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Formulation of the expectations of eight operators required for the evaluation of the Born 

corrections, the Born couplings, and higher derivatives of the Bom-Oppenheimer wave 

functions are derived for the case ofa Gaussian-lobe orbital (GLO) basis. The relative 

simplicity of these analytical formulas is a special advantage of GLO and reduces the computer 

time in these calculations. Some operators treated here require a modification of the Slater 

rules. As examples of applications of these techniques, ab initio calculations of the orbital 

stresses and the Born corrections for the ground state X 1 ~t and excited states 1 ~t (II), C, 

C' 3llu , and 3llu (II) ofN2 are reported. The obtained results show that the Born correction 

near the avoided crossing region strongly depends upon the nuclear separation; in this region 

configuration interaction makes an important contribution. 

I. INTRODUCTION 

Born-Oppenheimer (BO) adiabatic potential-energy 

surfaces 1 for molecules and collision complexes are essential 

to the interpretation of molecular properties and provide a 

description of the dynamics of nuclei in processes involving 

essentially a single electronic state. On the other hand, the 

study of radiationless transitions, predissociation, electronic 

transitions in molecular collisions, and certain perturbations 

of molecular spectra requires a nonadiabatic treatment. The 

inclusion of the Born (nonadiabatic) coupling parameters2 

in the Hamiltonian allows treatment of the breakdown of the 

BO approximation. These parameters are the matrix ele­

ments of the first derivative of the nuclear displacement op­

erator (NDO) in the space spanned by the Bom-Oppenhei­

mer electronic wave functions (BOEWF). The properties of 

the NDO have been recently discussed in detail. 3 

There has been increasing interest in the study and cal­

culation of the diagonal elements (the so-called Born correc­

tion terms),4-12 off-diagonal elements (the so-called Born 

couplings), 11-20 and higher derivatives of the BO potential 

energy surfaces.21 Since these matrix elements are generally 

considered difficult to calculate, several searches for a prac­

tically effective procedure to obtain these quantities are un­

derway.7-21 Algorithms for calculating first and second de­

rivatives from large-scale configuration interaction (CI) 

molecular wave functions have been developed by Buenker 

and Peyerimhoff and their co-workers. 22 

Gaussian-lobe orbitals (GLO), first introduced by 

Preuss23 and by Whitten24.25 have been widely and success­

fully used in many molecular calculations.26 This choice of 

basis has two main advantages: first, the formulas for expec­

tations of various operators are relatively simple in terms of 

the GLO; second, less computation time is generally re­

quired-a nontrivial consideration for calculation of the 

Born corrections, the Born couplings, and the higher deriva­

tives. Since these calculations involve many different opera­

tors, and reliable results require several full calculations of 

electronic wave functions, the advantage of the GLO basis is 

particularly well demonstrated in the present applications. 

In this paper we derive the formulas for the expectations 

ofthe required operators in the GLO basis. The effectiveness 

of the method is evident from the accuracy and consistency 

of the results we report for the orbital stress and for the Born 

corrections for the ground state and several excited elec­

tronic states ofN2• 

II. EXPECTATION VALUES REQUIRED FOR THE BORN 

COUPLINGS, THE BORN CORRECTIONS, AND HIGHER 

DERIVATIVES 

We consider the following expectation values of the op­

erators required for the evaluation of the Born correction, 

the Born couplings, and higher derivatives, in the space of 

BOEWF: 

('lJil(:Q V)I'IJ), (1) 

('lJi l(:;2 V)I'lJi ), (2) 

('lJi l(:;3 V) 1 'IJ) , (3) 

('lJ i 1(:;4 V)I'IJ), (4) 

a 
('lJil aQ1'IJ), (5) 

a2 

('lJilaQ21'IJ), (6) 

(:Q 'lJ i I :Q 'lJi ) , (7) 

(8) 
P.q 

where Q is an arbitrary generalized nuclear position coordi­

nate. Indices p, q run over all electrons, 1 'IJ i) and 1 'lJj ) are BO 

electronic states, and V is the electron-nuclear potential­

energy operator: 

~ Zp 
V=L,.Vp=-I-, 

p p rp 
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where Zp is the charge number of the pth nucleus. 

Operator (1) is used to calculate the vector Born cou­

pling matrix elements by the Hellmann-Feynman formu­

la,3,28 the orbital stress, and the transition stress28,29 and is 

useful in a force analysis for molecules. 30 

Operator (2) is used to calculate the Born correction 

parameters and the scalar Born coupling parameters by the 

Hellmann-Feynman formula27 and its diagonal elements 

are related to the molecular force constants. 

Operators (3) and (4) are used to evaluate the higher 

derivatives by the generalized Hellmann-Feynman formu­

las3 and molecular cubic as well as quartic force constants. 

Operator (5) is used to calculate the vector Born cou­

pling parameter by the numerical method,17,18 and also the 

nuclear contribution to the dipole transition moment be­

tween state i and statej. 

