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Microstructure/geometric
imperfection sensitivity on the thermo-
mechanical nonlinear stability behavior
of functionally graded plates using four
variable refined structural kinematics

Mohit Rajput and Ankit Gupta

Abstract

The present work deals with the nonlinear stability characteristics of geometrically imperfect shear deformable function-
ally graded plates (FGP) subjected to thermo-mechanical loads. The equilibrium, stability, and compatibility equations are
derived using trigonometric shear-strain function based refined shear deformation plate theory. The displacement field
used in the present study has been employed for FGP for the first time. The in-plane and transverse displacements con-
sist of bending and shear components, whereas the displacement field contains only four unknowns. Geometric nonli-
nearity has been incorporated in the formulation in a von-Karman sense. A generalized porosity model has also been
developed to accommodate both even and uneven porosity distribution reported in the literature. Various models of
geometric imperfection have been modeled using imperfection function. An exact expression for the critical buckling
load and critical buckling thermal load of geometrically imperfect porous FGPs for various loading conditions have been
developed. After ensuring the excellent accuracy of the developed expression, the influence of geometric imperfection,
porosity inclusion, and geometric configuration on the nonlinear stability of FGPs has been discussed extensively. The
results presented in this paper will be used as a benchmark for future research.

Keywords
Functionally graded plates, buckling response, thermal response, exact solution, geometric nonlinearity, gecometric imper-
fection, porosity

Date received: 2 July 2020; accepted: 15 October 2020

Introduction geometric imperfection subjected to the thermo-
mechanical environment are limited in number. Shariat
et al.® studied the buckling response of geometrically
imperfect functionally graded plate (FGP) using classi-
cal plate theory (CPT). Lanhe’ derived the equilibrium

and stability equations for a simply-supported rectan-

The idea of functionally graded materials (FGMs) was
first considered in Japan in 1984 during a space-plane
project by the material scientists." These advanced het-
erogeneous composite materials possess the continuous

gradation of mechanical properties in the preferred
direction. This is obtained by changing the volume frac-
tion of the constituent materials. FGMs have already
proven its potential as structural elements in extreme
working environments. FGMs are made from the homo-
geneous composition of metal and ceramic. With the
increasing use of these materials for structural elements
in several engineering applications, it needs to analyze
the structural characteristics of FGMs plates.> >
Although there are several reports available on the
stability of functionally graded plate (FGPs), the arti-
cles on nonlinear stability of porous FGPs with

gular FGP subjected to thermal loads using first-order
shear deformation theory (FSDT). Javaheri and
Eslami® employed CPT to developed the equilibrium
and stability equations using a variational approach for
the perfect FGP. Gupta and Talha®!® investigated the
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influence of geometric imperfection and porosity on the
post-buckling behavior of FGP using hybrid higher-
order shear deformation theory (HSDT). A new
method has been presented by Mohammadi et al.!! for
decoupling the stability equation of moderately thick
FGP based on a single Sin-series solution (Levy’s
method). Zhang et al.'? presented the critical bucking
and dynamic post-buckling behavior of imperfect annu-
lar FGPs using the nonlinear plate theory.

The exact solution using higher-order shear defor-
mation theory (HSDT) for the buckling response of the
composite plate has been investigated by Fazzolari
et al."® Thai and Choi'* presented the closed-form solu-
tion for the buckling analysis of functionally graded
plate using two variable refined plate theory. Shariat
and Eslami'>'® presented the rectangular FGP with
geometric defects for perfect and imperfect plate sub-
jected to thermal and mechanical loading based on
polynomial higher-order shear theory (TSDT). The
large—amplitude vibration and the post-buckling
response of FGPs with geometric imperfection and
microstructure defects have been studied by Gupta and
Talha.'” Shariat and Eslami'® represented the buckling
analysis of perfect FGP under in-plane compressive
loading using FSDT. The buckling analysis of circular
FGP made of porous material was presented by
Mojahedin et al.'® based on HSDT. A four-variable
refined plate theory was established by Bouiadjra
et al.? for the buckling analysis of FGP. Alijani and
Amabili*' used a multi-degree of freedom energy
approach to study the stability response of geometri-
cally nonlinear FGM plate in thermal environments.
Yanga and Shen?? explored the post-buckling behavior
of gradient plates using a semi-analytical approach.
Dinh and Van Tung® employed HSDT with the con-
junction of von Karman nonlinearity to explore the
post-buckling response of FGP under thermo-
mechanical loads.

Li et al.** introduced the non-linear thermo-mechan-
ical post-buckling analysis of circular FGP with geo-
metric imperfection subjected to mechanical and
thermal loading. The thermal buckling analysis of FGP
with geometrically imperfect plate was investigated by
Shariat and Eslami®~® subjected to thermal loading
based on CPT and FSDT. Liew et al.?’ studied the
post-buckling response of piezoelectric FGP subjected
to thermo-electro-mechanical loading. The buckling
response of FGPs under uniaxial compression, biaxial
compression, and combined compression and tension
was studied by Sherafat and Ovesy.”® Morimoto and
Tanigawa®® presented the buckling behavior of ortho-
tropic inhomogeneous rectangular plates under uni-
form in-plane compression. Abrate®® obtained the free
vibration, buckling, and static deflection of FGP. The
buckling behavior of thick FGP has been studied by
Bodaghi and Saidi’' based on HSDT using Levy’s
method. Park and Kim?®? examined the post-buckling
response of FGM plate under the thermal environ-
ment. Uymaz and Aydogdu® employed the linear

strain energy concept and Ritz method to examine the
buckling characteristics of graded plates under mechan-
ical loads. Liew et al?’ used a Galerkin-differential
quadrature iteration based scheme with third-order
deformation theory to study the post-buckling response
of the piezoelectric graded plate.

