case of M > 0) since all the discussions are valid
irrespective of the KK number. We can consider the left-handed KK modes (without corresponding zero mode in the case
of M > 0) with the help of the Dirac equation for KK fermionic states.

Ulx=0= (5.16)
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After the manipulation U/C(?6:DJ, the kinetic terms are suitably diagonalized as follows:

ey — (L0 teZeohy (10
U'Kgp® U_<0 E U'Kep@ U = 0 0l (5.18)
The two expressions clearly indicate that one mode is physical after the orbifolding in x =0, 2.

Here, we comment on consistency with the numerical calculation with the explicit forms of
the theta functions. By calculating Eq. (2.23) numerically with the theta functions in Eq. (2.11),
we obtain the following corresponding results,

K = <0.2890 '18(?.2891' O'289().j2L1()1'289i ) ’ (5.19)
KGee) = <8 8>, (5.20)
Ko = < —0.2809'2—: 1).2891‘ _0.2809.7_8;) - ) ’ (5.21)
Ko — <8 8) : (5.22)
Kz = (8 8) , (5.23)
K5 = <8 8) , (5.24)

where the subscript “wf” is the counterpart of the subscript “op” in the numerical calculation
with wavefunctions following the approach in Ref. [63]. We can conclude that they agree with
each other within the error of the numerical computation as

K = K07 forn=0 0!, ..., 0", (5.25)

and hence, the relation (5.9) is valid.

As the second example, we focus on the T2/Z4 case with M =2 and (1, a2) = (0,0)
since the analytical result was already discussed with the exact forms of the mode functions
with theta functions as in Eq. (2.11) and some related mathematical relations, and their explicit
forms are available in Appendix C of Ref. [63]. The explicit shapes of the kinetic matrix in

n= o, !, w?, @ are

1 1
izt — (40 v o2 ) (5.26)
* i 4GV
Zgoh) _ (00
KZaeh = < o O) : (5.27)
1 1
xzsod - (12 _lﬁ) Lo 22 ) (5.28)
Zgot) _ (00
KZae) = < 0 o> : (5.29)

0

Apparently, physical modes survive only in the cases 7 = w”, ?. Each unitary matrix for diago-

nalizing the kinetic matrix takes the following form:
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22 L2
Ulx=0= 1 1 , (5.30)

Ve VA2
WO _w?i
1

Uly=2= ) (5.31)
\/4—2\/5 \/2(2+ﬁ)
and the diagonalized kinetic terms are calculated as
tzaaey (10 tzeotyy _ (10

U'Kopt® U_<O O)’ U'Kopt® U—<O o) (5.32)
After evaluating the ratios of matrix elements of U as

Uzilx= Usilx=

M:\/ﬁ_l’ Mz_\/ﬁ_l, (5.33)

Utilx=0 Utilx=2
these values should correspond to the ratios of coefficients in the construction with mode func-
tions on 72 discussed in Ref. [63]. We can easily check that this statement is correct.

6. Summary and discussions

We have discussed an effective way for analyzing the system on the magnetized twisted orb-
ifolds in operator formalism, especially in the following complicated cases T2/Z3, T?/Zs,
T?/Zs. With the help of mathematical formulas, we have obtained the exact and analytical
results which can be applicable for any larger values of the quantized magnetic flux M. The
(non-diagonalized) kinetic terms are immediately generated via the formalism and the number
of the surviving physical states are straightforwardly calculable in a rigorous manner by simply
following usual procedures in linear algebra. We have checked and re-derived all the results in
Ref. [63] based on huge numerical computations with ease analytically.

Based on the achievement in this paper, we can consider a few next directions. One is to
construct actual (semi-)realistic models based on the magnetized twisted orbifolds of T2 /Z3,
T?/Z3, T?/Z4 and T?/Ze. Even in the simplest T2/Z, case, possibilities with nontrivial
Scherk—Schwarz phases are not yet touched. Complex geometries would help us to generate
the complicated nature of fermion flavor structure in the SM, and also to eliminate unwanted
exotic states in the zero-mode sector. Here, we would like to emphasize that all the technical
obstacles in analysis were removed by the formalism which we have discussed. It is also in-
teresting to study non-Abelian flavor symmetries appearing in 72/Zy orbifolds with magnetic
fluxes [23-28]. (See also [73].)