Operator (6) can be used to obtain the Born correction 

parameters (diagonal elements) and the scalar Born cou­

pling parameters (off-diagonal elements). Operator (7) 

provides another approach to the Born correction param­

eters, as suggested by Sellers and Pulay.7,8 Besides this, it 

also serves as a consistency check for the numerical results of 

expectations for operator (6).38 

The expectations of operator (8) are the cross terms of 

the electronic kinetic energy, which contribute to the total 

Born corrections and Born couplings. 

III. THE TRANSFORMATION OF EXPECTATIONS FROM 

CI WAVE FUNCTION TO THE GLO BASIS 

CI electronic wave functions Ii) or'i'; at a nuclear con­

figuration Q are the linear combinations of Slater determi­

nant wave functions 4> a: 

(9) 
a 

where CI coefficients Cia are Q dependent as are the Slater 

determinants 

4>a (Q) = (N!) -1/2 DetltPa, (QI,Q)tPa
2 
(Q2,Q)'" 

( 10) 

In Eq. (10) tPp is the pth molecular orbital, which is the 

linear combination of primitive basis functions X;: 

tPp(Q) = ICp;(Q)X;' (11 ) 
; 

The Q dependency of X; is reflected through the assignment 

of basis centers. 

The functions X; are linear combinations of M Gaussian 

components. According to the GLO approach, the latter are 

the linear combinations of lobes which always are s-type 

Gaussians whose centers are located around the basis center 

A (see Refs. 24 and 25): 

M L 

X;(A) = I I ( - l)k+ Id;mNm exp( - amrt.>, 
m=1 k= I 

(12) 

where M is the number of components, L is the number of 

lobes, which is equal to 1, 2, and 4 for s-, p-, and d-type basis 

functions, respectively. dim is the normalized combination 

coefficients of the mth component, am and N m are the expo­

nent and the normalization constant of the mth component, 

respectively, Amk is the center of the k th lobe in the mth 

component, which is displaced from the basis center A for p 

and d functions. The magnitudes of these displacements of 

lobe centers are the same for a given component, but differ­

ent lobes are displaced in different directions. 24-26 

The overlap integral between two basis functions 

X; (A) and Xj (B) is 

Wij = (x;(A)IXj(B» = I W~ij), (13 ) 
mnkl 

where we use the collective SUbscript 7' to represent the sub­

scripts mnkl, and the lobe overlap integrals W~ij) are 

WCij) = ( - l)k+ld. d. N N 1T 
( )

3/2 

T 1m In m n am + b
n 

(14) 

where U mn = ambn/(am + bn ),IAmkBn11 = IBnl - Amkl 
and Amk is the center of the k th lobe of the mth component of 

the ith basis function. 

Operators ( 1 )-( 4) are ordinary one-electron operators. 

Operator (8) is an ordinary separable two-electron opera­

tor. The transformation of expectations for these operators 

from CI wave functions to the GLO basis can be accom­

plished by straightforward application of the Slater rules. 

However, operators (5)-(7) are special cases. In the 

transformation from CI wave functions to Slater determi­

nants, it should be noted, as many authors have mentioned 

previously, that they are differential operators. Thus 

('i';I'i';) = I C;aC;a + I C;a Cjp(4)al4>p), (15) 
a ap 

('i'; I'i';') = I Cia C;~ + 2 I C;a C ;p(4)a l4>p) 
a a,p 

+ I C;a Cjp(4)al4>;;), 
a,p 

(16) 

('i';I'i';) = I C;aC;a + I[C;aCjp(4)al4>p) 
a a,p 

+ C;aC;p(4)~ l4>p)] + I C;aCj,8(4)~ l4>p)· 
a,p 

(17) 

In the transformation of expectations from Slater deter­

minants to molecular orbitals operator (5) complies with 

the Slater rule for one-electron operators, even though the 

operator itself does not contain any electronic coordinates. 

But the other two operators, which are "zero-electron opera­

tors," do not obey the standard Slater rule. Instead, they 

obey a rule that is similar to the Slater rule. 

( 1) If 4> a and 4>,8 are the same then 

(4)al4>;;) = I(tPpltP;) + I «tPpltP~»2, (18) 
p p#q 

(4)~I4>p) = I(tP;ltP;) - I «tPpltP~»2, (19) 
p p#q 

where the prime refers to derivative with respect to a nuclear 

coordinate. Equation (19) was pointed out previously by 
Sellers and Pulay.7 
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(2) If <l> a and <l> p differ in only one orbital, after a suit­

able permutation they may be written as 

<l>a = 11,611,62·' ·tPk-1 tPrl, 

<l>p = ItPltP2,,·tPk-ltPsl, 

where r=/=s. In this case 

k-I 
(<l> a I<l>p) = (tPr 11,6;') + 2 2: (tPm 11,6:) (tPm 11,6;», (20) 

m=1 

k-I 
(<l>~I<l>.a) = (1,6;11,6:) -2 2: (tPrnltP:)(tPmltP;»· (21) 

rn=1 

(3) If <l> a and <l> p differ in two orbitals, after a suitable 

permutation they may be written as 

<l>a = ItPltPz" ·tPk-2tPrtPu I, 

<l>p = ItPltPZ·"tPk-2tPstPvl. 

so that we have 

(<l>al<l>p) =2[(tPrltP:)(tPultP~) - (tPrltP~)(tPultP:)], (22) 

(<l>~I<l>.a) = -2[(tPrltP;)(tPultP~) - (tPrltP~)(tPultP:)]· 
(23) 

( 4) If <l> a and <l> p differ in three or more orbitals, 

(<l>a I<l>p) and (<l>~ I<l>.a) vanish. 