In the view of the above discussion, it is noticed that
very few reports are available which deals with the non-
linear thermo-mechanical buckling response of geome-
trically imperfect porous FGP. Therefore, the present
study aims to drive an exact expression for the critical
buckling load and buckling temperature of geometri-
cally imperfect porous FGP with a von-Karman sense
of geometric nonlinearly. A generic function has also
been developed to account for both even and uneven
porosity distribution in FGP. The equilibrium, stabi-
lity, and compatibility equations for the rectangular
imperfect porous FGP have been derived based on four
variable refined plate theory. The trigonometric shear-
strain function has been used in the present article for
the first time for FGP. The same function was first
given by Suganyadevi and Singh** for laminated com-
posite plates. The effect of geometric imperfection, geo-
metric configuration, gradation rules, and porosity
including on the nonlinear buckling behavior of FGP
has been studied in detail.

Geometric configuration and effective
materials properties of FGP

The geometric configuration of the FGP with dimen-
sions (¢ X b X h) in the Cartesian coordinate system
is shown in Figure 1. A new mathematical model has
been developed to accommodate the porosity distribu-
tion in the plate as given in equation (1). A specific
attribute of the present model is that it includes both
even and uneven distribution of porosity reported in
the literature.*”

z NG
E@)=E,+ En|+ + 3

h 2
— (E, + E.)tan™! C) (1 - 2B|Zh|>
z N (1)
ar(z) = ay + am (h + 2>
— (e + a.)tan”! (%) (1 — 23%')
where
Eyw=E —E,
o~ S @

where “A” indicates the porosity volume fraction which
ranges from 0 to 1. If A = 0, it represents that the plate
is nonporous whereas as the value of A increases, por-
osity in the plate increases. Whereas B (0 < B < 1)
is porosity distribution factor. When B =0 and B = 1
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Figure 1. Geometric configuration of porous FGP.
present the even and uneven porosity distribution du n 1 [dw\?
respectively. “z” is the thickness coordinate variable, / dx 2 \dx
is the thickness of the plate, and k is the power-law Exx dv 1 /dw\2
index. We assume that the modulus of elasticity E(z) A L ,
. . . dy 2 \dy
and the coefficient of thermal expansion a7(z) vary in Yy . dv A\ /e
the thickness direction “z.” The ceramic part has high- — + — + <—> <—>
temperature resistance and the metal part inhibits the ddy jx dy ) \dx
fracture under thermal loadings. a4
Y-\ _ ) dy dz
eren s oy . Yz dw N du
Equilibrium, stability, and governing @

equations for buckling analysis Using equations (3) and (4)

The FGP under the various combination of in-plane

compressive edge loads 8, and 8,, uniformly distribu- Exx & K[;cx K.,
ted along the edge x = 0, a and y = 0, b, respectively, is ey = sgy + 2 Kj’,y +L{ K},
h in Fi 2. ’
shown in Figure Yo Y?Cy Kfcy K,
. , Vyz Yy
Structural kinematics { ’ } = g(Z){ yﬁ }
Xz Xz
In the present paper, new structural kinematics has
been introduced for FGPs. The shear-strain function is ~ Where
based on trigonometric function, which was initially dug N 1 (dw\?
given by Suganyadevi and Singh.** 0 A 2 \dv
XX 2
B awp oWy 80, = @ + l d_W
u(x’yaz)i uo(X,y)—Za—x(X,y)Jrf(Z) ax (X,y) ’;}0} dy 2 dy
wy, g 3) W dug  dv aw\ (dw
v(x,y,z) = vo(x,y) —z—(x,y) + f(z) —(x, 4 2 (=)=
(x,3,2) = vo(x, ) ay(y) f()ay(y) & dx AV
w(x,y,2) = wp(x, ) + wy(x,y) wy
2 )
where K7, ;2’):1} K
ko V- _ )T K,
fiz) = sin(2.5z/h) cos (2.5z/h) — (2.5z/h) cos (2.5) o ;gyz e
Xy w Xy
Here, u and v are the mid-plane displacements of the de
plate in the x-and y-direction, respectively whereas, wy, Pw Y
and w, are the bending and shear components of trans- 23 J
verse displacement, respectively. The von-Karman jzx . Ws
sense of geometric nonlinearity has been incorporated =_ Ws , Y2\ _ ) dy
dy? Vi dwy

in the strain-displacement relations for non-linear beha- 5
vior as given below.'>!¢ d“wy dx
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Figure 2. The loading conditions of rectangular functionally graded plate: (a) uniaxial compression along x-axis, (b) biaxial
compression, and (c) compression in x direction and tension in y direction.

L=-f(2), g2)=1+7"() (6b)

The generalized Hook’s law for FGM plate is defined
20
as

1oy 0 0 7
O xx v 1 0 0 0
Tyy 00 =Y o o
; _ E(z) >
&4 [ -
1 0 0 o 0
Txz 1 —
00 0 0 . !
—ar(z)AT
&y — ar(z2)AT
Yxy
Yy
‘YJCZ

(7)

The forces and moments per unit length of the plate
expressed in term of the stress component through the
thickness are®

Nxx Ml;x Mi\ h/2 &xx
Ny, Mg} M, | = J oy p[1 z Lldz
N. Xy Mxy Mi —h/2 Txy
(8)

h/2
2 Ty
SR CHRERE )
vz yz

—h/2

Substituting equations (1), (5), and (7) into equations
(8) and (9), gives the constitutive relations as

