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1. Introduction

The symmetrized bidisc is
= {(2'1 + 29,2122) ¢ |21], |22] < 1}.

Its distinguished boundary, i.e., the Shilov boundary with respect to the algebra of functions continuous on
I' and holomorphic in the interior of I" is bI" = {(21 + 22, 2122) : |21] = 1 = |22|}. A pair of commuting
bounded operators (S, P) on a Hilbert space H having the symmetrized bidisc as a spectral set is called a
I'-contraction. This means that the joint spectrum o (S, P) C I" and

1£(S, P)|| < sup{|f(s,p)| : (s,p) € I'}
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for all f € C[z1,22]. The study of I'-contractions was introduced and carried out very successfully over
several papers by Agler and Young, see [3] and the references therein. It follows that the operator P is a
contraction and ||.S]| < 2. It can be seen directly from the definition that (S*, P*) is a I" contraction too.
Let Dp = (I — P*P)Y/? and Dp = RanDp. The fundamental operator is the unique bounded operator on
Dp that satisfies the fundamental equation

S — S*P = DpFDp.

It has numerical radius w(F') no greater than one. The fundamental operator of a I'-contraction was in-
troduced in [8]. There it is shown that the fundamental equation has a unique solution. The discovery
of the fundamental operator of a I['-contraction put a spurt in the activities around it. In particular,
we would like to mention Sarkar’s work [11] which made a significant contribution to the understanding of
I'-contractions.

In this paper, B(H) for a Hilbert space H will denote the algebra of all bounded operators on H. Since
(S*, P*) is also a I'-contraction, it has its own fundamental operator G € B(Dp-) with w(G) < 1. Note
how both F' and G feature in the following explicit construction of a boundary normal dilation.

A boundary normal dilation of a I'-contraction (S, P) is a pair of commuting normal operators (R, U)
on a Hilbert space K containing H such that (R,U) is a dilation of the given pair (S, P) and o(R,U), the
joint spectrum is contained in the distinguished boundary bI". Dilation means that

PHR’”U"|H = S™mpP".
Such a pair (R,U) is also called a I'-unitary. The following construction, done by two of the authors of the
present paper in [9] and independently by Pal in [10], is one of the very few explicit constructions of dilations
known, the only other ones being Schaeffer’s construction of the minimal unitary dilation of a contraction

in [13] and Ando’s construction of a commuting unitary dilation of a pair of commuting bounded operators
in [4].

Known Theorem. Let (S, P) be a I'-contraction. Let F and G be the fundamental operators of (S, P) and
(S*, P*) respectively. Consider the space K defined as

K=---©Dp®DpdDp L HDDp-EDp- &Dp-D---.

Let R and U be defined on IC as follows.

o
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Then the pair (R,U) is a I'-unitary dilation of (S, P).

This shows that it is of interest to know which pair of operators F' and G, defined on different Hilbert
spaces in general, satisfying w(F) < 1 and w(G) < 1, qualify as fundamental operators. In other words,
does there always exist a I'-contraction (S, P) such that F' is the fundamental operator of (S, P) and G is
the fundamental operator of (S*, P*)? In this note, our first result says that if there is such an (S, P), then
it forces a relation between F, G and P.

For a contraction P on a Hilbert space H, define

Op(z) = [—P + 2D p- (IH - zP*)_le] ’Dp for all z € D.

The function @p is called the characteristic function of the contraction P. By virtue of the relation PDp =
Dp- P (see Chapter 1, Section 3 of [14]), it follows that ©p(z) is an operator from Dp into Dp~. For a given
Hilbert space &, the symbol HZ(D) stands for the Hilbert space of £ valued analytic functions on D with
square summable Taylor series coefficients at the origin. The characteristic function induces the operator
Me,, in B(H3 (D), Hz, , (D)) defined by

Mo, f(z) =Op(z)f(z) forall z € D.

Theorem 1. Let (S, P) on a Hilbert space H be a I'-contraction and F, G be the fundamental operators of
(S, P) and (S*, P*) respectively. Then

Op(2)(F + F*z) = (G* + Gz)Op(2) (1.3)
holds, where @p is the characteristic function of P.

Since the theorem above gives a necessary condition, it is natural to ask about sufficiency. A contraction
P is called pure if P*™ strongly converges to 0 as n goes to infinity. This is Arveson’s terminology, see [5].
Sz.-Nagy and Foias called it a C'y contraction.

A TI'-contraction (S, P) is called pure if the contraction P is pure.

Theorem 2. Let P be a pure contraction on a Hilbert space H. Let F € B(Dp) and G € B(Dp~) be two
operators with numerical radius not greater than one. If (1.3) holds, then there exists an operator S on H
such that (S, P) is a I'-contraction and F, G are fundamental operators of (S, P) and (S*, P*) respectively.

A contraction P is called completely-non-unitary (c.n.u.) if it has no reducing subspaces on which its
restriction is unitary.
A I'-contraction (S, P) is called completely-non-unitary if the contraction P is completely-non-unitary.
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If P is not pure, the sufficiency condition is more complicated. The result for the c.n.u. case will be stated
and proved in Section 3.

In the last section, we study when two pairs of operators can be fundamental operators of a tetrablock
contraction and its adjoint. The set tetrablock is defined by

E= {Q = (x1,79,23) € C®: 1 — 212 — 22w + 232w # 0 whenever |z| < 1 and |w| < 1}.

See [1] and [2] to learn more about the geometric properties of the domain. A commuting triple of operators
(A, B, P) on a Hilbert space H is called a tetrablock contraction if E is a spectral set. Like I'-contractions,
tetrablock contractions also possess fundamental operators and these are introduced in [6]. Fundamental
equations for a tetrablock contraction are

A—B*PZDpFle and B—A*P:DPFQDP (14)

where Fy, Fy are bounded operators on Dp. Theorem 1.3 in [6] says that the two fundamental equations
can be solved and the solutions F; and F, are unique. The unique solutions F; and Fy of Egs. (1.4) are
called the fundamental operators of the tetrablock contraction (A, B, P). Moreover, w(F;) and w(Fy) are
not greater than 1.