In the last transformation, that of expectations from 

molecular orbitals to the GLO basis, operators (5)-(7) 

have similar transformations to those from CI wave func­

tions to Slater determinants: 

(tPpltP~) = 2: CPiC~(Xilx) + 2: CpiCqj (Xi Ixj), (24) 
iJ iJ 

(tPP 11,6;) = 2: CpiC; (Xi IXj) + 2 2: CpiC~ (Xi Ixj) 
iJ iJ 

+ 2: CpiCqj(Xi Ix}'), 
iJ 

(1,6; ItP~) = 2: C;iC~ (Xi IXj) 
iJ 

+ 2: [C;iCqj(Xilxj) +CPic~(x;IXj)] 
iJ 

iJ 

(25) 

(26) 

On the other hand, the generalized coordinates Q are 

linear combinations of nuclear coordinates, and transforma­

tion from these generalized coordinates to the ordinary Car­

tesian coordinates, which are used in most quantum chemis­

try programs, produces cross terms. Taking all of the results 

into account, we finally arrive at the following expectations 

of these operators in the GLO basis: 

(Xi (A) I (V e V) IXj (B», (27) 

(Xi (A) I (V D Ve V) IXj(B», (28) 

(Xi (A) I(V EV D Ve V) IXj(B», (29) 

(Xi (A) I (V FV EV D Ve V) IXj(B», 

(Xi (A) IV e IXj (B», 

(Xi (A) IV D V eIXj(B», 

(V DXi(A) IV eXj(B», 

(30) 

(31) 

(32) 

(33) 

(34) 

where the expectation of Eq. (34) originates from operator 

(8) since it is a separable two-electron operator. 

IV. EVALUATION OF EXPECTATIONS IN THE GLO 

BASIS 

For convenience, the lobe functions at the center Amk 

are written as 

The two-lobe integrals that appear in the electron-nuclear 

attractive potentials are 

(35) 

where r e is the position of the electron with the nucleus Cas 

origin and 

Kr = 21T exp( - Urnn IArnkBnllz), (36) 
am + bn 

(37) 

(38) 

(39) 

and 

amAmk + bnBnl 
P = (40) 

T am + b
n 

. 

The SUbscripts r = mnkl, indicate that K, t, and Pare lobe­

pair dependent. The function Fo(t) ofEq. (38) is the special 

case of the error functions with m = 0: 

Fm(t) = ilu2me-tu2dU 

that obey the recursion relation 

a 
-Fm (I) = - Frn+ 1 (t). 
at 

(40a) 

(41) 

Combination of Eqs. (12) and (35) gives the three-center 

potential integrals 

(Xi (A) We IXj (B» 

= - Ze 2: ( - 1)k+ IdimdjnNmNnKTFo(tT)' (42) 
mnkl 

where tT depends on all three centers A, B, and C and K 

depends on A and B. 

A. <x,(A)I(V c V)/Xt(B) 

For the simplest case, C =/=B and C =/=A it is evident that 

(Xi(A)IVe VIXj(B» = V c[ (Xi(A)1 VeIXj(B»] 

=Ze 2: (-l)k+ldimdjnNmNnKTFI(tT)[VetT]' 
mnkl 

(43) 

Using Eq. (39) and the lobe overlap integrals shown in Eq. 

(14),wehave 
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(Xi (A) IV e VIXj(B» 

= - 4Ze IT I (am + bn )3/2 
-V 1T mnkl 

X W~ij)FICtT)(C - PT)· (44) 

If C = B #A the situation is not as obvious as the above 

case: 

(Xi (A) I (VB V)IXj(B» = (Xi (A) I(V B VB) IXj(B» 

= VB [(Xi(A)!VB IXj(B»] - (Xi (A) !VB V BIXj(B». 
(45) 

The first term on the right-hand side is easy to obtain by 

taking the gradient of Eq. (42) with respect to the coordi­

nates of nucleus B. However, it is important to realize that 

both KT and tT are dependent upon the coordinates of nu­

cleus B: 

= - ZB I (- l)k+ld;m djn N mN n 
mnkl 

X [(VBKT)FoCtT) -KTFICtT)(VBtT)] 

= -4ZB IT I (am +bn)I/2W~ij) -V 1T mnkl 

X [bn (D n1 - P T)FoCtT) + am (D - P T)F1CtT)]. 
(46) 

Using the general formula for attractive integrals of 

Cartesian Gaussians35
-

37 we have the second term of Eq. 

(45): 

(Xi (A) I VB IV BXj(B» 

= - 4ZB IT I (am + bn) 1/2W~ij) 
-V 1T mnkl 

X [bn (Dn1 - PT)FoCtT) - bn (D - PT)F1 CtT)]. 

