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Abstract— We comment on the paper ‘‘Cutset Bounds on the
Capacity of MIMO Relay Channels’’ by Jeong et al. and point
out that, unlike what appears from a remark and some other
contents by these authors, the matrix distribution for the sum of
two complex random Wishart matrices has already been derived
by Kumar for the general case of arbitrary covariance matrices
and not only for the special case when one of them is assumed
proportional to the identity matrix. The latter assumption has
been made only for deriving the corresponding eigenvalue distribution. Furthermore, we draw attention to the result that
when all covariance matrices are chosen proportional to the
identity matrix, then it is possible to obtain exact and closed
form expressions for the sum of an arbitrary number of Wishart
matrices and not only for two as considered by Jeong et al.
Index Terms— Sum of Wishart matrices, eigenvalue statistics, MIMO multiple access channels, MIMO relay channels,
Shannon transform.

In a recent article [1], the authors have used the sum of
Wishart matrices in the context of multiple-input-multipleoutput (MIMO) relay channels. The purpose of the present
comment article is to compare certain results presented in [1]
with those in [2]–[4]. In particular, we point out that the
matrix distribution of the sum of two complex central Wishart
matrices for the general case of arbitrary covariance matrices
has already been derived in [2], and not only for the special
case when one of the covariance matrices is relaxed to be
proportional to identity matrix. Furthermore, we also highlight certain generalizations concerning the sum of arbitrary
number of Wishart matrices that have already been provided
in [3] and [4].
Sums of Wishart matrices play a key role in multivariate
statistics [5]–[9] and, among other things, find applications
in the analysis of several modern-day MIMO communication models [1], [3], [4], [10], [11]. While the investigation
of the sum of independent Wishart matrices dates back to
the work of Tan and Gupta [8], recent availability of exact
solutions concerning its eigenvalue statistics has revived the
interest in exploring such composite matrix models further [2]–[4], [12], [13]. In [2] one of the present authors
has derived the matrix probability density for the sum of
two independent central complex Wishart matrices which
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have different covariance matrices associated with them.
Moreover, in the case of one of the covariance matrices proportional to the identity matrix, closed form expressions for
eigenvalue densities have also been obtained in [2] and [12].
Several other important results for the sum of two Wishart
matrices have been worked out in [13], such as an exact
expression for the arbitrary order eigenvalue density correlation function. In [3] and [4], exact solvability has been
established for the sum of an arbitrary number of independent
Wishart matrices with covariance matrices proportional to
the identity matrix. This sum is evidently equivalent to the
scalar-weighted sum of independent uncorrelated-Wishart
matrices. It has been shown that this problem can be mapped
to that of a semicorrelated Wishart matrix, and therefore
the existing results [14]–[16] for the latter can be used. The
eigenvalue statistics derived therein has been applied to investigate the ergodic capacity of distributed antenna systems [3],
and the ergodic sum capacity of MIMO multiple access and
MIMO relay channels [4].
Jeong et al. [1] refer to the sum of n × n-dimensional
Wishart matrices Wl (l = 1, ..., L),
W=

L
X

Wl ,

(1)

l=1

as a Hyper Wishart matrix, and provide the corresponding
probability density function (PDF) in Theorem 1. Concerning
this, we would like to point out that this PDF has already
been published with a proof in [4], and another proof has
been provided in [13]. While Jeong et al. [1] do refer to [2],
and mention in the footnote that, ‘‘The distribution of the
sum of two complex Wishart matrices has been derived using
the Harish-Chandra-Itzykson-Zuber unitary group integral
when one of the covariance matrices is proportional to the
identity matrix while the second is arbitrary’’, we would like
to clarify that [2] already gives the matrix distribution when
both the covariance matrices are arbitrary; see [2, eq. (10)].
It is only for the corresponding eigenvalue density that one
of the covariance matrices has been considered proportional
to the identity matrix in [2]. We would also like to emphasize