Ey

Ny = ﬁ(ggx +vE)) + > 2 (kb + vk?)
1 + v
I k) iwo

_ E 0 Ey ., b
Ny, = — 2 (&), T vey,) + T (ky, + vky.)
s 1+
+ Il(kyy + kacx) - (1 _ V2) (d)l)
E 0 K, b 1 s
= + e
No =500 T T T T
(10a)
Moo= B (° 4+ ved ) + (k> + vikb)
R yy 1] —y25 Y
1+
k) - ﬁwg
M, = 2@ V) T kb, + vk
o 2w xx 2
1+v
I, + k) — L )w»
(1I-v?)
E E
b _ 2 0 3 b
- +
Mo = 2+ " T nte
L
(1 +v) ™
(10b)
s _ I o 0 b b
Mxx - 1 _ Vz (Sxx + Vé’yy) + 2 (k + Vk )
' 1+
I, +kn—( %@)
P
s I] 0 0 b b
M)’}’ = m(gyy + Vgxx) + 1 — v2 (kyy + kax)
1+
e 1
S L L L
= - -
My =30yt Trgke T Tam ke
P 4
TR (100)
. C
K ')’;Z

w1+t
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where
hy2
b1 by sl = J E@ar@[l z L]AT(x,y.2)dz
—h/2

(11)

From the principle of virtual displacement, the govern-
ing equations obtained as*

Nxx,x + ny,y =0
Ny y+ Ny =0

b b b _
Mt M)} w T ZMV} o T Nw)=0
Mfc\ xx + Mf} yy + 2Miy xy + Qf‘:,x + erz,y + N(W) =0

(12)

The equilibrium equation of a perfect FGP may be
expressed as

Nxx ‘C‘(+N)}}l 2Nx1 \1:0
Mwbcwc w T M}bl »y + 2M{7a Xy T Nw)=0

s s S s s ) —
M\‘c XX + M\} »y + ZM‘C} Xy + sz,x + Qy:,y + N(“’) 0

(13)

When substituting the equation (10) into the equation
(13), the governing equations can be degenerated as

D,V*w, + D,V*w, — Nw) =20 (14)
D‘YV4wb + JT-IXV“WY — Asvzws —Nw)=0
where
& d*
N(w) = N,Oxx@(wb + wy) + Ng},W(wb + wy)
&
2 b+ W
N(iL dxdy (wp + wy)
& & d* d* d*
2 4 4 4a_ 4 4
v dx>  dy? and NV dx*  dy* dx2dy?

To incorporate the geometric imperfection in the FGP,
the imperfection function w*(x,y) has been added to
the displacement component w. To consider imperfec-
tion, the displacement component w;, + w; shown in
equation (14) must be replaced by wj, + w; + w*.
Hence, the equilibrium equation (14) are modified as®

DyV*wy, + DV w, — Ni(w) = 0 15
D V4w, + HV wy, — AV w, — Ni(w) =10
where
&L
N(w) = Ngxﬁ(wh + wy + w")

d2
+ NgyW(Wb + ws + w)
2

d
+2N° + oy +
2 vy ——(wp + wy + W)

Let us presume that the state of equilibrium of FGP
subjected to load is using displacement components
(® v° w9, w?). The displacement element of a neighbor-
ing state of stable equilibrium differs by (u' v' w},wl)
and w) to the equilibrium position. Thus, the total dis-
placement of a neighboring state is
O+ 1,

u:u0+u1,v: Wb:wbo—i-wb1

(16)

wy = wSO + le

Correspondingly, the force resultant of a neighboring
state can be related to the state of equilibrium as'>'®

Nxx:Ngx'i'ANxX Nyy:
Ny =Ng, + AN,

Ny AN,

where A Ny, AN, s and A N, are the increment corre-
sponding to (u' v! andw,',w ') respectively. Now, let
le,Nl and Nl indicate the parts of AN,, AN, and
AN,, that is linear in ' v andw}', w). Regarding
linear force addition, the above relation is written as

follows

Ny =N +ANL N,
_ 0 1
Ny = N2, + AN},

_ A0 1
= ]v_vy + ANW (18)

The stability equations are obtained by substituting
equations (16) and (18) in equation (15). In the above
equations, the temperature variation varies linearly
along x- and y-direction. Subscript 0 represents the equili-
brium condition. The nonlinear term with subscript 1 has
been ignored because they are small compared to the lin-
ear terms. The remaining terms form the stability equa-
tions of imperfect FGP under load as follows

D;,V4W] + D,V4w! wy — Na(w) =0

19
V4wb + HSV“W; — V2w — Ny(w)=0 (19)
where
Ny*NOd + +N°d2 b+ ow!
H(w) = g z(wh W, ) },),W(wb wy)
2N° ik + +wd + W) +
de(wb w)f wdz(wb w w")

2

Udd(wh-i-w + w)

&
N1 dz(wb+w +w*) + 2N

Again considering the first two equations of equation
(12) for the stability condition.

1 1
N:xx—i_Nl‘a‘c_O (20)
N1}¥+nyx_0

The subscript 0 and 1 symbolize the state of equili-
brium and state of stability conditions respectively.
Considering the equation (20), a stress function f may
be expressed as®
Ny =fy Ny=fa

=—fw (21)
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Substituting equation (21) into equation (19) leads to

DyVHwh + DVAw! —
DV,

N3(W) =0
+ H, V4w — A‘szwi — N3(w) =0

where

d
N3(w) = Noyd z(wb +w )

X.

&
+ N, o —— (wy + wh) + 2N‘3}ﬁ(w; +wy)

&L
2(”2 + WO +w )}

. [

d2
+ flax [dy2 (wg + w? + w)

fx}{dz (wb+w +w)}

This equation represents the stability equation of a
geometrlcally imperfect FGP. Assume &), &) | and
Vm indicates the parts of the strain element which are
linear in (u}, v} andw}, w!). These strains can be created
in terms of the displacement components, applying
equations (6), (16)—(18) with consideration of the imper-
fection term w*, as?>2°

& ”0 x 0
82},1 { Vo . 0
Y, up,, Vo, x
(wg wd .+ )(wb Ltwh
(Wb + W?} + w’y)(wb’y + ws’y) (23)
W+ Wl o+ W)y, , T wi )
0
+ 0
(ub y T w yTwr )(wb .t w o)

Using equation (23),
equation is written as®

the geometrical compatibility

0 0

8\\1 »y + ‘01}1 XX yvyl Xy 2(wb xy + Ws Xy + W* )

