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Some consequences of the quan tum fluid dynamics formulation are discussed for excited states 
of a toms and molecules and for time-dependent processes. It is shown that the conservation of 
electronic current density j(r) allows us to manufacture a gauge potential for each excited state of 
an atom, molecule or a tom in a molecule. This potential gives rise to a tube of magnetic flux carried 
around by the many-electron system. In time-dependent situations, the evolution of the electronic 
density distribution can be followed with simple, site-dependent cellular automaton (CA) rules. The 
CA consists of a lattice of sites, each with a finite set of possible values, here representing finite 
localized elements of electronic charge and current density (since the charge density Q no longer 
suffices to fully characterize a time-dependent system, it needs to be supplemented with information 
about the current density j). Our numerical results are presented elsewhere and further development 
is in progress. 
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Some consequences of the fluid dynamical formula-

tion of density functional theory [1-9] are discussed, 

with particular reference to excited states and time-

dependent situations. The Hohenberg-Kohn theorem 

[10, 11] established that the ground-state energy of a 

many-particle system is a unique functional E[g] of 

the single-particle density g(r), promising an enor-

mous simplification in theoretical studies of quantum 

systems, by-passing the complexities of the many-elec-

tron wavefunction. In excited states of atoms and 

molecules, however, as well as in time-dependent situ-

ations, the one-electron density no longer suffices to 

completely characterize the electronic states; in addi-

tion one now requires information about the elec-

tronic phases S ;(r) or current density j(r). 

Quantum fluid dynamics (QFD) views the electron 

cloud in a many-electron system as a "classical" fluid 

moving under the action of classical Coulomb forces 

augmented by forces of quantum origin. In an earlier 
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paper [1] it was shown that, for a stationary electronic 

state, the continuity equation of QFD, 

V j = 0, (1) 

represents a differential equation for the orbital elec-

tronic phases, 

F 2 S i + ( F e l . - P S i ) / f t = 0, (2) 

where g, (r) and Si (r) are the orbital densities and or-

bital phases, respectively. This must be solved subject 

to certain periodicity conditions, which arise from the 

nodal topology of the wavefunctions [12-17] and give 

rise to vortices of orbital current, with quantized cir-

culation. 

Rather than using such an orbital treatment, it is 

also possible to describe a many-electron atom or 

molecule in terms of a single function in three-dimen-

sional space, 

<P(r) = g1,2(r)exp[iS(r)/h], (3) 

which satisfies a generalized non-linear Schrödinger-

type equation (GNLSE). When this is done for an 

excited state with current-density vortices, it is evident 

that the velocity field, defined as 

9{r)=j(r)/e(r) (4) 
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is not irrotational, so that v(r) can be separated into 

an irrotational gauge term, arising from the gradient 

of the net electronic phase S(r), and a solenoidal or 

transverse field term. This is equivalent to introducing 

an "internal magnetic vector potential" Aint(r) [1] into 

the defining equation for the electronic current density, 

j(r) = (1/m) o(r) [PS(r) + (e/c) Aint (r)]. (5) 

The conservation of j (r) thus allows us to manufac-

ture a gauge potential. For each excited state of an 

a tom or molecule, there corresponds a specific, unique 

configuration of internal magnetic field in the 

GNLSE. For each vortex of current, the internal mag-

netic vector potential Aini(r) in equation (5) gives rise 

to a tube of magnetic flux carried around by the pseu-

do-particle described by the function <P{r). Such 

charged-particle-flux-tube composites have been em-

ployed theoretically to construct anyons, obeying 

fractional statistics [18, 19], in two dimensions. These 

concepts could fruitfully be employed to describe an 

a tom in a molecule [20]. 

In time-dependent situations, the evolution of the 

electronic density distribution can be followed with 

simple, site-dependent cellular automaton rules. Cel-

lular au tomata (CA) [21] are discrete dynamical sys-

tems constructed from many similar components, 

each simple, but together capable of complex self-or-

ganizing behaviour. The complexity is generated by 

the co-operative effect of many localized elements of 

electron density on a lattice of sites, each with a finite 

set of possible values. The CA evolves in discrete time 

steps. At each time step, the value of each site is up-

dated according to a definite rule, which specifies the 

new site value in terms of its own old value and those 

of sites in some neighbourhood around it. The rule is 

applied synchronously to each site at each time step. 

In an earlier work [22], we had formulated a CA 

simulation rule based on density functional theory 

(DFT) in the Thomas-Fermi local density approxima-

tion, by dividing space into a large number of discrete 

volume elements ("sites") labelled by n, each with den-

sity g(n). For small disturbances from the ground 

state, the evolution of the density is given by CA rules 

at each site governing the flow of electrons from re-

gions of higher chemical potential (lower electronega-

tivity) to regions of lower chemical potential (higher 

electronegativity) [23]. The equilibrium density is re-

covered through a Class II CA [21, 24]. Our numerical 

results, for one- and two-dimensional systems, are pre-

sented elsewhere [22]. 