Combining this equation and Eq. (46) and using Eq. (14) 

we obtain 

(Xi (A) IV B VIXj(B» 

{f ~ b 3/2 = - 4ZB - £.. (am + n) 
1T mnkl 

X W~FICtT)(D - PT). 

If C = A #B a similar result can be derived. 

For the last case, C = B = A, we have 

(X; (A) I (V A V) IXj(A» = (Xi (A) I (V A VA) IXj(A» 

(47) 

= V A [(Xi (A) I VA IXj(A»] - (Xi (A) I VA VA IXj(A» 

- (VA(Xi(A)I)VAIXj(A». 

The first term on the right-hand side vanishes since a one­

center integral is independent of the choice of origin. By the 

same procedure as the case of C = B #A, evaluating the re­

maining two terms we find that 

(X; (A) IVA VIXj(A» 

= - 4ZA IT I (am + bn )3/2 -V 1T mnkl 

X W~ij)FICtT)(A - PT). (48) 

ComparisonofEq. (44) withEqs. (47) and (48) shows 

that they actually have the same form although they have 

been obtained by different derivations. Therefore Eq. (44) is 

the correct form for the expectations for operator ( 1) in the 

GLO basis, disregarding the relations among A, B, and C. 

We also can write Eq. (44) as 

(X;(A) IVe VIXj(C» 

(49) 

where Amn,l is the k = 1 case of the following defining 

expression: 

A = 2k+ I {f(a + b )k+ 112 mn.k m n • 
1T 

(50) 

B. (Xf(A)IV oV c VlX/{B) 

This is a second-rank tensor operator with nine compo­

nents. It is easy to see that the expectation vanishes unless 

D = C, so the nine components can be represented simply by 

the SUbscripts xx, yy, ZZ, xy, xz, yx, yz, zx, and zy. 

For the simplest case of C #B, C #A, apparently we 

have 

(Xi(A)IVDVeVIXj(B» = VDVe(Xi(A)IVeIXj(B»8De' 
(51 ) 

However, Eq. (51) does not involve the singularity at r e 

which appears for this operator. Using the identity 

V~ ~ = - 41T8(re ) 
7e 

= -41T8(x-Xe)8(y-Ye)8(z-Ze), (52) 

where x, y, and z are the electronic coordinates and 

Xc, Ye , and Ze are coordinates for nucleus C, we have the 

following expression for an arbitrary component a/3 of this 

operator: 

[(x;(A)IV D Ve VIXj(B» ]aP 

= [V D V e(X;(A)!VeIXj(B» ]a{J8De 

41TZe 
+ -3-(X;(A) 18(re> IXj(B»8ap8De· (53) 

By using Eqs. (42), (41), and (39), we found the first term 

on the right-hand side of the above equation to be 

[V D VeX; (A) I VelXj (B» ] ap8De 

- Z ~ (ij)[ ~ C - - e £.. W T /l.mn,2 F2CtT)( - P T)a{J 
mnkl 

- Amn.1 FI CtT )8ap ]8De, (54) 

where a special notation is introduced: 

(C - PT)aP"'''' = (C - PT)a (C - PT)p'" (C - PT) ... , 

(55) 

and a,/3= x, y, or z. In Eq. (54) FdtT), F2(tT)' and 

Amn.1, Amn,2 are defined in Eqs. (40a) and (50), respectively. 

The second term on the right-hand side ofEq. (53) may 

be evaluated by the property of the 8 function: 

Lf(X)8(X - y)dx =f(y), if yEO. (56) 

Thus it is not difficult to see that 
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(x;(A)ID(re)IXj(B» =_1_ I Amn., W~!j)e-tT. (57) 
41T mnkl 

Combining Eqs. (54) and (57) we have 

[(x;(A)1 (V e V D V) IXj(B» lap 

= - Ze I W~ij){Amn.2F2(tr)(C - Pr)aP 
mnkl 

-Amn., [F,Ur) +~e-tT]DaP}ODC' (58) 

For the case D = C = B #A the following relation is 

easily derived: 

[(X;(A) I(V B VB V) IXj(B» lap 

= [(x;(A)1 (VB VB VB) IXj(B»]ap 

= [VB V B(X;(A) !VBIXj(B» lap 

- 2[V B(X;(A) I V~ V BIXj(B» lap 

+ [(X;(A)!VBVBVBIXj(B»]aP 

41TZB 
+--(x;(A)ID(rs)IXj(B»Dap . (59) 

3 
By a method similar to that for (X; (A) I (V e V) Xj (B) ), we 

have 

V B VB [(x;(A) I VBIXj(B»] = - ZB I Amn.o W~ij) {[ 4b~ (Bnl - P r ) (B nl - Pr ) - 2amn ]Fo(tr) 
mnkl 

VB [<X;(A)!VBVBIXj(B»] = -ZB I Amn.oW~ij){[4b~(Bnl-Pr)(Bnl-Pr) -2amn ]Fo(tr) 
mnkl 

