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Abstract: In the present paper we characterize the compact, invertible, Fredholm and closed range weighted
composition operators on Cesaro function spaces. We also make an effort to compute the essential norm of
weighted composition operators.
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1 Introduction and preliminaries

Estaremi [6] studied some classes of weighted conditional-type operators and their spectra and he studied
some =*-classes of weighted conditional expectation-type operators. Mohiuddin, Mursaleen and Alotaibi [11]
obtained a necessary and sufficient condition for an almost conservative matrix to define a compact opera-
tor. They have also established a necessary and sufficient condition for an operator to be compact for matrix
classes. Alotaibi, Mursaleen, Alamri and Mohiuddine [1] studied the compact matrix operators using the
Hausdorff measure of non-compactness. Malkowsky and Djolovic [10] characterized several classes of matrix
transformation between these spaces and proved that the class of all matrix transformation on these spaces
are Banach algebra. Further, they used the concept of Hausdorff measure of non-compactness of matrix
operators to characterize compact operators and a sufficient condition for those operators to be Fredholm.
Basar and Malkowsky [2] have also characterized the classes of all compact operators between the spaces of
strongly summable and bounded sequences by using Hausdorff measure of non-compactness.

Let (X, s, u) be a o-finite measure space and let L° = L°(X) be the set of all equivalence classes of real-
valued Lebesgue measurable functions defined on X, where X = [0, 1] or X = [0, co0). Then for 1 < p < oo the
Cesaro function space is denoted by Ces, (X) and defined as

17 P
Ces,(X) = {f € LOX) : j(; Jf(t) dy(t)) du(x) < oo}.
X 0

The Cesaro function space Ces,(X) is a Banach space under the norm

X p [%
- ([ (3 [ roao) )
X 0

The Cesaro function spaces Cesp[0, co) for 1 < p < co were considered by Shiue [15], and Hassard and
Hussein [7]. The space Cesy, [0, 1] appeared already in 1948 and is known as the Korenblyum-Krein-Levin
space K, see [8].
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Let T : X — X be a non-singular measurable transformation, i.e. uT-1(4) = u(T-1(4)) = Oforeach A € s
whenever p(A) = 0. This condition means that the measure uT~! is absolutely continuous with respect to p.
Let »
fo= —dI;T

u

be the Radon-Nikodym derivative. In addition, we assume that T~1(s) c s so that (X, T~(s), u) is o-finite. In
this paper we assume that T[0, x] < [0, x] for all x € X. An atom of the measure y is an element A € s with
U(A) > Osuch that for each F € s, if F ¢ A, then either u(F) = 0 or u(F) = pu(A). Let A be an atom. Since u is o-
finite, it follows that u(A4) < co. Also every s-measurable function f on X is constant almost everywhere on A.
It is a well-known fact that every sigma finite measure space (X, s, y) can be decomposed into two disjoint
sets X; and X, such that yu is atomic over X; and non-atomic over X,, that is, X, is a countable collection of
disjoint atoms [17].

Letu:X — Candlet T: X — X be a non-singular measurable transformation. Then a bounded linear
transformation M, : Ces,(X) — Cesp(X) defined by

My, /(%) = (ue T)(X)(f o T)(x)

for every f € Cesp(X) and x € X is called a weighted composition operator induced by the pair (u, T). If we
take u(x) = I, the identity operator on X, we write M, r as Cr and call it a composition operator induced by T.
In case T(x) = x for some x € X, we write M, t as M, and call it a multiplication operator induced by u.

For more details on composition and weighted composition operators see [4, 5, 9, 13, 14, 16] and the
references therein.

Throughout this paper we consider a o-finite measure space (X, s, p) and B(Ces, (X)) denotes the set of
all bounded linear operators from Cesy (X) into itself, unless stated otherwise.

The main purpose of this paper is to characterize the boundedness, compactness, closed range and
Fredholm property of weighted composition operators on Cesaro function spaces. We also make an effort
to compute the essential norm of weighted composition operators in the section third of this paper.

2 Weighted composition operators
In this section of the paper we shall investigate the necessary and sufficient condition for a weighted compo-
sition operator to be bounded.

