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1 INTRODUCTION

In this paper, we study social choice problem where a finite set of individuals/agents have
to choose one between two alternatives. Let a and b be two alternatives. We assume that
individuals can report one among the following three preferences over these two alternatives:
(1) a is strictly preferred to b, (2) b is strictly preferred to a and (3) a is indifferent to
b. Based on individuals’ reported preferences, a Social Choice Function (or simply a rule)
selects an alternative. Choosing between two alternatives has many important applications
- such as, two candidate elections, up-down votes on legislation, choosing one out of two
locations for locating a public facility, yes-no decisions about building a new public facility
or any situation with a status-quo alternative and a new alternative.

Throughout this paper we consider non-constant rules i.e. onto rules. Ontoness implies
efficiency (or unanimity) for strategy-proof rules defined over a suitably rich domain of strict
preferences ( see Dogan and Sanver (2007)). However, ontoness does not imply efficiency
if preference domain includes indifference (see Examples in section 4)'. We do not impose
efficiency criteria on rules and characterize the class of strategy-proof rules in this framework.
Our main result provides a simple characterization of the class of anonymous and strategy-
proof rules.

A natural objection could be why one might compromise efficiency. In election, it is
quite often that a significant proportion of voters express their opinion as indifference. For
instance, abstaining from voting can be interpreted as indifference. Moreover, in India voters
are allowed to vote for “none of the above (NOTA)” - which can also be interpreted as
indifference. In this scenario, if we only look at efficient and strategy-proof voting rules,
the outcome is simply based on voters who do not express their opinion as indifference. We
believe that this is not desirable in particular when the number of indifferent voters is very
large. However if we relax the requirement of efficiency, the outcome depends on both the
voters who are indifferent and who are not. Of course, the class of efficient and strategy-
proof rules is contained in the class of onto and strategy-proof rules. Since our main result
provides a simple description of the class of anonymous and strategy-proof rules, we believe
that our analysis can help policy makers choose among these rules.

We obtain following two results:

e Theorem 1: A rule f is onto and strategy-proof if and only if it is generalized voting

by committees.

e Theorem 2: A rule f is onto, anonymous and strategy-proof if and only if it is either

f we restrict our attention to group strategy-proof rules, then ontoness implies efficiency (see Barbera
et al. (2012), Manjunath (2012) and Harless (2015)).



a quota rule with indifference default a or a quota rule with indifference default b.

A generalized voting by committees (GVC) rule is described by two sets. The first one is a
nonempty set of subsets of N satisfying monotonicity condition and we say it as a committee
for indifference default d € {a,b}. The second one is a set containing for each M C N 2 a
committee for the alternative a at M. Moreover, the second set, not only depends on the first
set, but also satisfies further properties (see section 5 for details). For any preference profile,
if the set of agents who are indifferent between two alternatives, belongs to the committee
for indifference default d, then the rule selects d at that profile. Otherwise, consider the
committee for a at the set of agents with strict preferences over a and b - if the set of agents
who prefers a to b, belongs the that committee, then the outcome is a or if it does not belong
the that committee, then the outcome is b .

Larsson and Svensson (2006) characterizes the class of efficient and strategy-proof rules
in this framework. These rules are known as voting by extended committees (see subsection
3.1 for details). These rules are contained in the class of GVC rules - in fact, efficient GVC
rules are voting by extended committees rules. To be precise, if we impose efficiency on GVC
rules, then the first set boils down to a singleton set including N itself. Moreover, the second
set does not depend on the first set anymore.

Further we show that an anonymous GVC rule can be described as either a quota rule
with indifference default a or a quota rule with indifference default b. A quota rule with
indifference default a is described simply by a vector of integers of length k, k € {1,2,... n},
x = (x1,29,...,21) € {1} x {1,2} x ... x {1,2,...,k}, where x;41 — 1 < z; < x4, for all
i€{1,2,...,k—1}. Note that x; is the i'" component of the vector x, where i € {1,2,... k}.
The rule works as follows. For any preference profile, if the number of agents who are
indifferent between two alternatives, is at least k, then the rule selects the indifference default
a at that profile. Suppose that the number is less than k, i.e. the number of agents with
strict preferences belongs to {n —k+1,...,n}. In particular, we assume that the number of
agents with strict preferences is n — k + [ where [ € {1,2,...,k}. Then the outcome is a if
the number of agents who prefers a to b is at least x; and the outcome is b if the number is
less than x;. Here, k is the quota for indifference default a i.e. whenever the the number of
indifferent agents is at least k, the outcome is a. Also, z; is the quota for @ when the number
of strict agents isn—k+1, 1 € {1,2,...,k} i.e when n — k +1[ is the number of strict agents,
the outcome is a if the number of agents who prefers a to b is atleast x; and the outcome
is b if the number is less than x;. Quota rule for a with indifference default b can also be
described in similar fashion (see section 5.2 for details). Theorem 2 characterizes the class

of anonymous and strategy-proof rules in terms of quota rules in this framework.

2N is the set of individuals and |N| = n.



Further, we study solidarity property in this framework. We consider the following sol-
idarity property: “Welfare dominance under preference replacement (WDPR)”, which says
that when the preferences of one agent change, the other agents all weakly gain or all weakly
lose. We characterize the class of rules satisfying WDPR among the class of quota rules.

Ju (2003) considers the problem of choosing a subset of a finite set of alternatives and
characterizes strategy-proof rules for separable weak orderings. It is important to mention
that our framework appears as a special case of Ju’s framework. However, Ju (2003) pro-
vides an implicit characterization of strategy-proof rules. In this paper we consider the
specific problem of choosing between two alternatives and provide an explicit characteriza-
tion of strategy-proof rules. Marchant and Mishra (2015) studies the same problem and
characterizes efficient and strategy-proof rules using transfers in quasi-linear private values
environments.

This paper is organized as follows. Section 2 describes the basic notation and definitions.
Section 3 discusses the relationship between ontoness and unanimity (or efficiency). Section 4
provides some rules which are strategy-proof but not efficient. The main results are presented
in section 5. Proofs of Theorem 1 and Theorem 2 are relegated to the Appendix. Section 6

discusses rules satisfying WDPR. We conclude the the paper in section 7.

2 BAsic NOTATION AND DEFINITIONS

Let A = {a,b} denote the set of two alternatives and N = {1,...,n}, n > 2, a finite set
of agents/individuals. Each individual in N has a preference relation over A: she either
prefers a, prefers b, or is indifferent between them. Let R be the set of these three preference
relations. For each 7 € N, let R; € R denote individual i’s preference relation. If a is at least
as good as b according to individual i, we write aR;b. If she prefers a to b, we write a P;b and
if she is indifferent between the two, al;b. Let P be the set of two strict preference relations
defined over A.

A preference profile is a list R = (Ry, Ra, ..., R,) € R" of individuals preferences. For
any coalition S C N and any profile R € R, Rs denotes the restriction of the profile R to
the coalition S i.e. Rg = (R;)ics. A profile R' € R™ is defined to be a i—deviation from
another profile R € R™ if Ry\(y = R'N\ (-

For each R € R" , let N,(R) be the set of individuals who prefer a to b at R. Similarly,
let Ny(R) be the set of individuals who prefer b to a, and let N4(R) be the set of individuals
who are indifferent between a and b at R. Finally, let ¢ be the set of permutations of N. For
each R € R" and each o € ¢, let 0(R) = (Rs())ien-

DEFINITION 1. A SCF f is a mapping from R™ to A i.e. f:R" — A.



A SCF is sometimes called a voting rule (or simply a rule).

DEFINITION 2. A SCF f is onto if for every alternative x € A there exists a profile R € R"
such that f(R) = x.

Note that, as |A| = 2, if f is not onto, then it must be a constant rule i.e. a rule that
selects the same alternative at each profile.

We list some well-known properties of SCFs below.

DEFINITION 3. A SCF f satisfies unanimity, if for all profile R € R"; f(R) = a whenever
N,(R) # 0 and Ny(R) =0, and f(R) = b whenever No(R) =0 and N,(R) # 0.

If z € Ais at least as good as A \ z by all individuals and at least one individual prefers
x, then by unanimity, the SCF must select x. Unanimity is also known as efficiency in this
model.