The adjoint triple (A*, B*, P*) is also a tetrablock contraction as can be seen from the definition. By what
we stated above, there are unique Gy, Gy € B(Dp+) such that

A* — BP* :DP*GlDP* and B*—AP*:DP*GQDP*. (15)

Moreover, w(G1) and w(G3) are not greater than 1. A tetrablock contraction (A4, B, P) on a Hilbert space
H is called pure tetrablock contraction, if the contraction P is pure. Along the lines of [7], a model theory
for pure tetrablock contractions was developed in [12], using the fundamental operators. Our result for
tetrablock contractions is the following.

Theorem 3. Let Fy and Fy be fundamental operators of a tetrablock contraction (A, B, P) and G1 and G
be fundamental operators of the tetrablock contraction (A*, B*, P*). Then

(G5 + G12)Op(2) = Op(2)(F2 + Fyz) for all z € D. (1.7)

Conversely, let P be a pure contraction on a Hilbert space H. Let G1,Gy € B(Dp+) have numerical radii no
greater than one and satisfy

[Gl, GQ] =0 and [Gl, Gﬂ = [GQ, G;] . (18)

Suppose G1 and Gq also satisfy Eqs. (1.6) and (1.7), for some operators Fy, F» € B(Dp) with numerical radii
no greater than one. Then there exists a tetrablock contraction (A, B, P) such that Fy, Fy are fundamental
operators of (A, B, P) and G1, Gs are fundamental operators of (A*, B*, P*).

2. Results for pure I'-contractions
Definition 4. Let F and G be two Hilbert spaces. Let F' € B(F) and G € B(G). Then (F,G) is called an

admissible pair of operators if there is a I'-contraction (S, P) on a Hilbert space H such that Dp = F,
Dp+ = G, F is the fundamental operator of (S, P) and G is the fundamental operator of (S*, P*).
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The Hilbert spaces H2(ID) and H?(T) are unitarily equivalent via the map 2™ +— e™*. Further, for a given
Hilbert space £, H2(D) (respectively H2(T)) is unitarily equivalent to H*(D)® L (respectively H*(T)® L).
We shall identify these unitarily equivalent spaces and use them, without mention, interchangeably as per
notational convenience.

The following useful characterization of the fundamental operator can be found in [6] (Lemma 4.1).

Lemma 5. Let (S, P) be a I'-contraction on a Hilbert space H and F € B(Dp) be its fundamental operator.
Then F is the only operator which satisfies

DpS = FDp + F*DpP. (2.1)

The next lemma gives relations between the fundamental operators of I'-contractions (S, P) and (S*, P*).
These can be found in [9] (Lemma 7 and Lemma 11).

Lemma 6. Let (S, P) be a I'-contraction and F, G be fundamental operators of (S, P) and (S*, P*) respec-
tively. Then

PF:G*P|DP and DP*DPF—PF*:G*DP*DP—GP|DP.
Proof of Theorem 1. For z € I, we have
Op(2)(F + F*z)

—P+ Y 2""'Dp.P*"Dp|(F + F*z)

n=0

= —PF+2(Dp-DpF — PF*) + Y 2""'Dp-P*"DpF + Y 2"’ Dp.P*" DpF*

n=1 n=0

oo
—PF + z(Dp-DpF — PF*) + 3" 2" Dp. P*"*(P*DpF + DpF*)

n=2

—PF + 2(Dp-DpF — PF*) + Y 2"Dp-P*""*S*Dp  [by Lemma 5]

n=2

= —PF+ 2(Dp-DpF — PF*) + > 2"Dp-S*P*"*Dp.

n=2

On the other hand
(G* + Gz)Qp(z)

— (G* + Gz) —P+ Z Z”HDP*P*”DP]

n=0

Dp

=—G"Plp, +2(G*Dp-Dp — GPlp,) + »_ 2""'G*Dp-P*"Dp + »  2""*GDp-P*"Dp

n=1 n=0

=—-G"Plp, + Z(G*DP*DP - GP|DP) + Z z" (G*DP*P* 4 GDP*)P*"_ZDP

n=2

00
= —G*P|DP + Z(G*DP*DP — GP|DP) + Z anP*S*P*n72DP.

n=2

Now the equality in Eq. (1.3) follows from Lemma 6. This completes the proof. 0O
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Define W : H — H*(D) ® Dp+ by W(h) = >_°7 ;2" ® Dp~P*"h for all h € H. Note that

27 > *N 27 > *M 2 sn+1 2 o 2 . *M 2
WP = S22l = S~ P ) = = i

Therefore W is an isometry in the case when P is pure. It is easy to verify that
W*(z" ®@¢) = P"Dp+& for all £ € Dp« and n > 0.
It is well known that
Lemma 7. For every contraction P, the identity
WW* + Mo, Mg, = In>m@Dp- (2.2)
holds.
See [7] for a proof of Lemma 7.

Proof of Theorem 2. Since P is pure, W is an isometry. We first find a relation between P, W and M., the
operator of multiplication by z on H?(D) ® Dp-.

M;Wh= M} (Z z"Dp*P*"h> =Y 2"Dp-P""h=WP*h. (2.3)

n=0 n=0

Therefore MW = W P*. Define S on H by S = W*Mg~1c.W. Since P is pure, from Lemma 7, we have
(RanW)t+ = RanM g,,. The equation Mg, Mg g+, = Mg«+G.Me, implies that RanM g, is invariant under
Mg+ 4Gz, in other words RanW is co-invariant under Mg« .. We next show that S and P commute.