Theorem 2.1. Letu: X — Cand T : X — X be two mappings. Then My, 1 : Cesy(X) — Cesy(X) is a bounded
operator if and only if there exists M > O such that for y-almost all x € X,

foOlu(x)| < M. (2.1)

Proof. If condition (2.1) is true, then for every f € Ces,(X), we have

p
1My, /1P = [((ue T)(f = D)(B)] dﬂ(t)> du(x)

==

/

==

p
I(Mﬂ(t)ldHTl(t)) du(x)

Il
e — e — P —

p
fo(t)lu(t)f(t)ldﬂ(t)) du(x)

= | =

~ ~/
TN Oty Oy Ot

1¢ p
sMPj ;JIf(t)Idu(t)> dp(x)
X 0

= MPIfIP.
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Therefore,
My, Tfll < MIfl

for every f € Cesp(X). Hence, M, r is bounded.
Conversely, if the condition of the theorem is not satisfied, then for every n € IN there exists a measurable
set {F,} of X suchthat F, = {x € X : fo(x)|u(x)| > n}is a set of positive measure. Now consider f, = A2, Then

el
we can easily show that
X
1 p
| (; [ ol du(t)) du(x) < co
X 0

but

==

X P
j (M) (O du(t)) du(x) = co,
(0]

I

which contradicts the fact that M, r is a bounded operator. Hence condition (2.1) must be true. O

Remark 2.2. If (X, s, u) is an atomic measure space, then every weighted composition transformation
M, 1 : Cesp(X) — Cesp(X) is a bounded.

Proof. Let {f,} be a sequence in Ces, (X) such that
fn—f inCesy(X) forsome f e Cesy(X). (2.2)

Suppose
My, rfn — g forsome g € Cesp(X). (2.3)

From (2.2) we can select a subsequence {f,} of the sequence {f,} such that f/ — f p-almost everywhere.
Clearly, the sequence {M,, rf}} converges pointwise u-almost everywhere to M, rf. From (2.3), we can select
a subsequence {f}} of {f}} such that M,, rf)/ — g almost everywhere. By the uniqueness of limit, it follows
that My, rf = g almost everywhere. This proves that the graph of M, r is closed. Hence, by the closed graph
theorem, M, r is continuous. O

3 Compactness and essential norm of weighted composition
operators

Let B be a Banach space and let C be the set of all compact operators in B. For any bounded linear
operator L on B, the essential norm of L means the distance from L to € in the operator norm, namely
ILlle = inf{||[L — S| : S € C}. Clearly, L is compact if and only if | L] = 0. The essential norm plays an interest-
ing role in the compact problems of concrete operators (see [12]).

We are concerned with the case that L is a weighted composition operator M, r on Ces,(X). In [3], Chen
has showed that uC, is compact on LP(X) if and only if for any € > 0, the set

xeX:J(x)=e¢} (3.1)

consists of finitely many atoms. From this point of view, we compute the essential norm of M, .
In this section of the paper we first characterize the compactness and then compute the essential norm
of weighted composition operators on Cesaro function spaces.

Theorem 3.1. Suppose M, 1 € B(Cesy(X)). Then M, is a compact operator if and only if ufo = 0 a.e.

Proof. We first assume that M, r is compact. For if ufy # O, there exists a constant K > 0 such that the set
E={xeX:ulXx) > %} N{xeX:folx)> %} has positive measure. Since y is non-atomic, there exists a mea-
surable set E, such that Ey.1 € Ep € E, u(Ey) = 5 forsomea > 0. Let e, = mx}gn. Then clearly, [ e,|| = 1 so
that the sequence {e,} is bounded in Ces,(X). On the other hand for any m, n € N, let m = 2n. Then E; € E,
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and
17 p
My, ren — My, reml? = J (; J [(My,Ten — My, rem)(t)| du(t)) du(x)
X 0
17 P
- j (; Jfo(t)(|u|XEn ~ Juls, ()] du(t)) dp(o)
X 0
1\P
> (K—z) Xz, - xE, IP-
Therefore,

£
My, ren — My, reml > el for some £ > 0,

which shows that {M,, re,} does not contain a convergent subsequence. Therefore M,, r is not compact which
contradicts the hypothesis. Hence ufy = 0 a.e.
Conversely, if ufy = 0, then M, 7 = 0 and so it is compact. O

Theorem 3.2. Let1 < p < co and let My, 1 : Ces,(X) — Cesy(X) be a bounded weighted composition operator.
Then the essential norm of My, is given by

My, Tlle = inf{r > O : G, consists of finitely many atoms}, (3.2)

where G, = {x e X: MJ(x) >} and ] = ufo considering the case |My, 7lle = 0 in (3.2), we know that (3.1) is
necessary and sufficient condition for My, r to be compact.