2169-3536 2018 IEEE. Translations and content mining are permitted for academic research only.
Personal use is also permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

35129

S. Kumar et al.: Comments on ‘‘Cutset Bounds on the Capacity of MIMO Relay Channels’’

that [1, eq. (3)] can be readily obtained by considering the
eigenvalue decomposition of W, and does not lead to any
further information unless some assumption is made for the
covariance matrices.
In Corollary 1 [1], the authors provide the joint PDF of
eigenvalues for L = 2 case when both the covariance matrices
are proportional to the identity matrix. Actually, from the
works [3], [4] it is evident that if the covariance matrices are
taken proportional to the identity matrix, then it is possible to
obtain the joint PDF of eigenvalues for the sum of an arbitrary
number (L) of Wishart matrices, as discussed below. In fact,
the corresponding marginal density of a generic eigenvalue
has already been provided in [3] and [4].
Consider the covariance matrices associated with the
Wishart matrices in (1) to be
6 l = σl I n ,

l = 1, ..., L,

(2)

where σl are positive scalars, and I n is the n-dimensional
identity matrix. Moreover, suppose the degrees of freedom of
the Wishart matrices Wl in (1) are m1 , ..., mL , respectively.
Then, as shown in [4], we can write W = G† G, where G is
an m × n matrix with m = m1 + · · · mL and is described by
the PDF
P(G) ∝ e−trG

†

6 −1 G

(3)

,

B. m > n

In this case there are n nonzero eigenvalues λ1 , ..., λn eigene The corresponding joint
values, shared by both W and W.
PDF is
P(λ1 , . . . , λn )

QL
σ −nml
= (−1)
1(λ) Qnl=1 l
i=1 Ŵ(i + 1) 

−1
[(−λj )k−1 e−σl λj ] j=1,..,n
k=1,..,ml 

det 
k−j

Ŵ(j) σl
[ Ŵ(j−k+1) ] j=1,..,m−n
k=1,..,ml
l=1,..,L


.
×
k−j
Ŵ(j) σl
] j=1,..,m
det [ Ŵ(j−k+1)
n(n−1)/2

k=1,..,ml

l=1,..,L

e possesses m − n zero eigenvalues.
Additionally, W
In either case, i.e., for m ≤ n or m > n, the marginal PDF
describing a generic nonzero eigenvalue is given by [3], [4]
p(λ)

"
#
h Ŵ(j) σ k−j i
l
= −ν det
j=1,..,m
Ŵ(j − k + 1) k=1,..,m
l l=1,..,L


 Ŵ(k)e−λ/σl (n−k+1) λ 
( σl ) k=1,..,m
0
n−k+1 Lk−1
l
σ

× det  λn−j  l
 Ŵ(j)
k−j 
σ
j=1,..,m
Ŵ(n−j+1) j=1,..,m Ŵ(j−k+1) l
−1

−1

k=1,..,ml

with 6
=
diag(σ1 I m1 , ..., σL I mL ). Evidently, the
e = GG† is complex central
m × m-dimensional matrix W
e ∼ CW m (n, 6). Consequently,
Wishart distributed, i.e., W
one can use the existing results for semicorrelated Wishart
matrices; see e.g. [14]–[16]. We can have the following two
possibilities:

(5)

,
l=1,..,L

(6)

A. m ≤ n

e share the nonzero eigenvalues λ1 , .., λm ,
In this case W and W
which are described by the joint PDF
P(λ1 , . . . , λm )
m
Y
λn−m
(−1)m(m−1)/2
i
1(λ)
=
m!
Ŵ(n − m + i)
 i=1

k−1 e−σl−1 λj ]
det
[(−λ
)
j=1,..,m
j
L
Y
k=1,..,ml
l=1,...,L


.
×
σl−nml ·
k−j
Ŵ(j) σl
l=1
] j=1,..,m
det [ Ŵ(j−k+1)
k=1,..,ml

l=1,..,L

(4)

Q

Here, 1(λ) =
j>k (λj − λk ) is the Vandermonde
determinant, Ŵ(·) is the Gamma function [17], and
det[[fj,k,l ] j=1,..,m ]l=1,...,L denotes
k=1,..,ml

det[[fj,k,1 ]

j=1,..,m
k=1,..,m1

· · · [fj,k,L ]

j=1,..,m
k=1,..,mL

].