- [4b~(Bnl-Pr)(B-Pr) -4ambn(Bnl-Pr)(B-Pr) -2amn ]F,(tr) 

- 4ambn (B - P r ) (B - Pr )F2(tr)}' (61) 

Substituting Eqs. (57) and (60)-(62) into Eq. (59) and 

simplifying, we find the basis expectations in this case have 

the same form as Eq. (58). In the same way for 

A = B = C = D, we use the relation 

[<X;(A) I (V A V A V) IXj (A» lap 

= [ <V A V AX; (A) !VA IXj (A) ) ] ap 

+ [<X;(A)!VA VA VA IXj(A» lap 

+ 2[ <V AX;(A)I VA VA IXj(A» lap 

41TZe 
+ -3-<X; (A) ID(rA ) IXj (A) )Dap (63) 

to show that Eq. (58) is also valid for this particular case. 

c. <x/(A)I(VEVOVcV)IXJ(B) and 

<x/(A)I(V FV EV 0 V c V) I XJ(B) 

These are the third-rank tensor operator with 27 com­

ponents and the fourth-rank tensor operator with 81 compo­

nents, respectively. 

(62) 

For these two operators the singularity at reproduces 

the derivatives of the 15 function. These terms can be evaluat­

ed by the property of the 15 function: 

Lf(X)D'(X - y)dx =f'(y), if)IE!l (64) 

and 

Lf(X)D"(x-y)dX=f"(y), if)IE!l. (65) 

Then by essentially the same technique we have applied 

above, but one which is somewhat more tedious and compli­

cated, the expectations for these two operators in the GLO 

basis are also obtained: 

[<x;(A)1 (V EV D V c V) IXj (B» ] aPr 

- ,,(ij){ , C P F - -Zc k Wr I'I. mn.3( - r)aPr 3(tr) 
mnkl 

-Amn.2 [F2(tr) +!e-
tT

] [(C-Pr)aDpr 

+ (C - Pr)pDar + (C - Pr)rDap ]}OEeDDe, (66) 

[(x;(A)1 (V FV EV D V eV) lX/B» ]apro = - Zc I W~ij){Amn.4 (C - Pr)aProF4(tr) 
mnkl 

-Amn.3 [F3 (tr) +je-
tT

] [(C-Pr)apDr, + (C-Pr)arDp, 

+ (C - P r)a,Dpr + (C - P r )/3rDa, + (C - Pr )/3,Dar + (C - Pr )r,Da/3] 

+ Amn.2 [F2(tr) +je-
tT

] [DapDrE + DarDPE + DaEDpr]}DFcDEeDDc, (67) 

disregarding the relationship between C, A, and B. 
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D. (x,(A)IVclx,,(B),(XJ(A)IVoVclx,,(B) and 
(V ox,(A)IV cX,t(B) 

The operator V c is a vector operator, the other two are 

the second-rank tensor operators with nine components. 

From Eq. (12) it is easy to get 

VcIX/B» 

= ~(-I)/2dj"N"b"(D,,/-r)exp( -b"t7,.)l)CB' 

(68) 

and 

[V D VcIXj(B» laP 

= ~( - l)'dj"N" [2b"l)aP 

- 4b; (D"I - r)aP ]exp( - b"t7,.)l)DCl)CB' (69) 

With these expressions the basis expectations can be ob­

tained: 

(x;(A)IVclx/B» = - L 2qm"W~if)(Amk-D"I)l)cB' 
mnkl 

(70) 

= ')' 2qmnW~ifl[2qmn(Amk -D"I)aP -l)aP]l)DBl)CB 
~J 

and 

[(V DX;(A) IV cXj(B» laP 

= - L 2qmnW~ifl[2qmn(Amk -D,,/)aP 
mnkl 

(71) 

(72) 

It is worth noticing that in Eqs. (71) and (72) the coordi­

nates of nucleus C appear only in l) symbols. This is helpful in 

programming. 

E. (x,(A)IVIX,t(B) 

Here the gradient is taken with respect to electronic co­

ordinates. The formula for this expectation is the same as Eq. 

(70) except for the sign: 

TABLE I. Ab initio calculation of orbital stress for N2•• 

Basis Source of wfs ESCF lUg 100. 

(x;(A)IVIXj(B» =2 L qm"W~ifl(Amk -Dnl )· 

m"kl 
(73) 

v. APPLICATIONS 

As described in Sec. I, these operators can be applied to 

a variety of problems. With the GLO as basis functions and 

based on the Whitten SCF ICI programs, we have revised the 

SCF leI programs to include the expectations of the above 

operators and those for the Born correction, Born couplings, 

etc. In this section we give just a few examples of the calcula­

tions. Further applications will be reported elsewhere.38 

A. The orbital stress for NJ 

The orbital stress was shown to be an important proper­

ty of molecular orbitals, and the transition stress, which is 

the difference between the orbital stress for an upper molecu­

lar orbital and the one for a lower molecular orbital, was 

demonstrated to be one of the fundamental properties of 

electronic states.28
•
29 However, it is hard to obtain practical­

ly useful numerical values for orbital stress because of the so­

called Hellmann-Feynman error. 16 Therefore, in previous 

work the orbital stresses were obtained from Hartree--Fock 

accuracy wave functions. 33 Here we give the ab initio results 

for the orbital stress ofN2 (see Table I) by using Eq. (49) 

and various basis sets. The last column in Table I is the net 

stress: 