Proof. Denote the right-hand side of (3.2) by a. We first show that |M,, 7]l > a. If @ = O, there is nothing to
prove, and so we assume that a > 0. Take & > O arbitrarily. The definition of a implies that F = G, either
contains a non-atomic subset or has infinitely many atoms. If F contains a non-atomic subset, then there are
measurable sets Fp,, n € N, such that F;1 € Fp C F, 0 < u(Fp) < % Define f,, = M(Fn)%XFn. Then ||f,| = 1 for
all n € N. We claim that f,; — 0 weakly. For this we show that

| (% I du(t)> du00) — 0 forall g € Ces(X),
X 0

where 117 + % =1.Let A ¢ Fwith O < u(A) < coand g = ya. Then

J (% J [(fn8)(®)] dll(t)) du(x) = J (% J |V(Fn)_p1XAnF,,|d]1(t)) du(x)
X 0 X 0

1 [ -1
- | (;jwn)udu(t))du(x)
ANF, 0
= W(F)7 HANFy)
1

1-1
p
s(—) — 0 asn— oo.
n

Since simple functions are dense in Ces4(X), it is thus proved that f, converges to 0 weakly. Now assume that
F consists finitely many atoms. Let {Fy,};2; be disjoint atoms in F. Again put f,, as above. It is easy to see that
for A ¢ Fwith 0 < u(A) < co we have u(A n F,) = 0, for sufficiently large n. So in both cases

| (% I du(t)> du(x) — 0.

X 0

Now take a compact operator L on Ces,(X) such that

€
IMu,7 = LIl < IMu,1lle + 5
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Then we have
£
IMy,rlle > |My,7 — L|| - 5

&
2 "Mu,Tfn _Lfn" - 5

(I

==

p ’
I((uoT)(fnoT))(t)IdH(t)> du(X)) ~ILfall -

p
I(u(t)fn(t))IdMT_l(t)> dﬂ(X)) —IILntI—g

==

1]
/N

|-

TRY
fo(t)l(u(t)fn(t))ldy(t)> d}l(X)) —IILntI—g

[\
/
—/ / —/

==

Ot ¢ Ot ¢ O Oy

1 P ; e
IJan(t)Idll(t)> dH(X)) ~ILfal - 5

v
/N
P, e, P e

£
2

>

—
5]
|
|

)= 1Ll - %

for all n € IN. Since compact operator maps weekly convergent sequences into norm convergent ones, it fol-
lows that ||Lf,,|| — 0. Hence

||Mu,T||e = A-E.

Since ¢ is arbitrary, we obtain M, rlle > a.

For the opposite inequality, take ¢ arbitrary. Put K = Gg4¢ and v = ygu. The definition of a implies that
K consist of finitely many atoms. So we can write K = {Ky, Ky, ..., K;y}, where Ky, K1, . .., K, are distinct.
We have

My, rf(X) = Y V(K)RT(K;)) forallf € Cesy(X)
i=1

and hence M, r has finite rank. Noting that M,, r is compact operator, we obtain

IMy,r = My,7lP = (1 = xi)Mu,7Il”

= sup [xx\k My, rf1IP
<1

1 p
- sup j ()—( I((uoT)(foT))(t)ldu(t)) du(x)

IIﬂISlx\K

1 p
= sup j (; |(uf)(r>|duT1(t)) du(x)

IIIlISlX\K

1 p
~sup [ (3 [Aonsoian) d

IIﬂISlx\K

I
|
I
|

1 1 p
< sup j (; ]Plf(t)ldu(t)> dp(x)

IIIlISlX\K
X

!

p
If(0)] dll(t)) du(x)

==

< (a+¢€)sup (

Ifl<1 X\K

<a+éE.
Since ¢ is arbitrary so that | M, 7|l < a, this completes the proof of the theorem. O
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4 Fredholm and invertible weighted composition operators

In this section we first establish a condition for the weighted composition operators to have closed range and
then we make use of it to characterize the Fredholm weighted composition operators. We also make an effort
to characterize invertible and isometric weighted composition operators on Cesaro function spaces.

The Holder inequality for Cesaro measurable function spaces is as follows: if f € Ces,(X) and g € Cesy(X)
such that 117 + % =1, then

|| f5 u| < 1A 1l
We find that every g € Ces,(X) gives rise to a bounded linear functional Fg € (Ces,(X))* which is defined as
Fg(f) = Jfg du  forevery f € Cesp(X).

Theorem 4.1. Let M, 7 € B(Cesyp(X)). Then M, t has closed range if and only if there exists a constant § > 0
such that

fo)lu(x)| = 6
for u-almost all x € S = suppu n T(X).