Another option is to analyze other geometries, e.g., magnetized twisted orbifolds based on
higher-dimensional torus in operator formalism [34]. Our strategy which has been used in this
paper is expected to be valid in such much more complicated cases. “Dualities” between anal-
yses with wavefunctions and operator formalism are quite interesting since we can excavate
mathematical relations like in Eqs. (5.3) and (5.6). Such a study can be a fascinating theme in
mathematical physics.
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Appendix A. Large gauge transformation in operator formalism

Based on the knowledge obtained in Section 3, we reconsider the quantum mechanical system
onT?/Zy as

Al)=Ely),  elajy)=e%|y) (a=1,2), (A1)

where the Hamiltonian H and the operator T, describing the constraints on the state on 7%/ Zy,
|1), are given as

2
H= (ﬁ+%9(§+ a)) , T, =u§(ﬁ+%QT(§+ a)), (A.2)

where the gauge-fixing is already done as in Eq. (3.12). a1 and «y represent the Scherk—Schwarz
phases in the original coordinate.
When we examine the gauge transformation,

Yy = @Yy, Y =y, (A3)
the Schrédinger equation (3.1) and the pseudo-periodic boundary condition (3.6) are modified as
2
<—iV " %szy) V¥ = EV' ). (A4)
Uy +ug) = g—i%(y+0)TQua+2niaa—ianQua W()’)
—: e B OO Quatricy vy for g =1,2, (A.5)

and the forms of the operators Hand T, get morphed as follows:
5T q g = - q
H—>H’:<’ﬁ+ Erﬁ) , Ta—>Ta/:u§<ﬁ+—QTy), (A.6)

where the Wilson line phases are gauged away from the Hamiltonian H A’ and the translational op-
erators T’ Besides, due to the modification in the operators T’ , the values of the Scherk—Schwarz
phases in the gauge-transformed system o} and o} turn out to be

2ral, =2ma, —qal 2u,, mod 27. (A7)

The above expression is equivalent to the following expression:

2no’ =2wa) +2nMay,
{ 1 ! 2 for T2/Z2,

2oy =2y — 2w May,
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T
el =2 — T Ma,
T = A G Ny 2
2
2ral =2may — m (May sin27/N) — May cos(2rt/N)),
for T?/Zy (N =3, 4,6), (A.8)

where we used the choices of u; = (I,O)T, up = (0, 1)T for N =2 and u; = (l,O)T, w =
(cos(2m/N), sin(27r/N))T for N =3, 4, 6, respectively. We also used

2n M 0 1
Q=—— , (A9)
gsinRmx/N)\ -1 0
which is obtained from Eq. (3.7) with M := Q1>.
Here, we understand that the Wilson line phases and the Scherk—Schwarz phases are corre-
lated under the large gauge transformation and not independent degrees of freedom. Now, we
conclude that we can take

a=0, (A.10)

without any loss of generality.
When we take o, = 0, we can see the correspondence in a direct way. Thus, from Eq. (A.8),
the following relations should hold
Zycase: May=—ab, May=aj, (A.11)
Zy case:  Maj =o)cosn/N) —ah, May=a)sin@n/N) (N=3,4,6), (A.12)

or
Zycase: May=—ab, May=aj, (A.13)
Zzcase: Maj = —%a/, May = ?a/, (A.14)
Zycase: May=—a, Ma=d, (A.15)
Zgcase: Maj = —%oe’, May = ?a’. (A.16)

As we discussed in Section 4 in the system with a = 0, the two Scherk—Schwarz phases should
take the same value o’ := o} = oy on T?/Z3, T?/Z4 and T? / Ze. After we reflect on the fact that
oe’l and cxé have the period 1, we check that the differences of the allowed values of M (ay, az)

correspond to the positions of the fixed points of T2/ Zy, which strongly indicate that the number
of the allowed Scherk—Schwarz phases is connected to the number of the fixed points:

Zycase: M(aj,az) =(0,0) (o} =0,a)=0)

=(1/2,0) () =1/2,a5=0)

=0.1/2) (e =0.0,=1/2)

=(1/2.1/2) (o =1/2.d)=1/2), (A.17)
Zzcase: M(aj,az) =(0,0) (M: even, o’ =0)

=(1/2,7/3/6) (M: even, o’ =2/6)

= (0,/3/3) (M: even, o' =4/6)
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= (3/4,4/3/12) (M: odd, o’ =1/6)
= (1/4,4/3/4) (M: odd, o' =3/6)

= (—1/4,5v3/12) (M: odd «’ =5/6), (A.18)
Z4gcase: M(ay,ar) =(0,0) (o/ = O)

=(1/2,1/2) («'=1/2), (A.19)
Ze case:  M(aj,az) =(0,0) (M: even, o’ =0)

= (3/4,v/3/4) (M: odd, o' =1)2). (A.20)

Note that the results are totally consistent with those in Ref. [63] with wavefunctions.
Appendix B. Derivation of formulas
B.1. Eq. (4.48)

In this part, we derive the formula (4.48)
M-l . (s+t+8)? 1_:
I.(t,B) = Z e M =~/Me 3" fortel,
s=0

0 for M: even,
= { (B.1)

% for M: odd,

where M is a positive integer and the resultant form is independent of ¢, 8 and the sign in front
of B. First, we show the relation I+ (¢, ) = 1+(0, B), which implies the independence of 7.

M—1+1 g
Lt By= Y e ™ (si=s+1)

s'=t

M—1  M—1+t .
_ [Z s }M
s'=t s'=M
M—1 gy 1]
_ Z e—ni% T Z o~ ("B M (ME28+25")] (s// — M). (B.2)
s'=t s""=0

After noticing that M £28 is always an even integer, we can justify the manipulation,

o~ FIM(ME2B425")] _ ,—im(M£2B425") _, | (B.3)

Then, the following result is obtained

M—-1 t—1 Wil M—-1 (st
L@, p)y=| Y +Y |7 =) W =1.00,p). (B4)
s'=t  s'=0 s=0

From now on, we can set t = 0 without loss of generality and examine the 8 =0 (M is even) and
B =1/2 (M is odd) separately.

The former case (B = 0) is evaluated straightforwardly. Using the periodicity of the exponen-
tial functions (when M is even), the following deformation is realized
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1 M—1 2 2M—1 . (k—M)z
—Tl 57 —TTl 57—
Ii(O,O)_E[ e 4 Y e i ]
k=0 k=M
1 M—-1 2M—1 L
_ —Ti 55
= §|: —|— Z :|e M
k=0 k=M
N—1
1 2
= 2N (N = 2M). (B.5)
k=0

After using the mathematical relation, which is proved in the next subsection,
N-1

.52 |N ; i
Ze—mez ?e—%m(l_i_e%m) (NEN), (B.6)

s=0
we can reach the final form,

1.(0,0) = 5«/Me—%ﬂ”(pre"“') =M™ (B.7)

where M is even and then eM™' = 1.
In the latter case (8 = 1/2) is somewhat complicated. By use of the fact that 2M is even, the
following deformation is possible,

1 1 N s +>
_ 1 —2mitss .
I+<0, 5) =5 Y e (N :=2M)

s=0
2N—1
=5 Z ~2riky k:=2s+1)
k +1,
k:odd
1 F2N—1 2N— l:|
-y-x }
2 L k=+1 k=41
k:even
1 [2N—1 2N—-1
2 L k=0 k=0
keven
2N—1 N—1
_l Ze 2m4N_267271i% l._é (B.8)
2 pr T2) ‘
N—1
1 1 _2m<2J )2 )
I(O,§)=§Ze W (N:=2M)
s=0
| V-3 e
=§k; e N (k=25 —1)
kodd
(BB i)
. _ e Mgy _ p2mitgy
2 k=— k=—
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1 2N—-1 2 12
— Z 67271'1@ +€72m i
2