ZAZB 
Snet =--2-+ LAjSj, (74) 

Ro j 

where Ro is the equilibrium bond length of the ground state, 

Aj is the occupation number in thejth molecular orbital, and 

Sj is the orbital stress of this molecular orbital. Theoretically, 

the net stress should be equal to zero. Table I demonstrates 

that poor basis sets give larger net stress and better basis sets 

give smaller net stress, as would be expected. The calculated 

values demonstrate that the so-called hard polarized basis16 

effectively improves the calculated results for orbital stress. 

A hardp-type GLO evidently increases the orbital stress for 

the two core orbitals and a relatively hard d-type GLO 

strongly improves the evaluation for the orbital stress of the 

2ug 200. I1T. 3ug Net stressr 

ST02s1p Ref. 34 - 108.6336 -0.876 -0.919 - 2.137 0.522 -0.704 0.217 1.950 

GLO [3s2pP2 This work 

GLO [3s3pJb This work 
GLO [3s2pldJc This work 
GLO [3s3pldJd This work 

STO [5s3p3d 111' Ref. 33 

• All numbers are in a.u. 

b [3s2p J plus one p basis with; = 10.0. 

C [3s2p J plus one d basis with; = 1.10. 

- 108.8780 -0.876 

- 108.8793 - 1.016 

- 108.9584 -0.861 

- 108.9597 -0.941 

- 108.9928 -0.949 

d [3s2p J plus one p basis with; = 10.0 and one d basis with; = 1.10 . 
• This result has achieved true Hartree-Fock accuracy. 

-0.862 -2.186 0.418 

- 0.988 - 2.151 0.376 

-0.852 - 2.263 0.401 

-0.917 - 2.209 0.384 

-0.890 - 2.175 0.382 

r Accuracy and consistency of the numerical results are measured by smallness of the net stress (see the text). 
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-0.739 0.133 1.757 

- 0.738 0.118 1.182 

-0.965 -0.031 0.387 

-0.964 -0.050 0.135 

-0.997 - 0.125 -0.048 
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TABLE II. The Born correction for regular states and the avoided crossing states ofN2.a 

Items States 

X II.,+ 

II.,+ (II) 

C,C'3". 

3". (In 

h{=hr XII.,+ 

'I.
g
+ (in 

C,C' 3". 
3". (II) 

h2 + h3 X II.,+ 

lI.
g
+ (in 

h 

C,C' 3". 
3". (II) 
XII.,+ 

lI.t (II) 

C,C' 3". 
3n. (II) 

Nuc\earseparation (a.u.) 

1.800 2.000 2.0680 2.100 2.300 2.400 2.500 2.540 2.560 2.580 2.590 2.600 2.620 2.650 2.700 2.800 3.000 

147.6 147.6 147.5 147.5 147.8 147.7 147.4 147.4 147.3 147.3 147.3 147.3 147.3 147.4 147.4 147.6 148.0 

142.3 143.8 143.6 143.5 144.7 145.2 145.6 145.7 145.7 145.8 145.9 145.9 146.0 146.0 146.2 146.5 146.0 

146.2 145.8 145.6 145.9 148.0 155.6 236.4 399.9 577.6 723.2 755.9 685.0 505.4 275.9 173.1 151.8 147.6 

146.9 146.2 146.3 146.6 148.0 154.3 231.5 394.8 574.7 725.7 765.9 70\.1 542.1 364.4 505.7 303.0 149.0 

142.8 142.9 143.0 143.0 143.5 143.7 143.9 144.0 144.1 144.1 144.1 144.2 144.2 144.3 144.4 144.6 144.9 

147.8 146.0 146.8 146.7 146.4 146.3 146.3 146.3 146.3 146.3 146.3 146.3 146.3 146.3 146.3 146.3 146.3 

142.8 143.\ 143.0 142.9 143.1 143.2 143.5 143.8 144.1 144.4 144.6 144.9 145.1 145.4 145.5 145.6 145.6 

145.2 146.2 146.0 145.8 145.6 145.4 145.4 145.2 145.0 144.7 144.5 144.3 144.2 144.1 144.4 145.1 145.3 

501.4 495.6 494.5 493.5 490.7 489.6 489.0 488.7 488.7 488.7 488.5 488.3 488.2 488.0 487.8 487.3 486.6 

511.5 507.1 506.2 505.4 501.8 500.3 498.9 498.4 498.2 498.0 497.0 497.7 497.5 497.2 496.7 495.7 494.0 

507.9 502.7 500.8 499.1 495.7 494.2 493.1 493.0 493.0 493.0 493.0 493.0 492.9 492.6 492.1 490.5 488.3 

507.3 503.2 501.4 500.0 496.4 494.6 493.4 492.4 492.3 492.0 491.8 491.7 491.4 491.1 490.8 489.8 488.3 