P*S* = W MIWW* M, W
=W*M;M¢ o, W [since WW* is a projection onto RanW]
=W*"M¢& . MW [since M, and Mg-4g. commute]

=W*M§ g WW*M;W = S*P*.
Furthermore

S* = SP* = W* My, . W — W* Mgep . WW* MIW
=W (I®G+M; @G YW -W(I®G +M &G) (M)W
=W*(I®G+M; G )W —W*(M;®G*+ M. M; @ G)W
=W*(Pc ® G)W [P is the projection of H?*(D) onto constants]
= Dp.GDp-.

For all 6 € (0,27], we have G* + ¢G = €2 (e7'2G* + €'2@). Hence ||G* + ¢G|| = ||(e"'2G* + €'2G)].
Note that for all 6 € (0,27] and £ € Dp- we have
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[((e726" + et G)e,€)] = |e H(G ¢, €) + ¢H(GE 6)|
<G 6|+ [(GE, &) <2 [since w(G) < 1].

Since (™2 G* 4¢'% @) is a self-adjoint operator, we have ||(e~12G* +¢'% @) < 2. Therefore ||(G*+Gz)|| < 2
for all z € D, which implies that ||Mg~+cz|| < 2. Hence ||S|| < 2.

Hence (S*, P*) is a commuting pair of operators on H such that the spectral radius of S is not greater
than two and the operator equation S* — SP* = Dp« X Dp~ has a solution for X (viz. G) with numerical
radius of X not greater than one. Therefore by Theorem 4.4 in [8], (S*, P*) is a I'-contraction and hence
so is (S, P) as observed in the introduction.

Now we will show that F' is the fundamental operator of (S, P). Note that if X is the fundamental
operator of (S, P), then by Theorem 1 we have Mg, Mxi+x+, = Mg-+G.Mo,. Also by hypothesis we
have Mo, Mpi+r+, = Mag~+a.Meo,. Since P is pure contraction, Mg, is an isometry and hence we have
Mxix+, = Mpyp-, on H%P (D), which implies that X = F. Therefore F' is the fundamental operator of
(S, P). This completes the proof of the theorem. O

Remark 8. Theorem 2 shows that given a contraction P and two bounded operators F' and G in B(Dp)
and B(Dp~) respectively, there need not always exist an S such that (S, P) is a I'-contraction, F' is its
fundamental operator and G is the fundamental operator of (S*, P*).

We would like to remark that given a pure contraction P and G € B(Dp+) with w(G) < 1, there is only
one S such that (S*, P*) is a I'-contraction with fundamental operator G. The proof is as follows.

Let S and S’ be two different operators such that (S*, P*) and (S’*, P*) are I'-contractions with the
same fundamental operator G. Since P is a pure contraction, by Theorem 2.1 in [7], both S and S’ are
unitarily equivalent to Py, Mg++¢Gz|mp, where Hp = RanW and the same unitary W : H — RanW works
for both operators S and S’. Hence S = 5’.

3. Results for completely-non-unitary I'-contractions

In this section we shall prove a version of Theorem 2 that holds for the c.n.u. case. We first recall two
minimal isometric dilations of a c.n.u. contraction. Let P € B(H) be a c.n.u. contraction.

(i) Note that
I>PP*>P2P*?>...> Pnp*" > ... >(.

Therefore there exists a positive bounded operator, say P2, such that P2 h = lim,_,., P"P*"h for all
h € H. Then PP2 P* = P2, which implies that || Pxh| = || Pso P*h|| for all h. This defines an isometry

T € B(Ran(Px)) such that TPy, = Ps, P*. Let U € B(K) be the minimal unitary extension of T'. Then
Iy : H — Hp . (D) @ K, defined as

is an isometry, where W : H — H%P* (D), W(h) = >.° 2" Dp«P*"h. We can check that (MZO®I [9)

is a minimal isometric dilation of Il PII§ and

M.oI 0\
I,P* — 1. 3.1
: ( . m) : (3.)
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(ii) For all t € [0, 27) define the operator
Ap(t) = [T — Op(e") Op(e)]?
where @p is the characteristic function of P introduced in Section 1. Consider the subspace
Sp={Me,f®Apf:feHp, (D)}

Then Sp is a closed subspace of H%P* D)o m. Let Qp be the orthogonal complement of Sp
in Hp . ) ® ApL}, (T).

There exists an isometry IT : H — Hp (D) ® ApL37, (T) with IT(H) = Qp such that (Agz M(Lt) is a
minimal isometric dilation of II PIT* and

M. 0\
apr = 1. 2
( 0 M) (3.2)

Thus I and Il give two minimal isometric dilations of P. But the minimal dilation is unique up to unitary
equivalence. Thus we get a unitary @ : H, (D) & ApL3, (T) — H3 . (D) @ K, such that &IT = [Ty and

M., o\ (Mol o)\
o M= — [ M . 33
( 0 M) ( 0 U*) (3.3)

Since @ is unitary and satisfies (3.3), by an easy matrix calculation and the fact that any operator inter-
twining a pure isometry and a unitary is zero (Lemma 2.5 in [3]), we get @ to be of the form

IV 0
@:( 0 V2> (3.4)

where Vi € B(Dp-) and V € B(ApL3,(T),K) are unitary operators.