The next property imposes a weaker requirement than unanimity. If all individuals prefer
x € A, then the SCF must select x.

DEFINITION 4. A SCF f satisfies weak unanimity, if for all profile R € R"; f(R) = a
whenever N,(R) = N, and f(R) = b whenever Ny(R) = N.

DEFINITION 5. A SCF f is strategy-proof if, for any i € N, for any R € R™ and for any
i—deviation R € R" of R, we have f(R)R;f(R’).

A SCF is strategy-proof if no individual can obtain a preferred alternative by misrep-
resenting her preferences for any announcement of the preferences of the other individuals.
Strategy-proofness ensures that that for every agent truth-telling is a weakly dominant strat-
egy.

Anonymity requires that the names of the agents should not matter. In particular, when

the identities of the agents are shuffled, the rule must select the same alternative.

DEFINITION 6. A SCF f is anonymous if for any R € R™ and for any o € ¢, we have

f(R) = f(o(R)).

3 UNANIMITY VERSUS WEAK UNANIMITY

It is important to mention that unanimity implies weak unanimity and weak unanimity
implies ontoness. However, ontoness does not imply weak unanimity and weak unanimity
does not imply unanimity. If we restrict our attention to strategy-proof SCFs, then ontoness

implies weak unanimity. In the following, we show this.



PROPOSITION 1. Let f : R™ — A be a strategy-proof SCF. If f is onto, then it satisfies weak

unanimaty.

Proof. Suppose not. We assume that f(R) = b where aP;b for all : € N. Since f is onto,
there exists R’ € R™ such that f(R') = a. Applying strategy-proofness repeatedly, it follows
that

f(R)=f(Ry,R5,...,R))
= f(Ry,Rs, R, ..., R))

= f(Ry,...,Ry,)

This contradicts the assumption f(R) = b. A similar argument will lead to a contradiction if

we assume that f(R) = a where bPa for all i € N. Therefore f satisfies weak unanimity. [

A natural question arises - if a SCF satisfies strategy-proofness and weak unanimity,
does it satisfy unanimity? In Section 4, we provide SCFs which satisfy strategy-proofness
and weak unanimity, but not unanimity. In the following, we first introduce the class of

unanimous and strategy-proof rules known in the literature.

3.1 Unanimous and strategy-proof rules

To introduce the class of unanimous and strategy-proof rules on R"™, we need following
notations and definitions. For each M C N, a committee for alternative a at M, Fy;, is a

set of subsets of M, satisfying the following two properties:
1. Non-emptyness: If M # (), then Fy; # () and O ¢ Fy,. If M =0, then Fy; = 0.
2. Monotonicity: For each S € Fpy and T'C M, If S C T, then T € Fy,.

A collection of committees for a, F = {Fu}mcn, is a set containing for each M C N a

committee for a i.e. Fy, satisfying the following properties:
For each M C N and each i € M
1. If S € Fyand @ ¢ S, then § € -’T"M\{z‘}‘

2. If SU {Z} ¢ Fur, then S ¢ -FM\{i}-



DEFINITION 7. A SCF is voting by extended committees, denoted by V EC®!, if there erists
a collection of committees for a (i.e. F) and a tie-breaker t € A such that for all R € R";

t if Na(R) = N
VEOa,t(R) — a if NG(R) S ]:N\NA(R)
b otherwise

Larsson and Svensson (2006) shows that the only unanimous and strategy-proof rules are
VEC®,

4 RULES

In this section, we provide some rules which are strategy-proof and onto but not unanimous.

ExXAMPLE 1. Consider the following SCF f: R" — A:

a if aR1b
R pu—

Note that f satisfies strategy-proofness and ontoness (see subsection 5.1). However, it
does not satisfy unanimity. To see this, consider a preference profile R’ where aljb and for
all j € N\ {1}, bPja. Unanimity implies that f must select b at R'. However, f(R') = a.

Therefore f is not unanimous. [

Note that the rule in Example 1 is not anonymous. However, there are anonymous, onto

and strategy-proof rules which are not unanimous.

ExAMPLE 2. Consider the status-quo rule with respect to the status-quo alternative a,
f*:R" — A:

F(R) = { b if bis Preferred by all agents
a otherwise
It is straightforward that f® is strategy-proof, anonymous and onto (see subsection 5.2).
However, f* is not unanimous. Consider a preference profile R where al;b for some i € N
and for all j € N\ {i}, bPja. Unanimity implies that f* must select b at R. However,
f*(R) = a. Therefore f is not unanimous.

The status-quo rule with respect to the status-quo alternative b, is defined as follows:

f(R) =

a if a is preferred by all agents
b otherwise

It can be seen that f? is strategy-proof, anonymous and onto but not unanimous. [J



The following class of rules can be found in Chapter 2 of Fishburn (2015).

EXAMPLE 3. Let s : R — {1,0, —1} such that

1 if aPb
s(R;))=<% 0 if al;b
-1 if bP;a

For each R € R", we denote s(R) =" | s(R;).
We fix an integer h € (—n,n] N Z and define the SCF f" as follows: For all R € R"

a ifs(R)>h
1'(R) = =
b Otherwise

First, we make following remarks on these rules.

1. If h = 1, we get the simple majority rule i.e. a beats b whenever more individuals

prefer a to b than prefer b to a and b beats a whenever the converse holds.

2. The case where a wins if the number of individuals prefer a to b exceeds the number

of individuals prefer b to a by atleast a positive integer r, and b wins otherwise, is
described by h = r.

3. If h = n, then we get the status-quo rule with respect to status quo alternative b.
Similarly, if h = —(n — 1), then we get the status-quo rule with respect to status-quo

alternative a.

In subsection 5.2, we show that f" is strategy-proof, anonymous and onto. Whether f”
is unanimous or not, that depends on the value of h. In particular, it can be seen that f" is
unanimous if & € {0,1}. However if h > 1 or h < —1, then f” is not unanimous. To see this,
we first assume that h > 1. Let R € R" be a preference profile where aP;b and al;b for all
j € N\i. By unanimity, we should select a at R. However f"(R) = b, because s(R) = 1 < h.
Similarly, if h < —1, at R € R" where bP,a and al;b for all j € N \ i, f*(R) = a, because
s(R) = —1 > h - violates unanimity. [J

We can think of a rule where the number of individuals who are indifferent between
two alternatives, can determine the outcome. For instance, consider a rule which selects
an alternative x € A if the number of indifferent individuals is atleast a positive integer
r € {1,2,...,n}. Otherwise if the number is less than r, then based upon the preferences
of strict individuals, the rule selects = or the other alternative A\ z. Below, we introduce a

class of such rules.



EXAMPLE 4. We fix a positive integer r € {1,2,...,n} and define the SCF f" as follows:
For all R € R"

b if [Na(R)| = 7
ff(R)=4 0 if INA(R)| < r and |Ny(R)
a if INA(R)| < r and |N,(R)

We make following remarks on these rules.
1. If r = 1, then we get the status-quo rule with respect to status quo alternative b.

2. If r = n, then we get the consensus rule with disagreement-default b and indifference-
default b (Manjunath (2012)).

In subsection 5.2, we show that f” is strategy-proof, anonymous and onto. However,
whether f” is unanimous or not depends on r. In particular, if » = n, then it is straightfor-
ward to show that f" is unanimous. However, if r < n, f" is not unanimous. To see this,
consider R € R™ where aP;b and al;b for all j € N \ 7. By unanimity, we should select a at
R. However f"(R) =b, because |[Nao(R)|=n—1>r.

5 REsuULTS

5.1 Generalized voting by committees

In this section, we characterize onto and strategy-proof rules. For this, we need to introduce
additional notation and definitions.

A committee for indifference default d € {a,b}, denoted by Z¢ is a set of subsets
of N, satisfying the following two properties:

1. Non-emptyness: Z¢ # () and () ¢ 7.
2. Monotonicity: For each S € Z¢ and T C N, If S C T, then T € 7%

Since d € {a,b}, Z* denotes a committee for indifference default a. Similarly, a committee
for indifference default b is denoted by Z°.