Proof. Assume that the condition is true. Then for every f € Ces,(X \ S) and 6 > 0, we have

My, rfIP = j (

==

p
[((ue T)(f = DO dH(t)) du(x)

p
|(uf)(t>|duT‘1(t>> du(x)

==

S

R — e ——

p
fo(t)lu(t)f(t)ldy(t)> du(x)

==

—/
Otk O ——x C——x

17 P
> 67 j <; j 1ol dy(r)) dy(x)
X 0

= 6”IAIP.

Therefore

My, rfIl = 8111

for all f € Cesp(X). So that M, 1 has closed range, since kerM,, 7 = Ces,(X \ S).
Conversely, suppose that M, r has closed range. Then there exists a constant § > 0 such that

M, rfll = 6Ilfl  forall f € Cesp(X). (4.1)

Let
! 1
Hy, = {x eS: ﬁ < fo)u(x)| = (F”
and H = {n : u(Hy) > O}. Let f = Z,,EHH My 1xi,- Then

| (%Jlf(t)ldu(f)) du(x) = J (H
X 0 ’

neH
1 p
< HEHJ (X jfo(o o) du(t)) du(x)

(Hn M Tan)(t)| dy(t)> dp(x)

1
< ZF<OO'
neH
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Now, for

1
§= ——XH,>»
n;{ u(Hy)

we have

1
f= Mu,T[ —XHn] =My 18
n;{ u(Hy)

In view of inequality (4.1),
My, rgll = bligll

X p
| (% 15 du(t)> du(x) = co,
0

X

but

which is a contradiction. Hence H must be finite. In other words, there exists ng such that u(Hy) = 0 for all
n > ng, i.e.

1
fotOlueal = [ ] =6 (say). -
Theorem 4.2. Suppose My, 1 € B(Ces,(X)). Then My, 1 is an injection if and only if u » T # 0 and T is surjective.

Proof. Suppose My, rf = 0so that (uo T)(f o T) = O for u-almost all x. Since u » T + 0, by hypothesisfo T =0
and thus f(T(x)) = O for u-almost all x. Hence f = 0. Thus M, 7 is an injection operator.

Conversely, suppose that My, r is injective. If T is not surjective, then there exists a positive measurable
set F such that yr € Cesp(X). Clearly M,, rxr = O, so that M, r has anon-trivial kernel which is a contradiction.
Hence T must be surjective. Further suppose that there exists a measurable set E = {x € X : |u o T(x)| = 0}
such that u(E) > 0. Suppose that T~1(F) ¢ E is such that yr € Cesp(X). For given £ > 0 we have

1] ?
IMoAP = | (; [ 1m0z myce du(t)) au(x) = o.
X 0

Hence M), r has a non-trivial kernel, which is again a contradiction. Hence u » T # 0 a.e. O

Theorem 4.3. Suppose My, € B(Cesy(X)). Then My, 1 has dense rangeif and only ifu-T # Oa.e.and T"1(s) = s
a.e.

Proof. Let M, r have dense range and E = {x : |u o T(x)| = 0}. If possible, suppose u(E) > 0. Let F be a mea-
surable subset of E such that O < u(F) < 1. Consider

tFs Mu1f) = j u(TE)AT(X)) du(x) = 0,

F

which shows that yr € (ran My, rf)* so that ran M, r is not dense in Ces,(X). Hence u(E) = 0. Thus, uo T # 0
a.e. Next we show that T7(s) = s. Let F € s be such that 0 < u(F) < co. Since ran M, r is dense, we can find
a sequence {fy,} in Ces,(X) such that My, rfn — Xr asn — oo or (ufy) o T — xr as n — oo so that F is T~1(s)
measurable. Hence, T~1(s) = s a.e. Thus, we have proved that if M, r has dense range, then uo T # 0 a.e.
and T-1(s) = s.

Conversely, suppose that uo T # O a.e.and T~1(s) =s. For m € N, let E,, = {x : [uo T(x)| > %}. LetFes
be such that 0 < p(F) < co. Set Fyy = FN Ep and Hy, = XF,,. Let gm = xF,, o T~! (as T is bijective) and take
Gm = supp gm so that clearly G, ¢ supp gm and T-1(Gy,) = Fp,. Now

1 _ 1
0 =y{x tXE, e T(X)| < E} =uT l{x tgm(X) < E}'
Since O < fo < M on Gy, this implies that

0.

y{x 1 gm(x) < %}
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Let Gm,n be an increasing sequence of measurable sets of finite measure such that [ J;2; Gm,n = Gm- Let
hm,n = XGm.n|Gm- Then

||hm,n oT - Hm”p

P
|(hm,n o T = Hin)(8)] dll(t)> du(x)

ol

p
IX(Gmn = X6 (O d}iTl(l‘)> du(x)