(wb w T nv w) (Wh w T wv W U)(wb o T WY )
(wb ot ng ot n*u)(wb Wt ws”)

(24)

From the constitutive relations (10a), one can write

1 \)

82.&1 = E| (Nxx] - VNyyl - E2K.l?(x1 — Ile‘xl + ¢11)
1

0 _

N E(Nm = WNawt — Esz K+ é1)

0 _
Yyl = xyl IlKY\l)

Eil[(l + V)N\‘yl - EZKb
(25)

Substituting the above equations in equation (24), with
the aid of equation (21), leads to the compatibility
equation of an imperfect FGP

1
— VY = Nsw) =0 (26)
E;
where
2 2
Ny(w) = 2[ddd (w +w ) [ d (wb + wO +w )}

& &
- [ﬁ (w) + w! )} L{—yz W)+ wd + w*)} -

{% (w,l7 + w},)} [%(wg + wg + w)

Equations (15), (22), and (26) are the basic equations
used to obtain the critical buckling load of an imperfect
FGP.

Mechanical buckling analysis

Boundary conditions and final expression for critical
buckling load

Assume a rectangular imperfect porous plate made of
functionally graded materials with simply supported
boundary conditions under in-plane loading in two
directions as shown in Figures 1 and 2. The boundary

conditions are defined as'>'®
u=v=w=M,=0 on x=0,a
(27)
u=v=w=M,=0 on y=0,b

The buckling forces are calculated by solving the equili-
brium equation (15). These forces are obtained as'>'®

Ox 8,

R

XX b yy

Ny, =0 (28)
The geometric imperfection function in the transverse
direction has been added using the following expres-
sion.”!® The various modes of geometric imperfection
have been shown in Figure 3.

w(x,7) = ph sech[8)(x/a — i)
cos[um(x/a — )] sech[d2(y/b — )]
cos[uym(y/b — )]

where the coefficient w varies in the range of 0 to 1.

The following analytical solution is seen to satisfy
both the equilibrium equation (15) and the edge condi-
tions represented by equation (27)'*

(29)

wg(x, y) = Z Z B, sm 51 %
m=1ln=1
mn=12,.... (30)
I’l7TX
W?(x, )= Z Z S Sll’l b

m=1ln=1
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61=0; u=0; y1 =0; 8,=0; 1,=0; y, =0

(a)

0054--"

-005 4.+

01=0; =55 ¥y =155 6,705 =7, v, =1.5

(c)

0 o

8r=0; =15 1 =0.5; 8,=0; po=1; y, =0.5

(b)

Figure 3. Perfect and geometrically imperfect FGP: (a) perfect FGP, (b) sine type geometrically imperfect FGP, and (c) global type

imperfection (G1).

From equation (15),

By = CSpn (1)
wh(x,) = Cnl(x, y)
where
_ 24 g2+
_ (H, = D)@+ )+ 4, -

(Dy — Dy)(@? + B7)

where, B,, and S,, 1s a constant -coefficient.
Substituting equations (28)—(31) into the third equili-
brium equation (15), the constant S, is obtained and
the final approximate solution can be written as

WO(x, y) =
(_ %X) (fox + yw,*yy
(CDy + D)(a? + B2 —3:(a® + yB2)[1 + (]

sin ax sin By

(33)

where

()0

Here, vy is a load ratio non-dimensional constant that
relates one independent load parameter to another.

To solve both equations (22) and (26) with the add-
ing of the boundary conditions (27), the approximate
solutions can be considered as

wi(x, ) = Z Z Wpmn Sinax sin By

m=1n=1
w;(x,y) = Z Z W sinax sin By myn = 1,2,
m=1n=1
Six,y) = Z Z Fonsinax sin By
m=1ln=1

(34)
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Using equation (19)

Vmen
wy(x, ) =

= C WS‘I’H}’I

35
Cwi(x, ») (33)
where Wy, Wamm and F,,, are constant coefficients
that depend on m and n. Substituting approximate solu-
tions (28), (34), and (35) into both equations (22) and
(26), we get

Dy(a® + B2 Cw! + Dy(@® + B w! — N, (w) =0
(36a)
where
Mot = (-5) 42 €1+ wl
dZ
+ 'y(— b) o [(C+ Dw!]— H: Fy, (36b)

@+ B Hyyy Wo(C+ 1) = 0
1

Ry = Dy(@* + B*)* CWyy, sin axsin By
+ Dy(a® + B*)? Wy sinaxsin By

_ <%> (a2 + %32)[(C + I)W\'mn sinax Sll’lﬁy] + H:man

1
Ry = f(a2 + B Fyysinaxsin By — HY\ Wep(C + 1)
1

(37)

where R; and R; are the residues of the equation (36),
which can be solved by the Galerkin’s method after tak-
ing the orthogonally concerning the approximate solu-
tions as®

R sinax sin Bxdxdy =0

Ry sinax sin Bx dxdy = 0

S e O —
O — O — >
—

(U%)

o0
S~—"

The determinant of the system of equation (38) for the
coefficients Wy, and W, 1is set to zero, which
obtained the implicit expression for imperfect porous
FGM plate

8o (CDy + Dy)a? + B2 + 512452 39
b (@2 + yBH)[C + 1] (39)

where

b
J " Sinaxsin By dx dy
0

O%a

E(C+ 1)

{7’}

S2 =

d2
H,, = {a |:d2[(c+ l)w + w* )]]

+ B [ S[(C+ D +w ]}} sin ax sin By

2

d
+ 2a {dxdy

[(C+ Dw? + w*]| cosaxcos By

If the sinusoidal type of geometric imperfection func-
tion® has been used, the explicit expression for critical
buckling load of imperfect porous FGP can be given as

Ber _ (CDy + DY@ + B + (Hy)'" 40
b (@ + yBH)[C + 1] (40)

where

_1024(C + Da?BE (uh)*D*(a? + B2’[CDy + D,
mn 9a2b2

Note that these equations are calculated for odd values
of m and n. The critical buckling load is the smallest
value of the given values of the load ratio y and the
aspect ratio ¥(a/b). When substituting w =0, the
imperfection term H,,, is zero, and equation (40) is
reduced to the buckling of a perfect FGP.