Let M C N and Z¢ be a committee for indifference default d. A committee for a at
M with respect to Z¢ denoted by F Mzd, is a set of subsets of M, satisfying the following

two properties:

1. Non-emptiness with respect to Z¢ If N\ M ¢ Z¢, then Fy; 74 # 0 and 0 ¢ Fy; 1.
If N\ M € Z% then Fyy 70 = 0.



2. Monotonicity: For each S € Fy 7« and T'C M, If S C T, then T' € F;za.

A collection of committees for a with respect to Z%, denoted by Fre = {Frsze } e,
is a set containing for each M C N a committee for a with respect to Z i.e. F7a, satisfying

the following properties:
For each M C N and each i € M
1. UN\M ¢ Z% and {N\ M}U{i} € Z% then for all S C M such that i € S, S € Fps 1.
2. If S € Farze, it ¢ S and {N\ M} U {i} ¢ Z% then S € Fap i}z
3. EN\M¢1¢ SU{i} ¢ Fuze and {N\ M} U {i} ¢ I° then S & Fap (i} ,z0-

Similarly, a collection of committees for a with respect to Z°, Fr» = {Fy; 1 bucw,
is a set containing for each M C N a committee for a with respect to Z° i.e. F. M.z, Satisfying

the following properties:
For each M C N and each i € M
1L IEN\M ¢ 70 and {N \ M}U{i} € I° then for all S € Fy;7v,1 € S.
2. IfS e Fuyge,i ¢ Sand {N\ M}U{i} ¢ I° then S € Fypp iy.1v-
3.IN\M¢I, SU{i} ¢ Fyp and {N\ M} U{i} ¢ I then S & Fap iy 10-

Given a committee for indifference default d, Z¢ and a collection of committees for a with

respect to Z¢, we define generalized voting by committees (GVC), as follows.

DEFINITION 8. A SCF is GVC, denoted by f_%;, if there exists a committee for indifference

default d, I¢ where d € A and a collection of committees for a with respect to I%, Fra, such
that for all R € R™;

d  if Ny(R) € 7¢
d .
F.R) =1 a  if Nao(R) € Fx\nymze and Na(R) ¢ T

b otherwise

Now we state the main result of this section.
THEOREM 1. Let f: R™ — A be an onto SCF. f is strategy-proof if and only if f is GVC.

The proof of Theorem 1 is in the Appendix. However, we make several remarks on
Theorem 1 in the following:

10



1. Larsson and Svensson (2006) characterizes unanimous (or efficient) and strategy-proof
rules in this framework. In particular, they show that the only unanimous and strategy-
proof rules are VEC®! (see subsection 3.1). We do not impose unanimity property on
rules. We consider much weaker requirement of ontoness and characterize strategy-
proof rules in this framework. The class of VEC®! rules belongs to the the class of
GVC rules. In particular, a GVC rule, f;; is unanimous if and only if Z¢ = { N}.

2. It can be seen that the rule in Example 1 is a GVC rule where Z* = {SC N : 1 € S}

and Fre = {Farze fmcy is as described below:

{SgM:1eS} if 1eM
Frze =
0 if 1¢M

3. We must confess that GVC rules are not simple to describe. However, the rules that
are anonymous, can be described in much simpler way. We talk about this in details

in the next section.

5.2 Anonymous rules

Theorem 1 provides a characterization of onto and strategy-proof rules in our model. In this
section we provide a characterization of onto, strategy-proof and anonymous rules. First we

define the following class of rules.

DEFINITION 9. A SCF is a quota rule with indifference default a, denoted by f**, if
there ezists a vector of natural numbers of length k, x = (x1,z9,...,x) € {1} x{1,2} x ... X
{1,2,...,k}, where k € {1,2,...,n} and z;41 — 1 < x; < myyq foralli € {1,2,... .,k — 1}
such that for all R € R"™

a if INa(R)| = K

a if INa(R)| <k

R(R) = and |No(R) UNy(R)| =n—k+1 for somel € {1,2,...,k}
and |Nu(R)| > x;

b otherwise

\

Next we define another class of rules as follows.

11



DEFINITION 10. A SCF is a quota rule with indifference default b, denoted by ff’y,
if there ezists a vector of natural numbers of length k, y = (y1,vy2,...,yx) € {n —k+ 1} X
{n—k+1ln—k+2}x...x{n—k+1,n—k+2...,n}, where k € {1,2,...,n} and
Yir1 — 1 <y <wyppq foralli € {1,2,...,k — 1} such that for all R € R"

b if INa(R)| = k

Y(R) = and |N,(R) UNy(R)| =n—k+1 for somel € {1,2,...,k}
and |Na(R)| > Yi

\ b otherwise
Next we state the main theorem of this paper.

THEOREM 2. Let f : R" —> A be a SCF. f is strategy-proof, anonymous and onto if and
only if it is either a quota rule with indifference default a or a quota rule with indifference
default b.

The proof of Theorem 2 is in the Appendix. In the following, we make several remarks

on Theorem 2:

1. An anonymous and strategy-proof rule can be described simply by a vector of nat-
ural numbers of length k, where k£ € {1,2,...,n}. In particular, a quota rule with
indifference default a, f®* is described by a vector of natural numbers of length k,
x = (x1,29,...,2x) € {1} x {1,2} x ... x{1,2,...,k}, where k£ € {1,2,...,n} and
Tip1—1 < <y foralli € {1,2,...,k—1}. For any R € R", f%* works as follows.

e If the number of individuals who are indifferent between two alternatives at R,
is atleast k, i.e. |[Na(R)| > k, then the rule selects the indifference default a i.e.
fk2(R) = a. Here, k is the quota for indifference default a.

o If|N4(R)| < k, then note that | N,(R)UNy(R)| = n—k+[ forsomel € {1,2,...,k}
and we consider x; which represents the quota for alternative a. If the number
of individuals who vote for a is atleast z;, i.e. |N,(R)| > x;, then f**(R) = a;
otherwise f%*(R) = b.

A quota rule with indifference default b, can be described in a similar way as well.

2. Note that f%® is unanimous if and only if k = n. Similarly, f,f ¥ is unanimous if and

only if k£ = n.

12



3. Rules in Example 2: The status-quo rule with respect to the status-quo alternative
a, f*is a quota rule with indifference default a, f%* where x is a vector of natural
numbers of length 1i.e. k=1 and x = (z1) = (1). The status-quo rule with respect to
the status-quo alternative b, f? is a quota rule with indifference default b, f,f Y where y

is a vector of natural numbers of length 1 i.e. k=1 and y = (y1) = (n).

4. Rules in Example 3: If h > 0, the f" is a quota rule with indifference default b, fv
where y is a vector of natural numbers of length n — h+1ie. Kk =n —h+1 and
y= i, Ynnir) = (hh+ 1, h+1,h+2,h+ 2 h+3,...).

If h <0, the f" is a quota rule with indifference default a, f** where x is a vector of nat-
ural numbers of length n+hie. k=n+hand x = (zq,...,2,05) = (1,1,2,2,3,3,...).

5. The rule in Example 4: It can be seen that the rule in Example 4 is a quota rule with
indifference default b, ff ¥ where y is a vector of natural numbers of length r i.e. k =1

andy = (y1,...,y,) =(n—r+1,n—r+2....,n).

5.3 Weak strategy-proofness

In this section, we introduce a weaker notion of strategy-proofness as follows.

DEeFINITION 11. A SCF f is weakly strategy-proof if, for any i € N, for any R € R"™ and
for any i—deviation R' € R" of R such that R; € P and allb, we have f(R)R;f(R’).

Next we show that in our model, strategy-proofness and weak strategy-proofness are

equivalent?®.

LEMMA 1. Let f : R"™ — A be a SCF. f is strategy-proof if and only if f is weakly
strategy-proof.

Proof. Note that if f is strategy-proof then it is weakly strategy-proof. So suppose that f
is weakly strategy-proof, but to the contrary f is not strategy-proof. Then there exist an
agent i € N and a profile R € R™ and an i—deviation R’ € R of R such that R;, R; € P and
f(R)P,f(R). So it follows that R; # R;. Without loss of generality, assume that aP;b and
bP!a. So it follows that f(R) = b and f(R') = a. Now consider the profile R* € R" such
that R;V\ (i = R’N\ iy = Ry, and alfb. Now weak strategy-proofness for the deviation
from R to R* implies that f(R*) = b. On the other hand weak strategy-proofness for the
deviation from R’ to R* implies that f(R*) = a, which contradicts the fact that f(R*) =b

and concludes the proof. O

3 Weak strategy-proofness is also known as participation property of an SCF in this framework (see Niifiez
and Sanver (2017) for details.)