934.6 929.0 928.0 927.0 925.5 924.7 924.2 924.1 924.2 924.2 924.0 924.0 923.9 924.0 924.0 924.1 924.4 

949.4 944.7 943.5 942.3 939.3 938.1 937.1 936.7 936.5 936.4 936.3 936.2 936.1 935.8 935.5 934.8 933.5 

939.7 934.7 932.4 930.8 929.9 936.2 1016.5 1180.5 1358.8 1505.0 1538.1 1467.8 1288.5 \059.3 956.2 933.5 927.1 

944.6 941.8 939.7 938.2 935.6 939.7 1015.7 1177.6 1357.0 1507.1 1546.7 1481.4 1321.9 1143.7 1285.3 \083.0 927.9 

• All data for the Born correction are in cm - I. 

I1T u orbital. These calculated orbital stresses from a [3s2p] 

basis seez plus one hard p function and one d function are in 

good agreement with the values obtained earlierz9 from the 

Hartree-Fock accuracy wave functions. 33 

B. The Born correction for N2 

The Born corrections allow more accurate calculation 

of potential-energy surfaces. The Born corrections have been 

calculated for a few electronic states of H2 and several other 

molecules.4-12 For a BO electronic state I{I; of the diatomic 

molecule AB, the Born correction is a sum of three parts 10: 

h=hl+h2+h3' (75) 

where 

hi = - 2~ (1{I;IVi II{I;), 

h2 = - 2~ (I{I;I~ Vill{l;), 

1 
h3= --(I{I;lrV;'Vjll{l;), 

M ;",j 

(76) 

(77) 

(78) 

TABLE III. The comparison of two methods to calculate the Born correction." 

and f-l is the reduced mass of the two nuclei and M is the sum 

of masses for the nuclei A andB. Theh l defined in Eq. (76) is 

the sum of three terms: 

hl=h~+h{+h~, 

where 

h~ = 
I az 

- -(I{I·I-II{I·) 
2f-l 'axz I' 

h~ = 
1 az 

- -(I{I·I-II{I·) 
2f-l I azz I' 

(79) 

1 aZ 

h{ = - 2f-l (1{I;layzll{I;), 

(80) 

andX=XB -XA' y= YB - YA,Z=ZB -ZA are the rel­

ative nuclear coordinates. 

The calculation of h I will be discussed in detail later. 

The term hz actually is the electronic kinetic energy divided 

by a constant. The term h3 can be evaluated by means ofEq. 

(73 ). 

Using the [3s3pId] basis which is the widely used 

[3s2p] basis3z augmented by a p function and a d function 

(see footnote c in Table I), we carried out the calculations of 

the Born corrections for X I~t, I~t (11), C,C' 3IIu , and 

Nuclear separation (a.u.) 

Items States 

hf XII,,+ 

XII,t 

C, C' 3". 
C,C' 3". 

h{ =h~ XII,t 

XII,t 

C,C'3". 

C,cn 3". 

Methods 1.80 

A 146.6 

B 147.6 

A 145.2 

B 146.2 

A 143.3 

B 142.8 

A 143.2 

B 142.8 

2.00 

147.2 

147.6 

145.3 

145.3 

142.2 

142.9 

143.2 

143.1 

• All numbers for the Born correction are in cm - I. 

2.20 

147.9 

147.7 

146.5 

146.4 

143.6 

143.3 

143.2 

143.0 

2.40 

148.7 

147.7 

156.4 

155.6 

144.2 

143.7 

143.8 

143.2 

2.60 

148.5 

147.3 

689.8 

685.0 

144.5 

144.2 

144.9 

144.9 

2.80 

147.7 

147.6 

151.7 

151.8 

144.6 

144.6 

145.2 

145.6 

3.00 

147.4 

148.0 

146.7 

147.6 

144.8 

144.9 

145.0 

145.6 
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3nu (II) for N2 at several nuclear separations. The results 

are shown in Table II. 

1. The comparison of two numerical methods 

As is easily seen, the term h2 actually is the electronic 

kinetic energy divided by a constant. The term h3 can be 

evaluated simply by means ofEq. (73). However, the calcu­

lation for hI is the central point for the Born coupling calcu­

lation. It can be calculated by either Eqs. (16), (18), (20), 

(22), (25), and (71) or Eqs. (17), (19), (21), (23), (26), 

and (72), namely based on operator (6) or (7). We will call 

the former method A and the latter method B, respectively. 

Method B, proposed first by Sellers and Pulay,7.8 has two 

evident advantages. First, it requires less computer time for 

the present calculation. Method A requires five full calcula­

tions of the electronic wave functions (i.e., at Qo, Qo + ax, 
Qo + 2ax, Qo + A Y, and Qo + 2A Y, respectively) if the 

equivalence of h { and h f is used, while method B requires 

only three such calculations. Second, converged results are 

easy to obtain by method B and the calculated values are 

reasonably stable in a wide range of ax, etc., since only the 

first derivatives of CI and MO coefficients are involved, 

while for method A there is only a rather narrow region 

which gives the stable results. To search this narrrow stable 

region also takes much computer time. 