Lemma 9. Let P be a c.n.u. I'-contraction on H. Let X € B(Dp-), w(X) <1 and R € B(ApL3, (T)) such
that (R, M«) is a I'-unitary on ApL3, (T). If

(MX*+ZX 0

SpCS 3.5
) R) »C Sp, (35)

then there exists Y € B(Dp) with w(Y) <1 such that

MX*+zX 0 M@p _ M@P My sy
0 R Ap Ap e

Proof. Eq. (3.5) allows us to define an operator T' € B(H3 (D)) so that

Mx-1.x 0 Mo, \ [ Mo,
[ m) ()= () w0
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[ Mo, ) Mx-y.x 0 Mo,
e () (e R () o

To prove the result, it is enough to show that (T, M,) is a I'-isometry. Since w(X) < 1, as shown in the

In other words,

previous section, we have ||Mx-y,x|| < 2. Also, (R, M.«) is a I'-unitary, therefore ||R|| < 2. Thus, from
Eq. (3.6), we can easily deduce that ||T'|| < 2, since the operator (AZQPP ) is an isometry. We shall now show
that T' commutes with M, .

From Eq. (3.6) we have

Mx+y.xMo, = Mo, T (3.8)
RAp = ApT. (3.9)

Note that M, commute with Mx+,.x and Mg, . Therefore applying M, on both sides of Eq. (3.8) we
get

Mo, TM. = Mg, M.T. (3.10)

1AISO7 Meit,

apzz_(r commutes with R and Ap, therefore applying M« on both sides of Eq. (3.9) we get
P

ApTM, = ApM,T. (3.11)

Egs. (3.10) and (3.11) together with the fact that (Aie: ) is an isometry yield TM, = M.T.
Lastly, we shall show that T'=T*M,. To accomplish this, consider

. Mo\ [ Myxeix 0 [ Mo,
M'T=M
_ Mo, ’ M; 0 Mx-y.x 0 Mo,
~\ Ap 0 My 0 R Ap

=T".

Consequently, M T = T*, that is, T = T*M,. Therefore we can conclude that (T, M) is a I'-isometry.
Agler and Young showed in [3] that the only way this can happen is that T is of the form My .y for some
Y € B(Dp), w(Y) < 1. This completes the proof. O

The next result, apart from its usefulness in proving the main theorem of this section, is interesting in
its own right and depends on the beautiful model theory for a I'-contraction developed by Agler and Young
in [3]. They proved, by a Stinespring like method, that if (S, P) is a I"-contraction on a Hilbert space H, then
‘H can be isometrically embedded in a Hilbert space I (by an isometry IT4y, say) on which a I'-isometry
(S, P) acts such that the isometric image of A is a common invariant subspace of $* and P* and

T4y S* = S* Il 4y P* = P*

HavH’ HayH’

Moreover, the I'-isometry (S , ]3) has a Wold decomposition, viz., K has an orthogonal decomposition K1BKs
such that K; and Ky reduce both S and P, the pair (S|k,, Plk,) is a pure I'-isometry and
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(Suapu) déf (§|K:2’]5|’C2)

is a [-unitary. In addition to this, the structure of a pure I'-isometry was completely deciphered by them.
It is as follows. There exists a Hilbert space £ and a bounded operator Y on £ such that w(Y) < 1
and (S|x,, P|x,) is unitarily equivalent to (Ty,T,) acting on HZ(D), where ¢ € L>®(B(£)) is given by
¥(z) =Y* + Yz for all z€ T. In short,

* MY*JrZY 0 ’ * MZ 0 "
I = ~ I7 d sy P = - I Ay . 12
Ay S ( 0 3. ) Ay an AY < 0 B, ) AY (3.12)

Let P be a c.n.u. contraction and IT be as above. Then in Theorem 4.1 of [11], Sarkar showed that there
is a unique isometry ¥ : H%P* (D) ® APLQDP (T) = K1 @ Ko such that IT4y = ¥II. Indeed, ¥ is defined by
sending ITh to IT4yh. What Sarkar showed next in Theorem 4.1 of [11] is significant for our purpose, viz.,
¥ is of the form (Ig2 ) ® V1) @ Vs, for some isometries Vi € B(Dp+,&) and V; € B(ApL%,(T), K3). Taking
all this into account, we have from (3.12),

118" = (Ipy @ Vi) @ Vi) (Trzy @ Y + M. @ Y) @ 80) " (T2 my @ Vi) @ Vo) IT
= ((IHz(]D) & Vl*Y*Vi + M, ® Vl*YV1) @ V;SUVQ)*H

Therefore writing X = Vl*le and R = 172*5“172, we get the following neat relation

Mx«y.x 0 )
I 1
( : R) (313

for some operator X € B(Dp-) with w(X) < 1 and R € B(ApL}(T)) such that (R, Me”'m) is a
P

15
[-unitary on A pLQDP (T). We are going to show that X is unitarily equivalent to the fundamental operator

of (§*, P*). Using (3.13) and (3.2) we get

Mx«1.x 0 )
S* - SP*=1I* I

MX*Jer 0 Mz 0 ’
— I i 7
< 0 R) < 0 Meu>

= IT* <PC®X O> I [Since (R, Mt

m) is a F-unitary]

0 0
P XV
e c®(ViXV) 0 1,
0 0

Therefore G = V1 XV}* is the fundamental operator of (S*, P*). By Eq. (3.13) we have that II'H = Qp is
MXB+ZX }O%)*. In other words, Sp = Qp™ is invariant under (

using Lemma 9, we have proved the following.

My y.x 0

an invariant subspace for ( 0 R ) Hence,

Lemma 10. Let (S, P) be a c.n.u. I'-contraction. Then there exists Y € B(Dp) with w(Y) <1 such that

MX*+ZX 0 M@p _ M@P M .
0 R AP AP Y+z2Y*,
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where X in the representation of S, i.e., Eq. (3.13), is unitarily equivalent to the fundamental operator for
(8*, P*).

The following result reveals a beautiful and useful relation between the operators S, P and P,,, when
(S, P) is a special I'-contraction.