13



We present our main results as the following corollaries.

COROLLARY 1. Let f: R"™ — A be an onto SCF. f is weakly strategy-proof if and only if
it s GVC.

Proof. Follows from Theorem 1 and Lemma 1. m

COROLLARY 2. Let f : R" — A be an onto SCF. f is anonymous and weakly strategy-

proof if and only if it is either a quota rule with indifference default a or a quota rule with
indifference default b.

Proof. Follows from Theorem 2 and Lemma 1. m

6 SOLIDARITY AND QUOTA RULES

Among the class of anonymous and strategy-proof rules, the rules satisfy solidarity property,
is studied in this section. We consider the following solidarity property: “welfare dominance
under preference replacement”, which says that when the preferences of one agent change,

the other agents all weakly gain or all weakly lose.

DEFINITION 12. A SCF f satisfies welfare dominance under preference replacement (WDPR)
if for any R € R™, for any i € N and for any R, € R, either (i) for each j € N \ {i}, we
have f(R)R;f(R., R_;) or (ii) for each j € N\ {i}, we have f(R], R_;)R;f(R).

Before presenting the main results of this section, we state the following lemma.

LEMMA 2. Let f: R" — A satisfies WDPR. Then for all R, R’ € R"™ such that N,(R),
Ny(R), Nu(R'), Ny(R') # 0, we have [(R) = f(R))

Proof. The proof can be found in lemma 1 of Harless (2015). Hence, it is omitted. O]

According to Lemma 2, if a rule satisfies WDPR, then it selects the same alternative in
each disagreement profile*.
Now we are ready to state our results. The following proposition characterizes the class

of rules satisfying WDPR among the class of quota rules with indifference default a.

PROPOSITION 2. Let n > 3 and f** : R™ — A be a quota rule with indifference default
a. f&* satisfies WDPR if and only if either (i) x is a vector of natural numbers of length n
and x = (z1,...,2,) € {(1,1,...,1),(1,2,...,n)} or (ii) x is a vector of natural numbers of
length k, k€ {1,2,....,n—1} and x = (xq,...,2) = (1,1,...,1).

1A profile R € R™ is called disagreement profile if at R, N,(R) # 0 and Ny(R) # 0.
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Proof. Only if part. Let f*% be a quota rule with indifference default a and it satisfies
WDPR. Therefore, the length of z is either (i) k =n or (i7) k € {1,2,...,n —1}.

First we assume that £ = n. If z,, = 1 or n then we are done. We assume for contradiction
that z,, € {2,3,...,n—1}. Let R be a preference profile such that N,,(R) = ) and N,(R) =
T,. Since f** be a quota rule with indifference default a, f¥*(R) = a. Let R’ be a preference
profile such that N,,(R') = () and N,(R') = x, — 1. Note that N,(R), Ny(R), No(R'), Ny(R')
# 0. Therefore, by lemma 2 f**(R) = f&2(R'). However, since f*® be a quota rule with
indifference default a, f**(R’) = b - a contradiction. Therefore z,, = 1 or n, which in turn
imply that z = (x1,...,2,) € {(1,1,...,1),(1,2,...,n)}.

Finally we assume that k € {1,2,...,n — 1}. Note that if we can show x; = x;,; for
all i € {1,2,...,k — 1}, then we are done. If k = 1, we are done trivially. Therefore we
assume that k& > 1. We assume for contradiction that there exists i € {1,2,...,k — 1}
such that z; # x;1;. Let ¢ be he minimum among all i € {1,2,...,k — 1} such that
x; # x;11. Note that zy = 1 and xy; = 2. Let R and R’ be preference profiles such that
|INo(R)UNy(R)| = |No(R')UNy(R')| =n—k-+1i+1. Moreover we assume that |N,(R)| = 2
and |N,(R')| = 1. Since N,(R), Ny(R), N (R'), Ny(R') # 0; by lemma 2 f**(R) = f**(R').
However, since f** be a quota rule with indifference default a, f**(R) = a # b= f**(R') -
a contradiction. Therefore, x; = ;41 for all i € {1,2,...,k — 1}, which in turn imply that
x=(r1,...,2,) = (1,1,...,1).

If part. We first prove the following claim.

CraM 1. Let f: R™ — A selects the same alternative in each disagreement profile. Then
f satisfies WDPR.

Proof. Let R € R", i € N and R, € R. If both R and (R}, R_;) are disagreement profile
then f(R) = f(R}, R—;). Suppose this is not the case. Then either (i) for each j € N\ {i},
we have f(R)R;f(R;, R_;) or (it) for each j € N\ {i}, we have f(R}, R_;)R;f(R). In either
case WDPR is satisfied. ]

Let f&* : R®™ — A be a quota rule with indifference default a. If x is a vector of
natural numbers of length n and x = (x1,...,2,) = (1,1,...,1), then f%* selects a in each
disagreement profile. If z is a vector of natural numbers of length n and = = (z1,...,z,) =
(1,2,...,n), then f®® selects b in each disagreement profile. If z is a vector of natural
numbers of length k, k € {1,2,...,n — 1} and x = (zy,...,7) = (1,1,...,1), then fke
selects a in each disagreement profile. Therefore, by claim 1, all these rules satisfy WDPR.

O

Next we characterize the class of rules satisfying WDPR among the class of quota rules

with indifference default b.
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PROPOSITION 3. Let n > 3 and ffy : R — A be a quota rule with indifference default
b. ff’y satisfies WDPR if and only if either (i) y is a vector of natural numbers of length n
and y = (Y1, yn) €{(1,1,...,1),(1,2,...,n)} or (i1) y is a vector of natural numbers of
length k, k€ {1,2,....n—1} andy = (y1,.--,ype) = (n—k+1,n—k+2,...,n).

Proof. Only if part. Let ff Y be a quota rule with indifference default b and it satisfies
WDPR. Therefore, the length of y is either (i) k =n or (ii) k € {1,2,...,n — 1}.

First we assume that £ = n. If Y,, = 1 or n then we are done. We assume for contradiction
that y, € {2,3,...,n—1}. Let R be a preference profile such that N,,(R) = () and N,(R) =
Yn. Since ff Y be a quota rule with indifference default b, ff Y(R) = a. Let R’ be a preference
profile such that N, (R') = 0 and N,(R') =y, — 1. Note that N,(R), Ny(R), N.(R'), Ny(R')
# (). Therefore, by lemma 2 fY(R) = fY(R'). However, since f;* be a quota rule with
indifference default b, f{*(R') = b - a contradiction. Therefore y, = 1 or n, which in turn
imply that y = (y1,...,y,) € {(1,1,...,1),(1,2,...,n)}.

Finally we assume that k£ € {1,2,...,n — 1}. Note that if we can show y; # y; 41 for
all i € {1,2,...,k — 1}, then we are done. If k = 1, we are done trivially. Therefore we
assume that k& > 1. We assume for contradiction that there exists i € {1,2,...,k — 1}
such that y; = y;11. Let ¢ be he minimum among all ¢ € {1,2,...,k — 1} such that
Yi = Yir1. Therefore y; = yyy1 = n —k+ 1. Let R and R be preference profiles such
that |Nu(R) U Ny(R)| = |No(R') U Ny(R')| = n — k + 4 + 1. Moreover we assume that
INJ(R)| =n—k+i and |[N,(R")| =n—k+i —1. Since N (R), Ny(R), No(R'), Ny(R') # 0;
by lemma 2 f¥(R) = fY(R'). However, since f,"¥ be a quota rule with indifference default b,

PY(R) = a# b= fIY(R') - a contradiction. Therefore, y; # 341 forall i € {1,2,..., k—1},
which in turn imply that y = (y1,...,y5.) = (n—k+1,n—k+2,...,n).