8o (CDy + Dy)(a? + B2

5 - ‘ 41
b @+ yBICH I 4
where
p, = LE — B2 _bBE-5
R T By
_EL-D L
OB -7 T 2(1+)
h/2
B B Bl [ E0D 2 2l
—h/2
h/2
(L L L L= JE(Z)L[I z L #}dz
—h/2

Thermal buckling analysis

A fixed-simply supported FGP is assumed to be under

thermal loading. The edge conditions are'>'¢
u=v=w=M,=0 on x=0,a (42)
u=v=w=M,=0 on y=0,b
The prebuckling resultant forces are defined as'>'¢
_ _ 4 _
(43)

where, the thermal parameter ¢, is given by equation
(11). Substituting equations (29)—(31) and (43) in the
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equilibrium equation (15), the prebuckling deflection
wo subjected to the thermal load is obtained as

Wi, (x,y) =

¢ . -«
(— (1_‘},)) Wy T w7))

(CDy + D@ + B — () (@ + BA[1 + €]

sin ax sin By
(44)

Similar to the above-discussed solution procedure, sub-
stitution of equations (29), (43), and (44) in equations
(22) and (26) yields a set of three differential equations
with three incremental variables w', f and u  + uj ..
Using the approximate function given in equations
(34), with equations (22) and (26), the residue has been
made orthogonal. Finally, the implicit equations of the
unknown thermal parameter ¢, is calculated as

b, (CDy + D)@+ B2 + S13.% 527
(I-v (@2 + B)[C + 1]
(45a)

ab
Sly = JJH:;mT sin ax sin By dx dy

00
S2y = El(C + ])

{ g )

2 [ &

H,, = {a W[(C + l)wgr + w*)]}

2
+ B2 [% [(C+ l)wgr + w*]|} sinaxsin By

2

d
+ 2ap ledy

[(C+ l)wgr + w*}] cosaxcos By

If the sinusoidal type of geometric imperfection func-
tion® has been used, the explicit expression for critical
buckling temperature of imperfect porous FGP can be
given as

¢1 _ (CDy+ D)@ + BN’ + (Hm)"?
(- (a2 + BAIC + 1]

(45b)

Uniform temperature rise

The initial temperature is considered 7;. The tempera-
ture is uniformly raised to a final value 7y. The tem-
perature change is AT = Ty — T;. Using equations (1),
(11), and (45), the buckling temperature change is cal-
culated as

¢

A Tye = — (46)

Table I. Various properties of FGMs.'"'?

Material Material properties
Young’s modulus (GPa) Thermal expansion (ar)
Al 70 23 x10°¢
Al,O; 380 74 x107°¢
SiC 420 44 x107°
where
h/2
Ly = J E(z).ar(z)dz (47)
—h/2

The critical buckling temperature change ATy, is the
smallest value of AT. It is clear from equation (34), and
equation (45) that the ATy, can be obtained after sub-
stituting m = 1 and n = 1 in equation (46). Substituting
w =0 or k=0, equation (46) is reduced to ATy, for a
perfect FGP or a homogenous imperfect plate
respectively.

Buckling of imperfect FGP under linear longitudinal
temperature change

Assume a linear temperature variation along the x-
direction as*>%¢

T(x) = AT(g) + T, 0<x<a (48)
where

AT=T,-T)
Here, T, and 7, are the temperature at sides

x = a and x = 0, respectively. Following a similar pro-
cedure, ATy, is derived as

ATLz’r = ZATUcr (49)

Numerical results and discussion

To examine the effectiveness of the current exact
expression, several illustrations of the thermal and
mechanical buckling response of FGPs have been pre-
sented in this section. The subsequent section has been
divided into two parts. In the first part, validation stud-
ies have been given whereas in the second part, new
results have been provided. The influence of geometric
configurations, porosity inclusion, geometric imperfec-
tion, and power-law index on the stability of FGPs
have been investigated. The material properties of
FGPs are listed in Table 1.



10

Journal of Strain Analysis 00(0)

Table 2. Comparison of the critical buckling load 6..(MN) of simply supported Al/Al,O5 perfect plate subjected to different kinds of
loading versus side-to-thickness ratio ¢ (a/h) (¢=0.5,k=1,u=0,A=0).

Y Method Side-to-thickness ratio ¢(a/h)
5 10 20 30 40 50
0 Present 239.490 32.485 4.149 1.234 0.521 0.267
CPT® 267.480 (10.464)*  33.435(2.841) 4.179 (0.717)  1.238 (0.323) 0.522 (0.191)  0.267 (0.000)
FSDT'® 243.410 (1.610)* 32.628 (0.438)  4.154 (0.120)  1.235 (0.080) 0.522 (0.191)  0.268 (0.373)
HSDT?! 239.150 (0.142)* 32,472 (0.040)  4.149 (0.000)  1.234 (0.000) 0.522 (0.191)  0.267 (0.000)
Thai and Choi'*  239.145 (0.144)* 32472 (0.039)  4.148 (0.024)  1.234 (0.000) 0.521 (0.000)  0.267 (0.000)
| Present 191.592 25.988 3319 0.987 0417 0.214
CPT® 213.990 (10.467)*  26.748 (2.841)  3.435(3.337)  0.990 (0.303) 0.417 (0.000)  0.214 (0.000)
FSDT'® 194.730 (1.611)* 26.103 (0.441)  3.323 (0.120)  0.988 (0.101) 0.417 (0.000)  0.213 (0.140)
HSDT?! 191.320 (0.142)* 25.978 (0.038)  3.318 (0.003)  0.987 (0.000) 0.417 (0.000)  0.213 (0.140)
Thaiand Choi'*  191.316 (0.144)* 25.977 (0.040)  3.318(0.003)  0.987 (0.000) 0.417 (0.000)  0.213 (0.140)
-l Present 319.320 43313 5.532 1.646 0.695 0.356
CPT® 356.640 (10.464)*  44.580 (2.842) 5572 (0.717)  1.6511 (0.308)  0.696 (0.143)  0.356 (0.000)
FSDT'® 324.540 (1.608)* 43.505 (0.441) 5.538(0.108)  1.646 (0.000) 0.695 (0.000)  0.356 (0.000)
HSDT?! 318.860 (0.144)* 43.296 (0.039) 5531 (0.018)  1.645 (0.060) 0.695 (0.000)  0.356 (0.000)
Thai and Choi'*  318.860 (0.144)* 43.296 (0.039) 5531 (0.018)  1.645 (0.060) 0.695 (0.000)  0.356 (0.000)