The better method is therefore method B, unless a si­

multaneous calculation of the Born couplings and the Born 

corrections is required. However, the calculated values by 

method B, that have been reported so far, are much lower 

than those from other methods. The only available quantita­

tive comparison is for the Born correction for the ground 

state of the hydrogen molecule. Method B gives only about 

one quarterS of the accurate values obtained by Kolos and 

Wolniewicz.4 Thus, the practical reliability of method B, 

though there is no problem theoretically, must be demon­

strated. 

Our program with the GLO as basis demonstrates that 

these two methods are practically equivalent. The calculated 

results for the Born couplings for the ground states and low­

er electronic excited states of hydrogen molecules with both 

method A and method B are in good agreement with the 

previous accurate values.38 In this work, the calculation of 

the Born corrections for the ground state and several elec­

tronic excited states, including the state C,C' 3nu , an avoid­

ed crossing state, again shows the equivalence ofthese meth­

ods. As an example, Table III shows the Born corrections for 

the ground state X 1 ~g+ and the avoided crossing valence 

state C,C' 3nu ' These data demonstrate that the coincidence 

of results for these two methods is about 99%. Thus we have· 

shown that method B, based on operator (6), is an economi­

cal and practical method for the calculation of the Born cor­

rections. The role of operator (6) in the calculation of the 

Born couplings is discussed elsewhere. 38 

2. The Born correction of the avoided crossing states 

The electronic states X 1 ~g+ and 1 ~g+ (II) are "regular" 

states, i.e., far away from crossings or avoided crossings. The 

values of the Born correction for these states are very slowly 

varying. In a large region of nuclear separations these values 

remain almost constant. On the other hand, the electronic 

state C,C' 3nu is a double-well state (see Ref. 39). Its first 

well is designated C 3nu with 2u~ 111': 30; 111'~ as its main 

electronic configuration; the second well, which is very shal­

low, is denoted by C' 3nu with 2u! 1 ~ 3u! 1 ~ as the main 

electronic configuration. An unobserved 3nu (II) state39 is 

located above this double well state C,C' 3nu ' There is an 

avoided crossing between these two states, 3nu (II) and 

c,c'3n u ' 

The values obtained (see Table II and Fig. 1) for these 

states show that Born corrections of the states involved in an 

avoided crossing peak sharply near the avoided crossing re­

gion, as shown in Fig. 1. Meanwhile, the values of the Born 

correction for 3nu (II) (see the last row in Table II) shows 

that there are two peaks. The first one originates from the 

avoided crossing with C,C' 3nu and the second one is caused 

by the interaction with other unobserved states. 39 

The data in Table II also shows that this variance, com­

pared with the regular states, is mainly caused by the h f 
term. 

3. Contribution analysis 

Both Eqs. (16) and (17) have three terms. Among 

them the first term is the contribution from a variety of CI 

coefficients, called the CI contribution. The last term reflects 

the effects of nuclear displacement on Slater determinants, 

namely on molecular orbitals, so that it may be called the 

1700 

1600 

1500 

c:: 
14,00 

.E ..., 
C) 

1300 
Q) 

"'" "'" 0 
U 1200 

c:: 

"'" 0 
CO 1100 

1000 
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1.6 1.8 2.0 2.2 2.. 2.6 2.8 3.0 

Nuclear Separation 

FIG. I. The Born correction for X 11:t and C,C' 3n. states (in cm -I) vs 

nuclear separation (in a.u.) for N2. Dash line: for X 11:8+; full line for 

C,C' 3n., a sharp peak appears near the avoided crossing with 3n. (II). 
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TABLE IV. The contribution analysis in the Born correction. 

Nuclear 

States separation a.u. Items Contributions % Items Contributions % 

XII,.+ 2.068 CI, in hf 0.22 Ci, in h{ 0.00 

MO, in hf 99.94 MO,inh{ 100.00 

mixed, in h f -0.16 mixed, in h{ 0.00 

2.590 CI,inhf 0.52 Ci,inh{ 0.00 

MO, inhf 100.48 MO, in h{ 100.00 

mixed, inhf -1.00 mixed, inh{ 0.00 

c,c'3n. 2.068 CI, inhf 0.63 CI, in h{ 0.00 

MO,inhf 100.18 MO,inh{ 100.00 

mixed, inhf -0.81 mixed, in h{ 0.00 

2.590 CI, in hf 80.38 CI, in h{ 0.00 

MO,inh: 19.49 MO,inh{ 100.00 

mixed, in h: 0.10 mixed,inh{ 0.00 

MO contribution. The second tenn, which depends upon 

both, is called the mixed contribution. 

Table IV shows the contribution analysis of the Born 

correction near the avoided crossing region and far away 

from this region. It is demonstrated that the strong variance 

of the Born correction for the states involved in an avoided 

crossing is mainly contributed by configuration interaction. 

These results and other work to be reported elsewhere38 

demonstrate that the OLD approach is very effective for reli­

able calculations of the Born correction, the Born coupling, 

and related quantities. 
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