Lemma 11. Let (S, P) be a c.n.u. I'-contraction such that R = Mu + I = Mgu, 1 in the representation
(3.13) of S, then

PZ + PP2 - PP2S*=0.

Proof. Let R = M_«, ;. Using relations (3.2), (3.3), (3.13) and ®IT = IIj we can write

S=1I I, and P=1I 1
0( 0 U*+I> o an 0(0 U*) 0

where G = V1 XV}*.
Consider

P*+ PP* — PP*S* = II} (Ag 3) Iy + II; (szz ?) I,

M, M*M} 0
—II* Vi MG 2G 1.
0( 0 U+I> 0

Applying the property (3.1) of Iy, we get
P* + PP* — PP*S* = P* + PP* — PP*S* — P2 P* — P2 + P2 S
Hence, P2 P* + P2 — P2 S* =0, or equivalently, P2 + PP2 — PP2S*=0. O
We are now in a position to state and prove the main result of this section.

Theorem 12. Let (S, P) be a c.n.u. I'-contraction on a Hilbert space H such that R = Muyy in the
representation (3.13) of S. Then

Mgy .c 0 Mo, Mo,
_ My ope, 3.14
( 0 Me,;,“) ( Ap Ap Fek (3.14)

where F' € B(Dp), G € B(Dp~) are the fundamental operators for (S, P) and (S*, P*) respectively. More-
over, if Vi is as in (53.4), then

Mgy .c 0 My, Mo, My, Me,,
_ My ooy 3.15
( 0 M., +,> ( Ap Ap Y42y (3.15)

holds for some Y € B(Dp) with w(Y) < 1.

Conversely, if P is a c.n.u. contraction on H and F\Y € B(Dp) with w(F) < 1, w(Y) < 1 and
G € B(Dp-) with w(G) < 1 satisfy Eqs. (3.14) and (5.15), then there exists S € B(H) so that (S, P)
is a c.n.u. I'- contraction, F is the fundamental operator for (S, P) and G is the fundamental operator for
(S*, P*).
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Proof. We have seen that if (S, P) is a c.n.u. I'-contraction and S has the form (3.13), then S* — SP* =
Dp- Vi XVi*Dp+ where X is as above. Thus, V3 X V}* is the fundamental operator of (S*, P*). Let G = V; X V{*

and F' denote the fundamental operator for (S, P). Then by Theorem 1, we have
Mo, Mpy.p- = Mg+1.cMo,.
We claim that
Meny1Ap = ApMpy p-.
As Ap commutes with M.« ; and Ap is non-negative, therefore Eq. (3.17) is equivalent to
AbMeiyp = ApMpy . p-.
Using the fact that
Ap(t) = [1 - Op(et) Op ()]

and the representation

Op(e") = |-P+ > e"("“)tDp*P*"Dp]

n=0

Dp

we get

ALM, i, ; = DpPP2Dp+ DpP2 Dp
+e"[DpP2 Dp + DpP% P*Dp)|

+ > e [DpPL P "V Dp + DpP2 P*" Dp]

n=2

-1
+ Z e™[DpP'™"P2 Dp + DpP' ™" P2 P*Dp)|

n=-—oo

and

ALMp, .p- = D5F + DpDp-GP — DpSDp + DpPP2 S*Dp
+e"[F*D} + P*G*Dp~Dp — DpS*Dp + DpP2 S*Dp|

+Y e™[DpPL P DS Dp]
n=2
-1

+ > e™[DpP'"PLS"Dp),

n=—oo

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

where to simplify the expressions that appear in the expansion of A%LMp, .- we have used that G being
the fundamental operator for (S*, P*) satisfies the equations Dp«GDp+ = S* —SP* and Dp«S* = GDp~ +
G*Dp« P*. We defer the proofs of these two equations till Appendix A. Using these equations, we shall now
show that the coefficients of €™ are the same in Egs. (3.19) and (3.20). For this, let L,, and R,, denote the

coefficients of e™* in the right hand side of Egs. (3.19) and (3.20), respectively.
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We first look at
Lo=DpPP2Dp+ DpP2Dp =DpPP2S*Dp,

since PP2 + P2 — PP2.S* =0.
Now, consider
Ry = D%F 4+ DpDp-GP — DpSDp + DpPP2S*Dp
RoDp = Dp|[DpFDp + Dp-GPDp — SD} + PP2 S*D} |
=Dp[S—S*P+ (S*—SP*)P—S(1— P*P)] + DpPP5*D},
=0+ DpPP2S*D%
= LoDp.

Thus Lo = Ry, since Lg, Ry € B(DP)
From Eq. (3.19),

Ly = DpP2Dp + DpP2P*Dp = DpP2S*Dp,

since POQO + PP(EOP* = POQOS*.
Further, from Eq. (3.20),
Ry = F*D% + P*G*Dp-Dp — DpS*Dp + DpP2S*Dp
DpRy = Dp|[F*D} + P*G*Dp~Dp — DpS*Dp + DpP2 S*Dp|
= [DpF*Dp + DpP*G*Dp- — D3.S*|Dp + D3 P2 S*Dp
= [$* - P*S+P*(S*—SP*)" — (1—- P*P)S*|Dp + D P2 S*Dp
= D% P2S*Dp
= DpL.
Therefore, DpRy = DpL; which implies that Ry = L1, as Ry, L1 € B(Dp).
We shall now show the equality of L,, and R,, for n > 2.
L, =DpP2 P*"YDp 4+ DpP2 P"Dp
= DpP2S*P* " VDp =R,

Lastly, we shall show that L,, = R, for all n < —1. For n < —1,

L, =DpP" "P2Dp+ DpP' "P2 P*Dp
= DpP'"""P2S*Dp = R,,.