If part. Let ff Y. R"™ — A be a quota rule with indifference default b. If y is a vector
of natural numbers of length n and y = (y1,...,y,) = (1,1,...,1), then ff’y selects a in each
disagreement profile. If y is a vector of natural numbers of length n and y = (y1,...,yn) =
(1,2,...,n), then ff Y selects b in each disagreement profile. If y is a vector of natural
numbers of length k, k € {1,2,... ,n—1}and y = (y1,...,yx) = (n—k+1,n—k+2,...,n),
then ff Y selects b in each disagreement profile. Therefore, by claim 1, all these rules satisfy
WDPR. O

We conclude this section by making following remarks on Proposition 2 and 3.

1. If n = 2, then quota rules with indifference default a and quota rules with indifference
default b, satisfy WDPR. For n > 2, this is not true.

2. For unanimous rules, WDPR implies strategy-proofness and anonymity. However,

for onto rules, WDPR does not imply strategy-proofness and anonymity (see Harless
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(2015) for details). By proposition 2 and 3, the combination of strategy-proofness
and anonymity does not imply WDPR for n > 2. In particular, proposition 2 and 3
characterize the class of rules satisfying WDPR, among the class of anonymous and

strategy-proof rules.

7 CONCLUSION

We study social choice problem where a finite set individuals have to choose one between
two alternatives. We consider the full preference domain which allows for indifference. We
weaken the requirement of efficiency to ontoness and analyze strategy-proof rules in this
framework. Our main result provides a simple description of the class of anonymous and
strategy-proof rules in this framework. These rules can be described simply by a vector of

integers. We believe that our analysis can help policy makers choose among these rules.
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APPENDIX

1. The Proof of Theorem 1

Proof. If part. Let f%; be a GV C rule. Let Z¢ be the committee for indifference default
d € {a,b} and Fra, the collection of committees for a with respect to Z¢. We show that f%_d

zd
is onto and strategy-proof.

To prove that f}_; is onto, we show that there exist R, R” € R" such that f%; (R =a
and fJIf;(R”) = b. Let R' and R” be such that N,(R') = N and N,(R") = N respectively.
Note that Na(R') = Ny(R) = 0, No(R') € Fa\n,yr)ze and Na(R') ¢ Z% Therefore,
FE' () = a. Again, since Na(R") = No(R) = 0, Na(R")  Fyywp(anzo and Na(R') & T4
we have fJIE;(R”) =b.

Next we show that f%; satisfies strategy-proofness. We consider R € R™ and R; € R.

First we assume that fJIf;(R) = a. If aR;b, then i can not manipulate at R via R;. If
bP,a then we show that f%;(R;, Rn\y) = a. The following two cases arise : (i) al/b and
(ii) aP/b.

(i) Suppose aljb. Let d = a. If Na(R) € Z° then Nu(R;, Ry\(iy) € Z% Therefore,
fE. (R, Rv\giy) = a. If No(R) ¢ T¢ then f£  (R) = a implies that No(R) € Fn\n,(r)ze-
Now we consider the set Na(Rj, Ra\iy). If Na(R}, Ry\giy) € 2% then f£ (R}, Ry\giy) = a.
If Na(R;, Rv\piy) ¢ Z°, then the property 2 of Fzo would imply that N,(R;, Rax\py) €
FN\NARL Ry 1), T4+ Therefore, ffIa( ,Rnvvay) = a.

Let d = b. Since fJI?;(R) =a, Na(R) ¢ I" and N,(R) € F\n,(r).z- Now we consider the
set Na(R., Rn\giy)- I Na(R}, Ry\(iy) € Z°, then by property 1 of Frs, i € N,(R) which is not
possible. Therefore, Na(R}, Ry\giy) ¢ Z°. Since No(R) € Fa\n o)z and No(R;, Ry\iy) =
NIab(R), by the property 2 of Fz» we have N,(R}, Rnv\fi}) € FN\NA(RL Ry iy) 20~ Lherefore,
[z, (R, Bnay) = a.

(ii) Suppose aP/b. Let d = a. Note that N4(R], Rxv\piy) = Na(R). If Ny(R) € 1°,
then f£ (R}, Rxy) = a. If Na(R) ¢ I° then ffza( ) = a implies that N,(R) €
FN\NA(R),zo- By monoton1c1ty property of Fa\w,(r)ze; Na(Rj, Rn\i}) € FN\N4(R)ze- Since
Na(R, Ryv\iy) = Na(R), f%,. (Ri, Rygy) = a.
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Let d = b. Since f]I:;(R) = a, Na(R) ¢ I" and N,(R) € Fa\n,(r)zv- Also, since
NA(R;, Rv\riy) = Na(R), Na(R;, Rnvy(y) € Z°. By monotonicity property of FN\NA(R). Tt
Na(R;, RN\{,'}) € .FN\NA(R)Jb. Therefore, f]I_—; (Rg, RN\{z‘}) = a.

Now we assume that f%; (R) = b. If bR;a, then i can not manipulate. If aP;b then we
show that f]I:;(R;, Rn\giy) = b. The following two cases arise : (i) al;b and (ii) bF/a.

(i) Suppose al}b. Let d = a. Since f£ , (R) = b, Na(R) ¢ I% and N,(R) ¢ Fax\n,(r)zo-
Now we consider the set Na(R], Ry\(iy)- If Na(R}, Rav\giy) € Z%, then by property 1 of Fra,
No(R) € Fn\n,(r)z+ Which is not possible. Therefore, Ny(R;j, Ry\(iy) € Z°. Since No(R) ¢
FnNar),ze and Na(R;, Ry\(iy) € Z°, property 3 of Fz. would imply that N, (R;, Ry\gy) €
.FN\NA(R,/“RN\{i})7IG. Therefore, f]I_—; (R;, RN\{i}) =b.

Let d = b. If Ny(R) € I° then (by monotonicity property of Z°) Na(R}, Ry\(iy) €
I'. Therefore, f%, (R, Ryiy) = b 1f Na(R) ¢ T%, then fF (R) = b implies that
No(R) ¢ Fannar)ze- Now we consider the set Na(R}, Rx\giy). If Na(Rj, Rviy) € Z°,
then fJZ_;(R;, Rngy) = b. If Na(R}, Ry\qiy) € Z°, then property 3 of Fr would imply that

b
NQ(R;7RN\{1}) g ‘FN\NA(R;7RN\{Z'}),I“' Therefore, f‘%—zb (R;,RN\{,L}) = b.

(ii) Suppose bP/a. Note that Na(Rj, Ry\ti3) = Na(R). Let d = a. Since £ (R) = b,
NA(R) ¢ 7% and Na(R) §§ fN\NA(R),Ia- Since NA(RQ, RN\{i}) = NA<R), we have NA(R;, RN\{z'}) ¢
I® and Na(R> §é fN\NA(RLRN\{i})I“' Note that NQ(R;,RN\{Z‘}) ¢ ‘FN\NA(RQ,RN\“}),IGJ other-
wise by monotonicity property of FN\N AR, Ry giy),T0 N.(R) € FN\N AR Ry (33),T0 which is
not possible. Therefore, f£ (R}, Ra\iy) = b.

Let d = b. If Na(R) € T then Na(R}, Rygiy) € Z' Therefore, fF (R}, Rypy) =
b. So, we consider that N4(R) ¢ Z°. since f%;(R) = b, No(R) ¢ Fn\numyz- Note
that since Na(R;, Rv\giy) = Na(R), we have N, (R}, Rav\jiy) ¢ FN\NA(RL Ry ), 70> Otherwise
by monotonicity property of Fa\n, (. Ry, )20 N.(R) € FN\NA(R] Ry (y)Z2 Which is not
possible. Therefore, f%;(Rg, Rngiy) = b.

Only if part. Let f be an onto and strategy-proof SCF. Let R € R" denotes the
preference profile where all agents are indifferent between a and b. We show that if f(R) = a,
then there exists a committee for indifference default a, Z* and a collection of committees
for a with respect to Z%, Fza, such that for all R € R™;

f(R) = f7,.(R).

Similarly, if f(R) = b, then there exists a committee for indifference default b, Z° and a

collection of committees for a with respect to Z°, Fz, such that for all R € R";

f(R) = f%,(R).