In (4), as well as the equations below, 1/ Ŵ(k) should be taken
as 0 if k happens to be a non-positive integer. In addition to the
eigenvalues λ1 , .., λm , W possesses n − m zero eigenvalues,
and a full PDF incorporating these can be written by introducing Dirac delta functions in (4).
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FIGURE 1. Comparison between the analytical marginal density (solid
line) and simulation result (histogram) for (a) n > m case:
n = 7, L = 3, m1 = 2, m2 = 1, m3 = 2, σ1 = 2, σ2 = 6/5, σ3 = 3/4, and
(b) for n < m case: n = 3, L = 2, m1 = 2, m2 = 2, σ1 = 1/2, σ2 = 7/6.

(k)

where ν = min(m, n), and Lj (·) represent the associated
Laguerre polynomials [17]. With the aid of (4) and (5), one
can also write down marginal densities (correlation functions)
of higher orders. In Fig. 1, we show the comparison between
VOLUME 6, 2018

S. Kumar et al.: Comments on ‘‘Cutset Bounds on the Capacity of MIMO Relay Channels’’

the analytical marginal density of eigenvalues as predicted
by (6), and numerical simulation involving 50000 matrices
for two sets of parameter values, as indicated in the caption.
We can see an excellent agreement in both cases.
The knowledge of the marginal density enables us to compute the Shannon transform, which is given by [18]
Z ∞
ln(1 + ρλ) p(λ) dλ.
(7)
S(ρ) =
0

With the aid of result (6), we obtain the following closed form
expression for the Shannon transform:
#
"
h Ŵ(j) σ k−j i
l
−1
−1
S(ρ) = ν det
j=1,..,m
Ŵ(j − k + 1) k=1,..,m
l l=1,..,L


ν
X
(µ)
det [ψj,k (σl )] j=1,..,m
×
. (8)
µ=1

k=1,..,ml

l=1,..,L

(µ)

Here, ψj,k (σ ) are given by
(µ)

ψj,k (σ )
 k−1 j−1


σ
ρ
1

0,j−1; j

G3,2
, j=µ

+ 1) 3,4 j−1,j−1,n; k−1 σρ
= Ŵ(n − j k−j

Ŵ(j) σ


,
j 6= µ,
Ŵ(j − k + 1)
(9)

FIGURE 2. Comparison between the analytical predictions (solid lines)
and simulation results (symbols) for the Shannon transform. Parameter
values used are n = 3, 4, 5 and L = 3, m1 = 1, m2 = 1, m3 = 2, σ1 = 3/2,
σ2 = 1, σ3 = 2/3.