All these above computations show that L, = R,, for all n. Therefore, A2PMeit+] = A%MF+ZF* which
implies that Mo, ;Ap = ApMpy.p+. Hence, Eq. (3.14) holds true.
To show the validity of Eq. (3.15), note that

(MXE)“X ;) (M) C I(H).

Therefore, by Lemma 9, we have Eq. (3.15).
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Conversely, let P be a c.n.u. contraction on H, and F,Y € B(Dp) with w(F) < 1, w(Y) < 1 and
G € G(Dp~) with w(G) < 1, satisfy Eqgs. (3.14) and (3.15).
Let

Mx1.x 0
S = I1* 1,
< 0 Mooy )

where X = V*G'V;.
From Eq. (3.15) we can easily deduce that IT(H) is invariant under

Mx~y.x 0
0 Moy, )

Also,

Therefore,
S*P* = P*S*.

Thus, (S, P) is a commuting pair of bounded operators on H with [|S|| < 2.
Now to show that G is the fundamental operator for (S*, P*), consider

s gpr =+ [ Mxoex 0 b
0 Mgy

o | Mx-12x 0 LM, 0 "
/i nr I
( 0 Me,-,,,+,> < 0 M )

o <P@®X 0)17

0 0
Pe®G O
=11} 11
= DP*GDP*.

Thus, S* — SP* = Dp-GDp-. Therefore, G is the fundamental operator for (S*, P*).
Applying the first part of this result to the c.n.u I'-contraction (.S, P), we obtain

Mg+ y.a 0 MQP M@P
== M 2C'*, 2].
( 0 MMI) ( Ap ) ( Ap Ct=C (3:21)

where C' € B(Dp) is the fundamental operator for (S, P). Then from the given equation, that is, Eq. (3.14)
and Eq. (3.21) and the fact that
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Mo,
Ap
is an isometry we get Mpy.px = Mco4,0+. Thus F' = C. This completes the proof. 0O

Remark 13. Every pure contraction is a c.n.u. contraction. So, for a pure contraction P € B(H), we have
two results, Theorem 2 and the converse of Theorem 12. Theorem 12 demands two conditions, namely
Egs. (3.14) and (3.15), for the existence of S € B(H) so that the operators F' and G are the fundamental
operators for (S, P) and (S*, P*), respectively, whereas in Theorem 2 the same conclusion holds just by
assuming Eq. (3.14). Does this make Theorem 12 a weaker result? The answer is no as we shall see from
the following discussion that if P is a pure contraction Eq. (3.14) holds if and only if Eq. (3.15) holds.

Let P € B(H) be a pure contraction. Then P, and Ap are both zero. Therefore, for the pure contrac-
tion P, Egs. (3.14) and (3.15) become

Me+t:cMop = Mo, Mp 2~ (3.22)
and
Me++.cMv, Mo, = My, Mo, My 4.y, (3.23)
respectively. Further, now since P is pure, ® = [ @ V1, IloIl§ + Mg, Mg, = I and Il = W. This implies
that Mo, and (I @ Vi)Me, are both isometries in B(H3, (D), Hp . (D)) and they satisfy the following
equation

M@PMéP = (I ® Vl)MGPMéP (I ® Vvl*)

Consequently, RanM o, = RanMy, Mg, . Hence, by using Lemma 9, we can easily conclude that if Eq. (3.23)
holds, then Eq. (3.22) will also hold. Lastly, if Eq. (3.22) holds, then by using arguments similar to the ones
used in the proof of Lemma 9, Eq. (3.23) will also hold.

4. Results for pure tetrablock contractions

In this section, we prove a result for pure tetrablock contractions similar to the result stated in Theorem 1
and Theorem 2 for pure I'-contractions.

Before we state and prove the main results of this section, we need to recall a result from [6] which will
come very handy in proving the main results.

Lemma 14. The fundamental operators Fy and Fy of a tetrablock contraction (A, B, P) are the unique
bounded linear operators on Dp that satisfy the pair of operator equations

DpAZXle—I—X;DpP and DPBZXQDP—I—XTDPP.

The next two lemmas give analogous results for a tetrablock contraction to Lemma 6. These two lemmas
can be found in [12]. We just state the results here without giving the proofs.

Lemma 15. Let (A, B, P) be a tetrablock contraction on a Hilbert space H and Fy, Fy and G1, Ga be
fundamental operators of (A, B, P) and (A*, B*, P*) respectively. Then

PF, =G;P|p,, fori=1 and?2.
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Lemma 16. Let (A, B, P) be a tetrablock contraction on a Hilbert space H and Fy, Fy and G1, Ga be
fundamental operators of (A, B, P) and (A*, B*, P*) respectively. Then

(Fl*Dpr* 7F2P*)| . :DPDP*Glfp*G; and

Dp

(F;DpDp- — F1P*)|, = DpDp-Gs — P*G.

Dp

The fundamental operators of a tetrablock contraction always abide by two relations (like in the case of
I'-contractions, Theorem 1). The next theorem, which was proved in [12] (Corollary 12), gives the relations
between them.