Il
P e, X — D e
S / //

==

==
Ot Ot O

p
SoOIXGrn = X6, ) (O] d#(ﬂ) du(x)

< MPIXGpn = XGnllP -
Hence
lAm,n e T — Hpl < Mlx6,,., — X6, = 0 asn — oo.
Thus
My,thmn — Xr, asn-— oo.
So xr,, € ran M, r and hence xr € ran M, r. This completes the proof. O

Corollary 4.4 (to Theorem 4.1). Let My, € B(Ces,(X)). Then M, is bounded away from zero if and only if
there exists 6 > O such that

foOlux)| > 6
for p-almost all x € X.

Theorem 4.5. Let My 1 € B(Ces,(X)). Then My, : Ces,(X) — Cesy(X) is invertible if and only if
(i) u+0a.e.,

(ii) T is invertible,

(iii) fo()|u(x)| > 6 for y-almost all x € X.

Proof. We first suppose that conditions (i)—(iii) are satisfied. Then by Corollary 4.4 and Theorem 4.3, M,, r is
bounded away from zero and has dense range. Hence M, 7 is invertible.
Conversely, suppose that M, r is invertible. Then clearly u(x) # 0 and T~1(s) = s. Also in view of Corol-
lary 4.4,
folu@)| > 6 (4.2)

for y-almost all x € X and for some & > 0. Since T~1(s) = s, it follows that T is injective. Again from (4.2),
fo # 0a.e., so T is surjective. Thus T is invertible. O

Theorem 4.6. Let My, 1 € B(Cesy(X)). Then My, 7 is Fredholm if and only if My, 1 is invertible.

Proof. Suppose that My, r is Fredholm. Then ker M, 7 and Ces,(X) \ ran My, 7 are finite dimensional and
ran My, r is closed. If ker M, r is finite dimensional, then ker M, t = O otherwise it will be infinite dimen-
sional. Therefore by Theorem 4.2, u o T # 0 and T is surjective so that u # 0. Suppose codim ran M, 1 < co.
We claim that M, 7 is onto. For if ran M, 7 is not dense, then it is a proper closed subspace of Ces,(X) and so
for f € Ces,(X) \ ran My, 1, there exists a continuous linear functional g* € Cesp(X) such that

8" (My,1f) = J(Mu,rf)g* dy=0 and (g*f)= Jfg* du =1,

from the later inequality Re(fg*) = 1. Hence the set Es = {x € X : Re(fg*)(x) > 6} has positive measure for
some § > 0. From the non-atomicness of y we can find a sequence {E,} of measurable subsets of Es with
0 < u(Ep) < cosuchthat E, NEp, = @form + n.Let gy = xg,g*. Clearly g7, € Ces;(X) and is non-zero. Now for
each f € Cesp(X),

(M}, 180)(f) = gn(My,Tf)
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and
1 P 17 P
J (; JXEng*Mu,deH> du = J <; J(Mu,erEn)g* dy) du = 0.
X 0 X 0

Thus, M;’Tg;‘l =0 foreachn=1,2,.... This proves that keer’;’T and hence Cesy(X) \ ran My 7 is infinite
dimensional, which is a contradiction. Hence M, 1 has dense range. Now M, r is bounded away from zero
and hence dense range. Therefore, M, r is invertible. The converse of the theorem is obvious. O

Theorem 4.7. Let My, € B(Cesp(X)). Then My, is an isometry if and only if fo = |u| = 1 a.e.

Proof. Suppose fo = |u| = 1 a.e. For f € Ces,(X), consider

IMy, 117 = j(

p
[((ue T)(f » DO dllt) dp(x)

==

p
I(uf)(t)ldHT_l(t)> dpu(x)

x|

/

p
fo(t)luf(t)ld}l(t)) du(x)

==

/

IN

Il
L. P e, e — >

==

/
[ST SR - SRR - DO - | S—_—

p
A0l dll(t)) du(x)

|
S
=

Thus My, r is an isometry.
Conversely, suppose that M,, r is an isometry. Then

b3 p x p
P - = [ (5 [ e mxoaue) auon - [ (3 [1o1auo) aneo
X 0 X 0
1] g 1] b
- j(; | oo du(t)) ) = | (; [ i du(t)> ).
X 0 X 0
The relation holds if and only if fo = |u| = 1 a.e., hence the result. O

Acknowledgment: We would like to express our sincere thanks of the reviewer for their kind remarks which
improved the presentation of the paper.
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