*In parenthesis *

%difference = Reference~Present w¢ 100.

Reference

Table 3. Comparison of the critical buckling loads &,(10°KN) for a simply-supported Al/Al,O; perfect plate subjected to different
kinds of loading versus the side-to-thickness ratio ® (b/h).

y Method Side-to-thickness ratio @ (b/h)
10 20 100
0 Present 239.490 32.485 0.267

Shariat and Esalmi'®

Mohammadi et al."'
| Present

Shariat and Eslami'

Mohammadi et al."'
=1 Present

Shariat and Eslami'

Mohammadi et al."'

8

8

243.410 (1.610)*
243.407 (1.609)*
191.592

194.730 (1.611)*
194.725 (1.609)*
319.320

324.540 (1.608)*
324.542 (1.609)*

32.628 (0.438)
32.628 (0.439)
25.988

26.103 (0.440)
26.102 (0.437)
43313

43505 (0.441)
43.504 (0.440)

0.267 (0.000)
0.267 (0.000)
0214

0.213 (0.469)
0.213 (0.469)
0.356

0.356 (0.000)
0.356 (0.000)

* ic «%di — Reference~Present
In parenthesis *%difference e resent X1 00.

Validation studies

Example 1: In the first example, the buckling analysis
of a simply-supported Al/Al,O3 perfect FGP is studied
and compared with the results presented by Thai and
Choi."* The side-to-thickness ratio ¢(a/h) varies from 5
to 50 and FGP is subjected to various loading condi-
tions. It is observed from Table 2, that the percentage
difference between the current outcomes and the
referred results are 0-10.50%, 0-1.62%, and 0-0.15%
for CPT,* FSDT,'® and HSDT?' respectively for all the
side to thickness ratio ¢ under various loading condi-
tions. The present results are in good agreement with
the reported results.

Example 2: In the second example, the critical buck-
ling loads &, of simply-supported perfect Al/Al,O5 rec-
tangular FGP are represented in Table 3. The
computed results are compared with those presented by
Mohammadi et al.'' and Shariat and Eslami.'® In both
the reported papers, authors have presented the exact
solution for buckling response based on higher-order

3.00E+006 T T T T T
= TSDT A
2.50E4006 - |®  Present :
4 CPT
2.00E+006 | POt
b=0.5
1.50E+006 k=1 H
n=0.25
yw=0.5 p 4
7=0 '

1.00E+006

5.00E+005 3 b

Critical buckling load &,,(KN)

0.00E+000 | B a8 & 4

0.00 0.05 0.10 0.15 0.20
Thickness-to-side ratio(1/d)

Figure 4. Comparison of critical buckling load 6.(N) of simply-
supported Al/Al,O3 FGP with geometric imperfection and non-
porous subjected to uniaxial compression versus thickness- to-
side ratio.
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Table 4. Critical buckling load 8,(103KN) of Al/SiC FGP (u=0,A =0) versus ¢ ratio with power-law index k subjected to different

kinds of loading (y=0,1, — 1, ¢=0.5).
Y k Side-to-thickness ratio (¢)
5 10 20 40 50
0 Ceramic 520.813 71.650 9.188 1.156 0.592
| 257.478 34.887 4.455 0.560 0.287
5 155.450 21.881 2.825 0.356 0.182
10 138.775 19.810 2.568 0.324 0.166
Metal 106.212 14.822 1.908 0.240 0.123
| Ceramic 416.651 57.320 7.350 0.925 0.474
| 205.983 27910 3.564 0.448 0.229
3 124.360 17.505 2.260 0.285 0.146
10 111.020 15.848 2.054 0.259 0.133
Metal 84.969 11.858 1.527 0.192 0.099
— Ceramic 694418 95.533 12.250 1.541 0.790
[ 343.305 46.516 5.939 0.746 0.382
3 207.267 29.175 3.766 0.475 0.243
10 185.033 26413 3.424 0.432 0.221
Metal 141.615 19.763 2.545 0.320 0.164
T T T T T 4000 T T T T T
AG 10000 = CPT n N
s —e— FSDT . 0or 1
8 gooo | | 4 TSDT . € 3000} .
) v Present . =
L )
S 6000 . o 2500 - T
o S
E, @ 2000 -
o 4000 | - =
-% S 1500 1
3 2000} . 8 1000 L ]
8 £
= O
5 ol i 500 | -
0.00 0.05 0.10 0.15 0.20 0 0 2'0 4'0 elo slo 1(')0

Thickness-to-side ratio (1/®)

Figure 5. Critical buckling temp change AT, of simply-
supported Al/Al,O; imperfect FGP under uniform temp rise.

shear deformation theory (HSDT). It is observed that
the percentage difference between the present results
and reported results are approximately 0-1.62% for all
the side to thickness ratio ®(b/h) under various loading
conditions.