Lemma 17. Let Fy and F5 be fundamental operators of a tetrablock contraction (A, B, P) and G1 and G be
fundamental operators of the tetrablock contraction (A*, B*, P*). Then

(Fy + F22)Op-(2) = Op«(2)(G1 + G52)  and (4.1)
(F5 4+ F12)Op«(2) = Op+(2)(G2 + Giz)  hold for all z € D. (4.2)

Proof.
(Fy + F»2)Op-(2)

= (Fl* + ng) <—P* + Z z”+1DpP"Dp*>
n=0

— <—F1*P* +° z”Fl*Danle*> + (—zFQP* +>° z"FQDpP"QDP*>

n=1 n=2
= —F{P*+2(~F,P* + FfDpDp-) + Y _ 2" (FfDpP" ' Dp- + F,DpP" > Dp-)
n=2

= _FI*P* +Z(_F2P* +F1*DPDP*) + Zzn(Fl*_DPP+F2DP)Pn—2DP*

n=2

oo
=-P*G; + Z(Dpr* Gy — P*G;) + Z 2"DpBP" ?Dp- [using Lemmas 14, 15 and 16].

n=2

On the other hand
Op-(z) (G1 + Gsz)

= (—P* + Z ZnJrlePnDp*) (Gl + G;Z)

n=0

= (P*G1 +y z"DpP"IDp*(h) + (zP*G; +y z”DpP”QDp*G§>

n=1 n=2

= —P*G1+ 2(DpDp-Gy — P*G5) + Y _ 2"(DpP" "' Dp-Gy + DpP" " *Dp-G3)

n=2

[eS)
= —P*Gl + Z(DPDP*Gl - P*GS) + ZZ”DPPn_Q(PDP*Gl + DPGE)

n=2



T. Bhattacharyya et al. / J. Math. Anal. Appl. 425 (2015) 983-1003 999

= —P*Gy+2(DpDp+Gy1 — P*G3) + Y _ 2"DpP">BDp-

n=2

= —P*Gy+2(DpDp-Gy — P*G3) + Y _ 2"DpBP"*Dp-.
n=2

Hence (Fy+F52)Op=«(z) = Op«(2)(G1+G35 %) for all z € D. Similarly one can prove that (F§+Fy2)Op«(2) =
Op«(2)(G2 + G5z) holds for all z € D. O

We end with the proof of Theorem 3.

Proof of Theorem 3. The first part is obtained by applying Lemma 17 to the tetrablock contraction
(A*, B*, P*).

For the converse, let W be the isometry defined above. Since P is pure contraction, we have W P* = MW
as seen in Eq. (2.3). Egs. (1.8) imply that (Mg 16,2, Mgy +a, 2, M.) is a commuting triple of bounded oper-
ators on H%P* (D). Using Theorem 5.7 (part (3)) of [6] one can easily check that (Mg 4G,-, Mas+G, -, M=)
is actually a tetrablock isometry. Define A = W*Mgs,.q,.W and B = W*Mg;1c,.W. Eqgs. (1.6) and (1.7)
tell that RanMg, is invariant under Mgyig,. and MgyiG, .. In other words RanW = (RanM g, )* is
invariant under MéerGzz and M(*;;JFGIZ.

Commutativity of A and B with P can be checked easily. To show that A and B commute, we proceed
as follows.

A'B* =W*'Mg:  q,-WW" Mg, q,.W
=W'Mg: 1 ,- Mz 16, -W [since RanW is invariant under Mé;JrGlz]
= W*MéngGleé’erngW
=W"M¢s 6 WW* Mg ¢,. W [since RanW is invariant under ME‘;HGQZ]
= B*A*.
Therefore (A, B, P) is a commuting triple of bounded operators. Now we shall show that (A4, B, P) is
a tetrablock contraction. Note that for every polynomial f in three variables we have f(A*, B*, P*) =

W f(Ty, Ty, T3 )W, where (11, T2,13) = (Mas 4Gy, Mas+G, -, M>). Let f be any polynomial in three vari-
ables. Then we have

|7 (47, B", P)

| =W (T, 75, T) W | < (| £(17, 15, T5)

| < 1f 115 000

where the last inequality follows from the fact that (77, 7T»,T3) is a tetrablock contraction.

A* — BP* = W*MéHGZZW - W*Mgs+q, -WW*M;W
=W*"Mg: 1 6,.W — W"Mgyy6,- MW [since RanW is invariant under M} ]
W (TG + (M. © Gs) — (M: 8 G5) — (MM © G))W
=W*"(Pc ® G1)W = Dp-G1Dp-~.
Similarly one can show that B*— AP* = Dp+«GDp~. This shows that G, G2 are the fundamental operators

of (A*, B*, P*). Let X1, X5 be the fundamental operators of (A, B, P). Then we have, by first part of
Theorem 3,
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(G} + G22)Op(z) = Op(2)(X1 + X52) and
(G5 + G12)Op(z) = Op(z)(X2 + X7z) hold for all z € D.
By this and the fact that G; and G2 satisfy Eqs. (1.6) and (1.7), for some operators Fy, F5 € B(Dp) with
numerical radii no greater than one, we have Fy + Fjz = X; + X3z and F» + Ff'z = X5 + X7z, for all

z € D. Which shows that X; = Fy and Xo = Fy. Hence Fy, F, are the fundamental operators of (4, B, P).
This completes the proof of the theorem. O

Appendix A

A.1. Proof of Eq. (3.19)

Ap(t)*(c* +1) = [I - Op(c) Op ()] [ + 1]

= [1 — <—P* +> ei("“)tDpP”Dp*) (—P +y ei(”“)tDp*P*”Dp)

e +1)

n=0 n=0

—1
P* + Z eintDPP—n—lDP*

n=—oo

- [e"+1] -

X

~P+¢"(Dp-Dp — P)+ Y _ e (Dp- P 2(I + P*)DP)]

n=2

= [e" +I] = P*P — " (P*P — P*Dp-Dp)

oo -1
+3 e™MP Dp. P*" (14 P)Dp+ Y e™DpP "' Dp.P
n=2 n=—oo

0
— Y €™DpP "Dp.(Dp-Dp — P)

n=-—oo

0 n—2
_ Z et [ Z Dppfkle%* P*(ﬂ*k*?) (I + P*)Dp‘|

n—=—oo k=—o00

[es) -1
. Z eint [ Z DppfkleIQD* p*(nfkr72) (I + p*)DP] )

n=1 k=—o0

We shall now simplify the coefficients of e, n € Z. Let C,, denote the coefficient of e™. In the following
simplifications we shall be repeatedly using D%. = I — PP*, DpP* = P*Dp«, P2 h = lim,, P"P*"h for all
h and PP2P* = P2

—2
Co=1—P*P—DpDp(Dp-Dp — P) — Z DpP ¥=1D%, P*k=2(1 + P*)Dp

k=—o00

=DpPDp + DpPP*Dp =y DpP(PF2p**=2) — ph=ipk=D) (T P*)Dp
k=2

= DpPP2Dp + DpP2 Dp.
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-1
C,=I1-P*P+P*Dp-Dp — Z DpP F=1D%, P*k=U(1 + P*)Dp

k=—oc0
=D} +DpP*Dp — Y Dp(P*'P*:=1 — PEP**) (I + P*)Dp
k=1
= DpP2Dp + DpP2 P*Dp.