In the following, we consider these two cases.
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Case 1: f(R) = a. For each M C N, let g' be the restriction of f to {R € R™ :
al;biff i ¢ M}. In other words, let gy {R e R":alibiffi ¢ M} — A be a function
defined as g}/ (R) = f(R) for all R € {R € R" : al;b iff i ¢ M}. First we show the following

claim.

CrAM 2. For each M C N, either g;\/[ s a constant rule that picks a or g}\/[ s onto.

Proof. It M = (), then it is trivial that g}w is a constant rule that picks a. Therefore, for
contradiction, we assume that there exists () # M’ C N such that g}‘/[ " is a constant rule that
picks b. W.o.l.g. let M" ={1,2,...,k}, k <n. Let R be such that al/bifi € {k+1,...,n}
and aP/bif i € {1,... k}. Since g}”/ is a constant rule that picks b, f(R') = b. Applying

strategy-proofness, we have

f(R,17R,27 s 7R;’L) = f(Rlv s 7Rk—17Rk7R;c+17 . 7R”,I’L)
:f(Rla"kafQ’kaluRk? ;g+17"'7R;7,)

(Ri,...,Ri,Rypy,...,R.)

(R)

I
SIS

This contradicts f(R) = a. O

Let Z%(f) = {S C N : g}v\s is constant rule that picks a }. Next we show the following
fact.

Fact 1. Z%f) is a committee for indifference default a.
Proof. We show that Z¢(f) satisfies following two properties.

1. Non-emptiness: Since N € Z%(f), Z%(f) # 0. Since f is onto and strategy-proof, gjcv
is onto. Therefore, O ¢ Z(f).

2. Monotonicity: Let S € Z%(f) , T C N and S C T. We show that 7' € Z%(f). Since

g;\/\s is a constant rule that picks a, g}V\T

T € Z°f).

is a constant rule that picks a. Therefore,

]

The following claim is a direct implication of Theorem 1 of Barbera et al. (1991). Hence,

we omit the proof.

CrAm 3. For each M C N, if g}” s onto, then it is a voting by committee for a at M.
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For each M C N such that gy is onto, Claim 3 implies that g}w is a voting by committee
M
for a at M. Let ffj be the committee for a at M associated with g}'. Now, for each
M
M C N, we define the set Fasze(s) as follows. If g’ is onto, then Fyza(py = ]:ij CIf gpl s

not onto i.e. g}w is a constant rule that picks a, then Fyyza(s) = 0.

First we show the following fact.

Fact 2. For each M C N, Furza(s) 45 a committee for a at M with respect to T(f).

Proof. We show that for each M C N, Fjsza(y) satisfies following two properties.

1. Non-emptiness with respect to Z%(f): If N\ M ¢ Z°(f), then g}” is onto. There-
M M M
fore, Frrzapy = Fij . Since Fij # () and () ¢ ng , we have Frza(py # 0 and
0 ¢ Farza(s). This follows from Claim 3 and Barbera et al. (1991). If N\ M € Z(f),
then g}‘/[ is a constant rule that picks a. Therefore, Fy;za(s) = 0 by definition.

M
2. Monotonicity: W.o.l.o.g. we assume that Fi ze(r)y # (. Therefore Fuzes) = .7:}(\/} )

M
Since F,! satisfies monotonicity (from Claim 3 and Barberd et al. (1991)), we have
that for each S € Fyyzapy and T'C M, if S C T, then T € Fyyza(p).

O

Next we show that Frze(py = {Fumze(s)}mcn satisfies the properties of a collection of

committees for a with respect to Z%(f).

FACT 3. Fra(p) = {Fumze(s)mcn satisfies the properties of a collection of committees for a
with respect to Z°(f).

Proof. We show that for each M C N and each i € M:

1. EN\M ¢ Z%f) and {N \ M} U{i} € Z%f), then for all S C M such that i € S,
S € Fuza(s)- Suppose not. There exist M C N and S C M such that N\ M ¢ Z°(f),
{N\M}uU{i} €Z°(f) and i € S & Farze(s)- Let R € R"™ be a preference profile such
that alyb for all k € {N\ M}, aPyb for all k € S and bPga for all k € M\ S. Note that
gf'(R) = b. Therefore f(R) = b. Since f is strategy-proof, f(Rj, Ry\;) = b where
R = al!b. This contradicts with the fact that {N \ M} U {i} € Z°(f).

2.1t S € Fugap), © € S and {N\ M} U {i} ¢ Z°(f), then S € Fanqipze¢p)- Let
R € R" be a preference profile such that alb for all k € {N \ M} U {i}, aPyb for
all k € S and bPa for all k € M\ {SUi}. Let R = (R}, Ry\{;3) where R} = bF/a.
Since S € Farze(y), g}W(R’) = a. Therefore f(R') = a. Then by strategy-proofness,
f(R)=a,ie g} (R) = a. Since {N\ M} Ui ¢ Z°(f), S € Fanize(s)-
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3. WN\M ¢ I°(f), SU{i} ¢ Furzacs) and {N\M}U{i} ¢ I°(f), then S ¢ Fan iy zo()-
Let R € R™ be be a preference profile such that alb for all k € N\ M, aPyb for all
k€ SUiand bPya for all k € M\ {SUi}. Let R' = (R}, Rn\fiy) where R, = bl]a.
Since SU i ¢ Farza(p), g} (R) = b. Therefore f(R) = b. Then by strategy-proofness,
F(R) =b, e g} (R) =b. Since {N\ M} Ui ¢ I°(f), S ¢ Farize(s)

We complete this case by showing that for all R € R";

f(R) =17, (R).

N\Na(R) .

Consider any profile R. By Claim 2, g is either a constant rule that picks a or it

N\N4(R

is an onto rule. Let g; ) be a constant rule that picks a. Therefore, gN\NA( )(R) =a
implies that f(R) = a. Which, in turn, implies that Na(R) € Z%(f); i.e.; hiz(a@ (R) = a.

Now we assume that gN\NA( ) is an onto rule. Therefore, N 4(R) ¢ Z%(f). By Claim 3,
g}V\NA( ) is a voting by committee for a at N \ Na(R). Let F]\fj\\r;\jA(m be the committee for
a at N\ N4(R) associated with gN\NA(R) Therefore, g, N\Na(R "(R) = a if No(R) € ]:N’I{;\Zi(i)
and gN\NA(R)(R) =0bif N,(R) ¢ FN{;VA(R) Since gN\NA(R)(R) = f(R) and

NA\N 4 (R)

FN\Na(R),Zo(f) = F]gvf\NA(R) , we are done.

Case 2: f(R) = b. A similar argument (as in case 1) shows that there exists a committee
for indifference default b, Z and a collection of committees for a with respect to Z°, Fp,
such that for all R € R"™;

f(R) = f,(R).

2. The Proof of Theorem 2

We prove this theorem with the help of the following propositions. The first proposition is
a direct implication of adding anonymity on Theorem 1. For this purpose, we introduce the
following definitions. A committee for indifference default d € {a, b}, Z% is anonymous, if
S € I% implies S’ € Z? for any S’ C N such that |S| = |S’|. If a committee for indifference
default d is anonymous, then we refer it as anonymous committee for indifference
default d.

Let M C N and Z¢ be a committee for indifference default d. A committee for a at M
with respect to Z%, Fy; 74, is anonymous, if S € F, vze implies S" € Fy 74 for any 5" C M
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such that |S| = |S’|. If a committee for a at M with respect to Z? is anonymous, we refer it
as anonymous committee for a at M with respect to Z¢.
A collection of anonymous committees for a with respect to Z¢ is a collection

of committees for a with respect to Z¢, satisfying following properties
1. For any M C N, Fysza is a anonymous committees for a at M with respect to 4.

2. For any M, M' C N, S C M and S’ C M’ where |M| = |M’| and |S| = ||, if
S e FM,Id then S’ € ./T'-M/’Id.

We define generalized voting by anonymous committees (GVAC), as follows.

DEFINITION 13. A SCF is GVAC, denoted by fgd, if there exists a anonymous committee

for indifference default d, T® where d € A and a collection of anonymous committees for a
with respect to I, Fra, such that for all R € R";

d  if Na(R) € ¢
d .
7. R) =1 a if No(R) € Fa\na(ryza and Na(R) ¢ ¢

b otherwise
This brings us to the following proposition.