Example 3: In the third example, the comparison of
the critical buckling load ., of geometrically imperfect
FGP with the various thickness-to-side ratio (1/®) is
illustrated in Figure 4, based on CPT, third-order shear
deformation theory (TSDT),!® and current HSDT. The
non-porous geometrically imperfect FGP is investi-
gated under in-plane uniaxial compression loading. It is
noticed that the CPT overestimates the buckling load,
especially for thick plate while TSDT and recent HSDT
give the results very close to each other for thick as well
as thin plates.

Side-to-thickness (®)

Figure 6. Critical buckling load 8., of simply supported Al/SiC
Sine-type geometrically imperfect non-porous FGP versus side-
to-thickness ratio ¢ with different load (h =0.005).

Example 4: In the last example, a comparison of the
critical buckling temperature difference AT, of non-
porous geometrically imperfect FGPs versus various
thickness-to-side ratio (1/®) subjected to uniform tem-
perature rise is illustrated in Figure 5, using CPT,*
FSDT,?® TSDT,' and present HSDT. It can be seen
that the current outcomes match excellently with
TSDT.

Numerical illustrations

After validation of the present formulation, various
numerical illustrations for the buckling analysis of Al/
SiC have been examined in the following section. The
influence of volume fraction index, porosity inclusions,
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Figure 7. Critical buckling load 8., of simply supported Al/SiC
Sine-type geometrically imperfect non-porous FGP versus
imperfection amplitude w with different load.

Figure 9. Critical buckling load &, of simply supported Al/SiC
geometrically imperfect non-porous FGP under biaxial
compression versus aspect ratio iy with imperfection amplitude w.
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Figure 8. Critical buckling load 8., of simply supported Al/SiC
Sine-type geometrically imperfect non-porous FGP under biaxial
compression versus aspect ratio i with power-law index k.

geometric imperfection, and several loading conditions
on the critical buckling load and critical buckling tem-
perature have been investigated extensively.

Table 4 shows that the critical buckling load &, of
perfect FGP under uniaxial compression (y = 0), biax-
ial compression (y = 1), and combined compression
and tension (y = — 1) are presented. It is noticed that
the critical buckling load increases with decreasing the
power-law index k as well as the side to thickness ratio
¢. It is expected because as the power-law index k
decreases, metallic content in FGP decreases, conse-
quently stiffness increases. On the other hand, as a side
to thickness ratio ¢ increases, the FGP is transfigured
from thick to thin, therefore the stiffness decreases. The

Figure 10. Critical buckling load 8., of simply supported Al/SiC
Sine-type geometrically imperfect porous FGP versus aspect
ratio i with porosity index A under biaxial compression (B = 0).

critical buckling load for the perfect plates subjected to
uniaxial compression is greater than biaxial compres-
sion and less than combined compression and tension.
Figures 6 and 7 present the variation of the critical
buckling load 6., of FGP with side-to-thickness ratio ¢
and imperfection amplitude u respectively. It is evident
from the results that the critical buckling load . of
geometrically imperfect porous FGP increases with the
imperfection amplitude, whereas it decreases with an
increase in the side-to-thickness ratio for all types of
mechanical loadings. It is also observed that the critical
buckling load . is maximum and minimum for the
FGP subjected to combined tension and compression,
and Dbi-axial compression loading conditions,
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Figure 11. Critical buckling load &, of simply supported Al/SiC
Sine-type geometrically imperfect porous FGP versus aspect
ratio ¢ with porosity index A under biaxial compression (B = 0.5).
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Figure 12. Critical buckling load 6., of simply supported Al/SiC
Sine-type geometrically imperfect porous FGP versus aspect
ratio ¢ with porosity index A under biaxial compression (B = 1).

respectively. It is found that as a side to thickness ratio
increases from 10 to 100, the difference amongst the
critical buckling load &, decreases under various
mechanical loading. It is also noticed that for the com-
bined tension and compression type of loading, the
influence of geometric imperfection is least.

Figures 8 and 9 show that the critical buckling load
6. of FGP under biaxial compression (side to thickness
ratio and volume fraction index as 100 and 1, respec-
tively) for different aspect ratio and modes of geometric
imperfection. It is evident from Figure 8 that the criti-
cal buckling load ., for a metal plate (k > 0) is lower
than the fully ceramic (k = 0) due to the higher stiffness
of ceramic. It is clear from the results that as the aspect
ratio s increases, the critical buckling load ., decreases
monotonically for all the volume fraction index k. It is

Figure 13. The critical buckling temperature change AT, of
simply-supported Al/SiC Sine-type geometrical imperfect non-
porous FGP under uniform temp rise versus aspect ratio iy and
power-law index k.

5000 T T T T T
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Figure 14. The critical buckling temperature change AT, of
simply-supported Al/SiC Sine-type geometrical imperfect non-
porous FGP under uniform temp rise versus side-to-thickness
ratio ®(b/h) and power-law index k.

noticed that the change in critical buckling load &., due
to volume fraction index in more for the aspect ratio i
up to 2.5. On the further increment in the aspect ratio,
lead to marginal changes in the buckling load. In
Figure 9, two-type of geometric imperfection modes
that is, Global (G1) and Sine-type have been consid-
ered. It is evident that G1 type imperfection has more
effect on the buckling behavior of FGP compared to
Sine-type imperfection. It is notable that the critical
buckling load 6. increase when increasing the imper-
fection amplitude u.

Figures 10 to 12 illustrate the buckling response of
porous FGP under bi-axial compression. The effective
materials properties of porous FGP have been
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Figure 15. The critical buckling temperature change AT, of
simply-supported Al/SiC geometrical imperfect non-porous FGP
under uniform temp rise versus aspect ratio ¢ and imperfection
size u.