k=0
2N-2
Z e—zm4N e—2m‘ﬁ[4N(N—l)+l]>

k even

2N—-1 k
{Zean4N_Ze ZmN} (:ZE)’ (B.9)

where the two final forms get to be the same. Here, the second term of the last line of Eq. (B.8)
or (B.9) can be calculated with the help of the formula in Eq. (B.6). The first term of the last line
in Eq. (B.8) or (B.9) needs additional transformations to be evaluated,

(k=2N)% 2N)
Z e—2m4N _5 Z e 27114N+ Z —2mi

L k=0 k=2N

r2N—1 4N—1
1 ;2 +4N<N k>>:|

__ Ze2ﬂt4N+Z
2_k0 k=2N
1'2N1 4N-1

:E Z Zi| 27rl4N

2N—1 _2N 1 4N -1 :|

L k=0 k=2N
4N 1
Z e 2T 4N (B.10)

in which the final form is apphcable for the formula in Eq. (B.6). Now, we can show the final
result as

1 1 . . 1 . .
I:|:<Ov E) — Z /4Me—%m(1 +e4M711) _ - /Me—%m(l +eMm)
= VM7, (B.11)
where we use the oddness of M as e*M7™i = |, ¢M7i — _1,

B.2. Eq. (B.6)

In this part, we prove an essential formula in the previous subsection. Firstly, we consider the
following function with a positive integer M,

e27ri22/M
F(z) = iz 1 (B.12)
where it contains the shift properties,
F(z+ M) =" F(2),
F(Z—‘FM) _ F(Z) :eZNiZ2/M+27TiZ +627TiZ2/M. (B.IS)

The integral contour is considered in Fig. B.1, which consists of four paths C, C,, C3 and C4
with the condition on 6 of 0 < 6 < /4. Here, we set a ¢ Z to avoid poles of F(z).
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Fig. B.1. A description for the integral contour consisting of four paths C1, Cp, C3 and C4 with the condition on 6 of
0<6<m/4.

The complex integrals on C, and C4 can be ignored in the limit A — 0o since F(z) gets to
be zero in this limit (when 0 < 6 < /4), and then the remaining integrals are

A
1(A) :=/sz(z)+fsz(z)=/dref9[F(M+a+ref9)—F(a+ref9)]. (B.14)
Cq C3 —A

After using the shift properties in Eq. (B.13), we obtain

A
I(A):/drei@[eZm'(u+rei6)2/M+2ni(a+rei9)+6271i(a+re"9)2/M]. (B.15)

—A

When we take a notice of sin20/M > 0, changing variable from r to x := (re!? + a)e™/* is
available to perform the integration 7 (A). Also, we can use generalized Fresnel integrals,

o0

[ are 0 cos(12:2) = 3T ingeosts 2, 8.16)
0

o0

/ dxe™ V" 0D gin(p2x2) = g—f\/siw sin(¢/2), (B.17)
0

where b > 0and 0 < ¢ < /2.
The limiting value

Mr . M
[(A — o0) :,/2—:4”/4—’”1‘“2 +,/2—:e’”/4 (B.18)

is independent of a. Since the poles of F in the contour are located in z =[a] + 1, ..., [a] + M,
we use the residue theorem on complex integral,

[a]l+M
1 : [Mm . : [Mm .
o 2 : (Zﬂi)ekaZ/M — - em/4—mM/2+ = PEIES (B.19)

k=[a]+1
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Here, the right-hand side of Eq. (B.19) is independent of a and still, ¢27i(a+M+D*/M _

e27i(a+D?/M \When we set a in the range of —1 < a < 0, the following sum formula can be

derived,

M—1
Z Q2R M _ /%ein/4finM/2+ /%e"”/“: /%ei”/“(l + e TIM), (B.20)
k=0

which is just (complex-conjugated) what we would like to show.
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