PROPOSITION 4. Let f : R"™ — A be an onto SCF. If f is anonymous and strategy-proof,
then f is GVAC.

Proof. Let f be an onto, anonymous and strategy-proof SCF. Let R € R" denotes the
preference profile where all agents are indifferent between a and b. We show that if f(R) = a,
then there exists a anonymous committee for indifference default a, Z* and a collection of

anonymous committees for a with respect to Z%, Fza«, such that for all R € R";

F(R) = [,.(R).

Similarly, if f(R) = b, then there exists a anonymous committee for indifference default
b, I® and a collection of anonymous committees for a with respect to Z°, Fz, such that for
all Re R™;

b
[(R) = fZ ().
In the following, we consider these two cases.

Case 1: f(R) = a: As f is strategy-proof and onto, we have the following.

For any M C N, let g}' : {R € R™ : alib iffi ¢ M} — A be a function defined as
gt (R) = f(R) for all R € {R € R" : al;b iff i ¢ M}. Then either g}’ is a constant

rule that picks a or gy is onto. This follows from Claim 2 in the proof of Theorem 1.
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I(f)={SC N: g}v\s is constant rule that picks a} is a committee for indifference default

a. This follows from Fact 1 in the proof of Theorem 1.
Fra) = {—FM,Ia(f)}MgN, where

( n . ) . . M -
SC M- .EIRE{RER.alzbzﬁ”zgéM} g 9f isan
with S = N,(R) € M and g}'(R) = a

onto function

IMI"‘ =

0 if constant rule

that picks a

\

is a collection of committees for a with respect to Z%(f). This follows from Claim 3

and Facts 2 and 3 in the proof of Theorem 1.

Next we are going to show that Z%(f) is an anonymous committee for indifference default

a.

CLAIM 4. Z°(f) is an anonymous committee for indifference default a.

Proof. Consider S,S” C N such that |S| = |S’|. Suppose S € Z%f), but to the contrary
S" ¢ Z°(f). This implies that g;\/\s is a constant rule that selects a, but gjcv\s/ is onto. So
there exists a R € {R € R" : al;b iff i ¢ N \ S’} such that gjfv\s/(R) =b. As |S| = 5], we
have [N\ S| = |N\ 5'|. As N, (R) € N\ 5, there exists T' C N \ S such that |N,(R)| = |T|
and |(N\S)\No(R)| = |(N\S)\T|. So we can define the following functions; oy : 8" — S,
0yt Ny(R) — T and o3 : (N \ S") \ No(R) — (N \ S) \ T'; which are all one-to-one and

onto. Next, we define a permutation o : N — N as follows.

(i) ifie s
(i) =< oa(i) if i € No(R)
os(t)  ifie (N\S)\ Na(R)
Note that o is a well-defined permutation and o(R) € {R € R" : al;b iffi ¢ N\ S}.

This implies that g}V\S(U(R)) = a; i.e; f(c(R)) = a. But this contradicts anonymity of f as
g}V\SI(R) = b implies f(R) = b. This concludes the proof of Claim 4. O

Next we show that Fza(y) is a collection of anonymous committees for a with respect to
o)),

CLAIM 5. Fra(yp) is a collection of anonymous committees for a with respect to Z°(f).
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Proof. First we show that for every M C N, Fjy;za(s) is a anonymous committees for a at
M with respect to Z%(f). First note that as f is anonymous, so for any M C N, it follows
that g}' is also anonymous. Now for any M C N, consider 5,5 € M such that |S| = |5|.
Suppose for contradiction that S € Fpzecp), but S" ¢ Farzecr). This implies that there
exists a profile R € {R € R" : al;b iff i ¢ M} such that N,(R) = S and g}'(R) = a. As
|S| = |97|, we have | M\ S| = |M\ S’|. So we can define the following functions; oy : S — 5’
and oy : M\ 'S — M\ S’; which are all one-to-one and onto. Next, we define a permutation
o: N — N as follows.

i ifie N\ M
o(i) =< o1(i) ifieS

10 ifie M\ S
Note that o is a well-defined permutation and o(R) € {R € R™ : al;b iff i ¢ M} and
Nu(R) = S'. Now S’ ¢ Furze(s) implies that g} (o0(R)) = b because g;' is onto. But this
contradicts anonymity of g}w , as gj‘/ (R) = a. This shows that for every M C N, Fasza(ys) is
a anonymous committee for a at M with respect to Z*(f). Next, consider any M, M' C N
and S € M and S" C M’ such that |M| = |M’'| and |S| = |S’|. We are going to show
that if S € Farze(p), then S" € Fapze¢p). So suppose for contradiction that S € Fasza(y),
but S" & Fapze(r)y. As S € Farzeyp), there exists a profile R € {R € R" : al;b iff i ¢ M}
such that No(R) = S and g¢'(R) = a. As [M| = |[M’'| and [S| = [5'], so it follows that
M\ S| = |M'\ S| and [N\ M| = |N \ M’'|. So we can define the following functions;
oy : N\M — N\ M o5:5 — S and g6 : M\ S — M'\ S’; which are all one-to-one

and onto. Next, we define a permutation o* : N — N as follows.

o4(7) ifie N\M
o* (i) =< o5(4) ifies

o6(i) ifie M\ S
Note that o* is a well-defined permutation and o*(R) € {R € R" : al;b iff i ¢ M’} and
No(R) = 5. As g} is onto, so it follows that g}’ is also onto. Otherwise there would be a
violation of Claim 4 as [N\ M| = [N\ M’'|. Then S" ¢ Fyp za(s) implies that g}”/ (c*(R)) = b;
i.e.; f(o*(R)) = b. This contradicts anonymity of f as g}W(R) = a implies that f(R) = a.
This concludes the proof of Claim 5. n

We complete this case by showing that for all R € R";
f(R) = f7,

This follows from the definition of Z%(f) and Fza(y) as shown at the end of case 1 in the
proof of the only if part of Theorem 1.

(f)
a(f) (R>
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Case 2: f(R) = b : A similar argument (as in case 1) shows that there exists a anonymous
committee for indifference default b, Z® and a collection of anonymous committees for a with
respect to Z°, Fp, such that for all R € R"™; f(R) = f/z_;(R). ]

In the following proposition, we show that any GVAC rule can be described as either a

quota rule with indifference default a or a quota rule with indifference default b.

PROPOSITION 5. Let f%; be a GVAC rule. Then either there exists a quota rule with
indifference default a (f%®) such that f]I_-; = f% or a quota rule with indifference default b
(f£¥) such that f]I_-; = f.

Proof. Let W be any collection of subsets of N. We denote Q(W) as the cardinality of

S € W such that S contains the least number of agents among all sets in W; i.e;
= mi h c 2V,
QW) min |S|, where W C

We prove Proposition 5 with the help of the following lemmas.

we have the following.

a )

LEMMA 3. For the GVAC rule [7
1. 1<QIZ*) =k <n.
2. Fuarza satisfies following conditions:

2.1 For all M C N, if |[M| <n —k then Fyrza = 0.

2.2 For all M,M' C N such that |M| = |M'| > n—k, Q(Fuzs) = Q(Fprze) and
Frze #0 and Fap 7o # 0.

2.3 For all M C N such that |M| = n—k+I wherel € {1,...,k}, we have Q(Fpr1a) €
{1,...,1}.

2.4 For all M,M" C N such that |M'| = |M|—1>n—k,
Q(Fmze) > Q(Furze) > Q(Fnrze) — 1.

Proof. As I is an anonymous committee for indifference default a, it follows that N € Z¢
and () ¢ 7% (Non-emptyness condition of Z%). This implies that 1 < Q(Z%) =k < n.

Next we prove statement 2.1. So consider a M C N such that |M| < n — k. This implies
that [N \ M| > k. As Q(Z*) = k, monotonicity and anonymity property of Z* implies that
N\ M € Z*. Then non-emptyness with respect to Z* property of Fza implies that Fas 7. = .
Next we prove statement 2.2. So consider M, M’ C N such that |M| = |M'| > n — k. This
implies that |[N \ M| = |[N \ M'| < k. As Q(Z%) = k, it follows that N \ M ¢ Z% and
N\ M’ ¢ 7" So from the non-emptyness with respect to Z* property of Fra, it follows that
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Frrze # 0 and Frp 7o # 0. Also as Fze is anonymous, it follows that Q(Fasze) = Q(Fpr 1a)
from the definition of Q).