with G3,2
3,4 (·) being a Meijer G-function [19]. The derivation
involved is similar to that of the mean channel capacity,
as provided in [3] and [4]. We show a comparison of the
above analytical result with numerical simulation for three
n values in Fig. 2. The Shannon transform values depicted in
the figure have been obtained by averaging over the values
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calculated for 50000 matrices used in the simulation. Once
again, the agreement is perfect.
Finally, we would like to point out that the application
of sum of Wishart matrices to the MIMO relay channel,
as discussed in [1], has also been considered in [4].
REFERENCES
[1] Y. Jeong, D. P. Trinh, and H. Shin, ‘‘Cutset bounds on the capacity of
MIMO relay channels,’’ IEEE Access, vol. 5, pp. 20339–20348, 2017.
[2] S. Kumar, ‘‘Eigenvalue statistics for the sum of two complex Wishart
matrices,’’ EPL (Europhys. Lett.), vol. 107, no. 6, p. 60002, 2014.
[3] S. Kumar, ‘‘On the ergodic capacity of distributed MIMO antenna systems,’’ Wireless Pers. Commun., vol. 92, no. 2, pp. 381–397, 2017.
[4] G. F. Pivaro, S. Kumar, G. Fraidenraich, and C. F. Dias, ‘‘On the exact and
approximate eigenvalue distribution for sum of Wishart matrices,’’ IEEE
Trans. Veh. Technol., vol. 66, no. 11, pp. 10537–10541, Nov. 2017.
[5] T. W. Anderson, An Introduction to Multivariate Statistical Analysis,
3rd ed. Hoboken, NJ, USA: Wiley, 2003.
[6] R. J. Muirhead, Aspects of Multivariate Statistical Theory, New York, NY,
USA: Wiley, 2005.
[7] A. K. Gupta and D. K. Nagar, Matrix Variate Distributions, Boca Raton,
FL, USA: CRC Press, 1999.
[8] W. Y. Tan and R. P. Gupta, ‘‘On approximating a linear combination
of central wishart matrices with positive coefficients,’’ Commun. Statist.Theory Methods, vol. 12, no. 22, pp. 2589–2600, 1983.
[9] D. G. Nel and C. A. Van Der Merwe, ‘‘A solution to the multivariate behrens-Fisher problem,’’ Commun. Statist.-Theory Methods, vol. 15,
no. 12, pp. 3719–3735, 1986.
[10] B. Hochwald and S. Vishwanath, ‘‘Space-time multiple access: Linear
growth in the sum rate,’’ in Proc. 40th Annu. Allerton Conf. Comm., Control
Comput., Monticello, VA, USA, 2002, pp. 387–396.
[11] B. Wang, J. Zhang, and A. Høst-Madsen, ‘‘On the capacity of MIMO relay
channels,’’ IEEE Trans. Inf. Theory, vol. 51, no. 1, pp. 29–43, Jan. 2005.
[12] S. Kumar, ‘‘Random matrix ensembles involving Gaussian Wigner and
Wishart matrices, and biorthogonal structure,’’ Phys. Rev. E, Stat. Phys.
Plasmas Fluids Relat. Interdiscip. Top., vol. 92, no. 3, p. 032903, 2015.
[13] G. Akemann, T. Checinski, and M. Kieburg, ‘‘Spectral correlation functions of the sum of two independent complex Wishart matrices with
unequal covariances,’’ J. Phys. A, Math. Theor., vol. 49, no. 31, p. 315201,
2016.
[14] G. Alfano, A. Tulino, A. Lozano, and S. Verdú, ‘‘Capacity of MIMO
channels with one-sided correlation,’’ in Proc. IEEE 8th Int. Symp. Spread
Spectr. Techn. Appl. (ISSSTA), Sydney, NSW, Australia, Aug./Sep. 2004,
pp. 515–519.
[15] S. Simon, A. Moustakas, and L. Marinelli, ‘‘Capacity and character
expansions: Moment-generating function and other exact results for
MIMO correlated channels,’’ IEEE Trans. Inf. Theory, vol. 52, no. 12,
pp. 5336–5351, Dec. 2006.
[16] C. Recher, M. Kieburg, and T. Guhr, ‘‘Eigenvalue densities of real and
complex Wishart correlation matrices,’’ Phys. Rev. Lett., vol. 105, no. 24,
p. 244101, 2010.
[17] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions:
With Formulas, Graphs, and Mathematical Tables. New York, NY, USA:
Dover, 2012.
[18] A. M. Tulino, S. Verdú, and A. M. Tulino, Random Matrix Theory
and Wireless Communications (Foundations and Trends in Communications and Information), vol. 1. Delft, The Netherlands: Now Publishers,
Jun. 2004, pp. 1–182.
[19] Y. L. Luke, The Special Functions and Their Approximations vol. 1.
New York, NY, USA: Academic, 1969.

35131