The above treatment would be valid for a near-

equilibrium situation. In a truly time-dependent situa-

tion, however, the charge density Q (n) alone no longer 

suffices to fully characterize the system, as discussed 

above, and needs to be supplemented with informa-

tion about the current density j (n). CA simulations 

have been used extensively in modelling reaction-

diffusion systems [25, 26] and fluid dynamical equa-

tions [27-29]. These CA techniques are now being 

adapted to model the Q F D equations of motion [2-9]. 

One of us (NS) would like to thank Pan jab Univer-

sity, Chandigarh, for a Visiting Fellowship during 

1990-1991, when most of this work was performed. 

[1] N. Sukumar and B. M. Deb, Int. J. Quantum Chem. 40, 

501 (1991). 
[2] B. M. Deb and S. K. Ghosh, in: "The Single-Particle 

Density in Physics and Chemistry", edited by N. H. 
March and B. M. Deb, pp. 219-284, Academic, London 
1987 

[3] E. Madelung, Z. Phys. 40, 332 (1926). 
[4] D. Böhm, Phys. Rev. 85, 166, 180 (1952). 
[5] T. Takabayashi, Progr. Theor. Phys. 8, 143 (1952). 
[6] F. Bloch, Z. Phys. 81, 363 (1933). 
[7] S. K. Ghosh and B. M. Deb, Phys. Rep. 92, 1 (1982). 
[8] B. M. Deb and S. K. Ghosh, J. Chem. Phys. 77, 342 

(1982). 
[9] B. M. Deb and P. K. Chat taraj , Phys. Rev. A 39, 1696 

(1989); Chem. Phys. Lett. 148, 50 (1988). 
[10] P. Hohenberg and W. Kohn, Phys. Rev. B136, 864 

(1964). 
[11] W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965). 
[12] J. Riess, Ann. Phys. 57, 301 (1970); 67, 347 (1971). 
[13] J. Riess, Helv. Phys. Acta 45, 1067 (1972); Phys. Rev. 

D 2, 647 (1970); Phys. Rev. B13, 3862 (1976). 

[14] J. O. Hirschfelder, A. C. Christoph, and W. E. Palke, 
J. Chem. Phys. 61, 5435 (1974); J. O. Hirschfelder, C. J. 
Goebel and L. W. Bruch, J. Chem. Phys. 61, 5456 (1974). 

[15] J. O. Hirschfelder, J. Chem. Phys. 67, 5477 (1977). 
[16] D. F. Heller and J. O. Hirschfelder, J. Chem. Phys. 66, 

1929 (1977). 
[17] P. A. M. Dirac, Proc. Roy. Soc. London A 133,60 (1931). 
[18] F. Wilczek, Phys. Rev. Lett. 49, 957 (1982); F. Wilczek 

and A. Zee, Phys. Rev. Lett. 51, 2250 (1983). 
[19] D. P. Arovas, R. Schrieffer, F. Wilczek, and A. Zee, Nucl. 

Phys. B251, 117 (1985). 
[20] R. F. W. Bader and P. M. Bedall, J. Chem. Phys. 56, 3320 

(1972); S. Srebenik and R. F. W. Bader, J. Chem. Phys. 
63, 3945 (1975); R. F. W. Bader, T. T. Nguyen-Dang, and 
Y. Tal, J. Chem. Phys. 70,4316 (1979); R. F. W. Bader and 
T. T. Nguyen-Dang, Adv. Quan tum Chem. 14, 63 (1981). 

[21] S. Wolfram, Rev. Mod. Phys. 55, 601 (1983); Nature 
London 311, 419 (1984); Physica 10D, 1 (1984); Com-
mun. Math. Phys. 96 ,15 (1984); Phys. Rev. Lett. 54, 735 
(1985); Phys. Scripta T9 , 170 (1985). 

[22] N. Sukumar, H. Singh, and B. M. Deb (to be published). 

Unauthenticated
Download Date | 11/18/19 3:49 PM



136 N. Sukumar et al. � Charge, Current Density, Phase 136 

[23] R. G. Parr and W. Yang, "Density Functional Theory of 
Atoms and Molecules", Oxford, New York 1989 

[24] R. Margolus, T. Toffoli, and G. Vichniac, Phys. Rev. 
Lett. 56, 1694 (1986). 

[25] P. Tamayo and H. Har tmann , in: "Artificial Life: Pro-
ceedings of an Interdisciplinary Workshop on the Syn-
thesis and Simulation of Living Systems", Santa Fe In-
stitute Studies in the Sciences of Complexity, edited by 
C. Langton, Addison-Wesley, 1988 

[26] Y. O o n o and M. Kohmoto, Phys. Rev. Lett. 55, 2927 
(1985). 

[27] J. P. Rivet and U. Frisch, Can. Roy. Acad. Sei. B 302, 267 
(1986); J. P. Rivet, Ph.D. thesis (Universite de Nice, 
1988) 

[28] U. Frisch, B. Hasslacher, and Y. Pomeau, Phys. Rev. 
Lett. 56,1505 (1986); U. Frisch, D. d'Humieres, B. Hass-
lacher, P. Lallemand, and J. P. Rivet, Complex Systems 
1, 649 (1987). 

[29] H. A. Lim, Complex Systems 2, 45 (1988); Phys. Rev. 
A 40, 968 (1989). 

Unauthenticated
Download Date | 11/18/19 3:49 PM