Next we look at Cp,, n > 2. For n > 2,

-1
Cn =P*Dp-P*""?(I+P*)Dp— Y DpP ¥ 'Dp. P 2(I+ P*)Dp

k=—oc0

_ DPP*(n—l)DP + DPP*nDP _ ZDP (Pk—lp*(k—l) _ Pk:P*k)P*(n—l) (I + P*)DP
k=1
= DpPLP* " VDp + DpPL P Dp.

Lastly, we simplify C,,, n < —1. For n < —1,

Cn=DpP " 'Dp.P — DpP "Dp-(Dp-Dp — P)
n—2
o Z DPP—k—lD%* P*(n—k—2) (I + P*)DP

k=—o0

_ DPP7n+1P*DP + DPP7n+1DP o Z Dpplfn (Pkp*k o Pk+1p*(k+1)) (I + P*)DP
k=0
= DpP'™"P2 Dp 4+ DpP' ™" P2 P*Dp.

Thus, Eq. (3.19) holds.
A.2. Proof of Eq. (3.20)
Ap(t)2(F + eitF*) =[I-6p (e”)*@p (eit)] [F+ eitF*}
P4t — Op(e?) [G" + €G] Op (")
(since Op (e“) [F + eitF*] = [G* + eitG} Op (e“))

= F+ eitF* —_ | —p* + Z 67i(n+1)tDPPnDP*

n=0

o
Sy = Z ei(n+1)tDP*P*nDP]

n=0

(6" + G

X

= F+e"F* —

1
—P*—‘r Z eintDpP_n_le*]

n—=—oo

~G*P+¢"(G*Dp-Dp — GP) + Y _ ™ (G*Dp-P* + GDp*)P*(”Q)Dp]

X
n=2
—1
:F—i-@itF* _ —P*—‘r Z eintDPP—n—lDP*]
n=—o00
X

o0
~G*P +¢"(G*Dp-Dp — GP) + Z emtDp*S*P*(”_Z)Dp] .

n=2
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To get the last equality we used that G being the fundamental operator for (S*, P*) satisfies Dp«S* =

GDp+ + G*Dp+ P*. Next we multiply the last two terms, as we did to obtain (3.19), and collect coefficients
of ™™,

Ap(t)*(F +e"F*) =

F—P*G*P — DpDp-(G*Dp-Dp — GP)

-2
— Y DpP ¥ DL PR 5 Dy

k=—oc0

4 eit

F* - P*GP + P*G"Dp-Dp — » DPP’“_lD%*P*(’“‘l)S*Dp]

k=1
e
4 E eint

n=2

[oe]

P*Dp.S*P*""2)Dp — " DpP’“_lD?D*P*("J”k_Q)S*Dp]
k=1

-1

+ Z eint

n=—oo

DpP~""'Dp.G*P — DpP~"Dp-(G*Dp-Dp — GP)

_ Z DPPk:—lDZP* P*(n-{—k—Z)S*DP )
k=2—n

Next we simplify the coefficients of €™, n € Z. Let D,, denote the coefficient of ¢™. To simplify D! s we

shall be repeatedly using D% = I — P*P, D%. =1 — PP*, PDp = Dp«P, P*F = G*P and Dp-GDp- =
S* — SP*.

Dy = |F — P*G*P — DpDp-(G*Dp-Dp — GP)

-2

— Y DpP "D} P8 Dy

k=—oc0
=F—PP'F+ DpDp-GP — DpSDp + DpPS*Dp
oo
_ Z DPP(Pk—QP*(k—2) _ Pk‘—lp*(k—l))s*DP
k=2
= D}F + DpDp-GP — DpSDp + DpPPZ S*Dp.

Dy =F*—P*GP+ P*G*Dp-Dp — »_ DpP* ' D3.P**"Vs*Dp
k=1
o0
= [* — [*P*P + P*G*DP*DP _ ZDP(Pk—lp*(k—l) _ PkP*k)S*DP
k=1
= F*D% + P*G*Dp-Dp — DpS*Dp + DpP2 S*Dp.

For n > 2,

Dy, = P*Dp-S*P*""2Dp — Y " DpPF ' D} P25 Dp
k=1

— P*DP* S*P*(n72)DP _ Z DP (Pkflp*(kfl) _ PkP*k‘)P*(’nfl)S*DP
k=1
= DpP2 P "1 5*Dp.
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Lastly, for n < —1,
D, =DpP " 'Dp.G*P — DpP™"Dp+(G*Dp-Dp — GP)

o)
_ Z DPPk_lD}Qp* P*(n+k_2)S*DP
k=2—n
=DpP " 'Dp.G*P — DpP™"(S* — SP*)"Dp + DpP " Dp-GP

o0
_ Z Dppl—’n(PkP*k _ Pk+1P*(k+l))S*DP
k=0
= DpP'""P2 S*Dp.

For each n € Z, the expression for D, is the same as required in Eq. (3.20). This proves Eq. (3.20).
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