Figure 17. The critical buckling temperature change AT, of
simply-supported Al/SiC sinusoidal geometrical imperfect
porous FGP under uniform temp rise versus aspect ratio iy and
porosity index A (B = 0).
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Figure 16. The critical buckling temperature change AT, of
simply-supported Al/SiC sinusoidal geometrical imperfect non-
porous FGP under uniform temp rise versus imperfection size w
and power-law index k.

estimated using equation (1). It is noteworthy that
when B = 0, the FGP will be having even porosity dis-
tribution whereas for B = 1, FGP will possess uneven
porosity distribution. It can be seen from the results
that when the porosity volume fraction A increases, the
plate becomes more flexible therefore, the critical buck-
ling load &, decreases. Critical buckling load &,
increases as the porosity distribution changes form even
(B =0) to uneven (B = 1).

Figures 13 and 14 show that the variation of critical
buckling Temperature change AT, of geometrically
imperfect non-porous FGP with volume fraction index
k, side-to-thickness ratio ®, and aspect ratio ¢ under

Figure 18. The critical buckling temperature change AT, of
simply-supported Al/SiC sinusoidal geometrical imperfect
porous FGP under uniform temp rise versus aspect ratio ¢ and
porosity index A (B = 0.5).

uniform temperature rise. It is clear from the results
that AT, increase with decreasing the aspect ratio ¢,
side-to-thickness ratio @ as well as the volume fraction
index k. The increment is marginal for aspect ratio and
a side-to-thickness ratio @ greater than 3.5 and 30,
respectively.

It is clear from Figures 15 and 16 that the critical
buckling temperature change A7, depends on the
imperfection amplitude w. It is clear that the presence
of geometric imperfection leads to an increase in the
critical buckling temperature. Its value is maximum for
G1 type of imperfection whereas minimum when the
plate is geometrically perfect. It is also noticed that the
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Figure 19. The critical buckling temperature change AT, of
simply-supported Al/SiC sinusoidal geometrical imperfect
porous FGP under uniform temp rise versus aspect ratio ¢ and
porosity index A (B =1).
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Figure 20. The critical buckling temperature change AT, of
simply-supported Al/SiC sinusoidal geometrical imperfect non-
porous FGP under longitudinal temp changes versus aspect ratio
i and power-law index k.

critical buckling temperature AT, decreases as the vol-
ume fraction index increases.

In Figures 17 to 19, the critical buckling temperature
AT,, of porous FGP (for k = 1, ¢ = 100, and p = 0.5)
under uniform temperature rise has been investigated.
The effective materials properties of porous FGP have
been computed using equation (1). It can be seen from
the results that the critical buckling temp change AT,,
increases with increasing the porosity volume fraction A
and decreasing the aspect ratio . It is noteworthy that
the influence of porosity on the critical buckling tem-
perature change decreases as the aspect ratio increases.

It is also observed that the Critical buckling tempera-
ture change AT, decreases as the porosity distribution
changes form even (B = 0) to uneven (B = 1).

In Figure 20, the critical buckling temperature
change AT,, of FGP when it is subjected to linear long-
itudinal temperature variation has been shown. The
temperature variation has been given using equation
(48). It is observed that the change in buckling tem-
perature is almost double compared to the case of FGP
under uniform temperature rise.

Conclusion

In the current paper, equilibrium, stability, and com-
patibility equations for simply-supported geometrically
imperfect porous functionally graded plates are derived.
The derivation is based on the four variable refined
plate theory with a von-Karman sense of geometric
nonlinearity. The buckling response of FGP under sev-
eral geometric configuration and loading conditions
has been explored. It is concluded that:

e The buckling load of a perfect FGP is less than a
geometrically imperfect plate.

e The critical buckling load of an FGP is propor-
tional to imperfection amplitude w.

e The changes in an aspect ratio s of the plate lead
to changes in the buckling mode of the plate
considerably.

e The classical plate theory overestimates the buck-
ling load whereas the third-order shear deformation
theory and four variable refined plate theory deliver
the result very close to each other for thick as well
as thin plates.

® The critical buckling load &, for the FGPs increases
with the decreases of aspect ratio y(a/b).

e The critical buckling load &, for the FGP increases
with decreases in the side to thickness ratio ¢ or ®.

e The critical buckling load &, for the plates under
biaxial compression is less than the plates under
uniaxial compression.

e The critical buckling load .. for the plates under
uniaxial and biaxial compression is less than for
plates under combined tension and compression.
This conclusion suggests that the addition of a ten-
sile load in the transverse direction is seen to have a
stabilizing effect.

e The critical buckling load 8., for FGP decreases as
the porosity volume fraction A increase.

e (Critical buckling load 8., increases as the porosity
distribution changes form even (B = 0) to uneven
B=1).

e The critical buckling temp change AT,, of an FGP
is proportional to imperfection amplitude w.

® The critical buckling temp change AT,, for the FGP
increases with decreases in the side-to-thickness
ratio ¢(a/h) or ® (b/h).
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The critical buckling temp change AT,, for the FGP
generally increases with decreases in the aspect ratio
.
The plate under linear longitudinal temperature
change AT}, is twice that of the plate subjected to
uniform temperature change AT,,.

The Critical buckling temperature change AT,, for
FGPs subjected to global imperfection is higher
than for plates with sine-type imperfection.

The critical buckling temp change AT, for the FGP
increases as the porosity volume fraction A increase.
The Critical buckling temperature change AT,
decreases as the porosity distribution changes form
even (B = 0) to uneven (B = 1).
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Appendix |

Notation

a the length of plate

b the width of plate

h the thickness of plate

K power law index

ar coefficient of thermal expansion
u, v, w mid-plane displacement

Uy, Vo, Wo initial displacement

fl2) shear strain function
Y(alb) aspect ratio

S critical buckling load

E. Young modulus of ceramic
E,, Young modulus of metal
ojj stress

&ij strain

v load ratio

n imperfection amplitude
d(alh) side-to-thickness ratio

A porosity volume fraction
D(b/h) side-to-thickness ratio

AT,, critical buckling temperature difference