Next we prove statement 2.3. So consider M C N such that |M| = n — k + [ where
I € {1,...,k}. Suppose for contradiction that Q(Frz«) > [. So it follows that for all
S € Furza, |S| > 1. Now we consider the situation when [ = 1. Then |M| = n—k+1 implies
that [N\ M| =k — 1. As Q(Z%) = k, it follows, from the definition of @), that N\ M ¢ Z°.
Now consider an ¢ € M and the coalition (N \ M) U {i}. Note that |(N\ M)U{i}| =k. As
Z* is an anonymous committee for indifference default a, it follows that (N \ M) U {i} € Z°
Then as F7a is a collection of committees for a with respect to Z¢, it follows by using property
1 that {i} € Farze. This contradicts our assumption that for all S € Fysza, [S| > 1. Now
suppose that for all M C N such that |[M| =n —k + [ where [ € {1,...,k — 1}, we have
Q(Fumze) € {1,...,1}, but there exists a M’ C N such that |[M'| = n —k+ 1+ 1 and
Q(Farze) > L+ 1. So consider the case where M’ = M U {i}. Now consider a coalition
S C M, such that |S| = Q(Fuze). As Q(Farze) > 1+ 1, it follows that S U {i} ¢ Fap ze.
Note that [N\ M'| =k —1—1and |[(N\ M) U{i}| =k —1. As Q(Z%) =k, it follows that
N\ M ¢ Q(Z*% and (N \ M) U {i} ¢ Q(Z%). Then as Fr. is a collection of committees
for a with respect to Z¢, it follows by using property 3 that S ¢ Fun(iyze = Farze. This
however contradicts anonymity of Fra as |S| = Q(Farze). Hence the proof of statement 2.3
is concluded by induction.

Next, we prove statement 2.4. So consider M, M’ C N such that |[M'| = |M| -1 >n — k.
In view of statement 2.2, without loss of generality, it can be assumed that M = M’"U {i}.

Now suppose for contradiction that
Case 1 : either Q(Farze) < Q(Far ze),
Case 2 : or Q(Fuze) — 1 > Q(Fpr 70).

In case 1, there exists S C M such that S € Fpza and |S| = Q(Fuze). Now if S = M,
then we have a contradiction to Q(Fusze) < Q(Far 1) as |M| > |S’| for any S C M'. So we
have S C M. Then it follows that there exists S* C M such that |S*| = |S| and S* C M'.
As Fra is a collection of anonymous committees for a with respect to Z¢, it follows that
S* € Furza. Note that as S* C M, it follows that i ¢ S*. Also as |[M| —1 > n —k, it
follows that [(N \ M) U {i}| < k. As Q(Z°) = k, it follows that (N \ M) U {i} ¢ Z® Then
as JFza is a collection of committees for a with respect to Z¢, it follows by using property 2
that S* € Faniy,ze = Furze. This constitutes a contradiction with the definition of @) as
|S*] < Q(Farr 10).

In case 2, there exists S C M’ such that |S| = Q(Farze). Note that if S = M’, it follows
from case 2 that Q(Fprza) > |M'| + 1. This is a contradiction as for all S C M, we have
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|S| < |M| = |M'|+1. Now consider the set SU{i} C M. Note that |[SU{i}| = Q(Furza)+1.
As Q(Fuyze) > Q(Fumrza) + 1, from the definition of @, it follows that S U {i} ¢ Fpsza.
Also as |[M| — 1 > n — k, it follows that (N \ M)U{i}| < kand [N\ M)| <k—-1<k.
As Q(Z%) = k, it follows that (N \ M) U {i} ¢ Z% and (N \ M) ¢ Z° Then as Fz.
is a collection of committees for a with respect to Z¢, it follows by using property 3 that
S ¢ Fanpiyze = Farze. This constitutes a contradiction with the anonymity property of
Furza as |S| = Q(Fapze). This completes the proof of statement 2.4 and concludes the
proof of Lemma 3. O

OBSERVATION 1. Given a GVAC rule f% , let k = Q(Z%) and z; = Q(Farze), where
|M| = n—k+lforanyl € {1,2,...,k}. Thenit follows from Lemma 3 that f£ (R) = f2*(R)
for all R € RY.

LEMMA 4. For the GVAC rule sz_;, we have the following.
1.1<Q(I =k<n.
2. Fy e satisfies following conditions:

2.1 For all M C N, |M| <n—kif and only if Fyrzo =0

2.2 For all M,M' C N such that |M| = |M'| > n —k, Q(Fyuzp) = Q(Fpr 1) and
Q(]:M,Ib> 4 0 and Q(FM’,I”) # 0.

2.8 Forall M C N such that |[M| = n—k+1 wherel € {1,...,k}, we have Q(Fp 1) €
{n—k+1,....n—k+1}

2.4 For all M,M' C N such that |M'| =|M — 1| >n —k,
Q(Farza) > Q(Fap 7a) > Q(Farza) — 1.

Proof. In view of Lemma 3, we will only show the proof of statement 2.3. So consider M C N
such that |M| =n—k+1 wherel € {1,...,k}. First consider the case, where [ = 1. In this
case, we have to show that Fy, 7o = {M}. As |M|=n—k+1, it follows that |N\ M| = k—1.
As Q(Z°) = k, it follows, from the definition of @, that N \ M ¢ Z°. Now for every i € M,
consider the coalitions (N '\ M)U{i}. Note that |(N\ M)U{i}| = k. As I’ is an anonymous
committee for indifference default b, it follows that (N \ M) U {i} € Z°. Then as Fz. is
a collection of committees for a with respect to Z?, it follows by using property 1 that if
S € Fuze then @ € S. As this is true for all ¢ € M, it follows that Fy,7» = {M}. Now
suppose that for all M C N such that |[M| =n —k + [ where [ € {1,...,k — 1}, we have
Q(Fyr) € {n—k+1,...,n—k+I}, but there exists a M’ C N such that |M'| = n—k+I+1
and either Q(Fyp ) > n—k+ 141, or Q(Fyrv) < n —k+ 1. Note that Q(Fpp 7v) >
n—k+1+1 implies for all S € Fiyp za, we have |S| > n—k+1+ 1. This is a contradiction as
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S C M"and |M'| =n—k+ 1+ 1. So assume that Q(Fy, 7») < n —k+ 1. Now consider an
M C N such that M’ = M U {i} for some i € N\ M. Then it follows that |[M|=n—Fk+1.
So Q(Fyz) € {n—k+1,...,n—k+1}. Now consider a S C M such that [S| =n — k.
As Q(Fuyrv) <n—k+1;ie; Q(Fyr ) < n—k, monotonicity and anonymity property of
Fp v implies that S € Fyp 7o. Note that i ¢ S. Also |[(N\M')U{i}| = k—1 < k. Then from
the definition of @, it follows that (N \ M’)U{i} ¢ Z°. As Fz. is a collection of committees
for a with respect to Z°, it follows by using property 2 that S € Fungiyoe = Fare- This
contradicts the fact that Q(Fy ) € {n —k+1,...,n —k +1} as |[S| = n — k. Hence the

proof of statement 2.3 is concluded by induction. O]

OBSERVATION 2. Given a GVAC rule f%;, let k = Q(Z°) and y; = Q(Farze), where |[M| =
n—k+1foranyl € {1,2,...,k}. Then it follows from Lemma 4 that f%;(R) = fIY(R) for
all R e RV,

The proof of Proposition concludes by Observations 1 and 2. O

Proof of Theorem 2. In view of Propositions 4 and 5, to prove Theorem 2, it is sufficient
to show that the quota rule with indifference default a and the quota rule with indifference
default b are strategy-proof, onto and anonymous. First we show that the quota rule with
indifference default a (f*) is strategy-proof, anonymous and onto. The fact that f® is
onto and anonymous follows directly from the definition of f%®. Next, in view of Lemma 1,
as f®% is onto, it is sufficient to show that f* satisfies weak strategy-proofness. So consider
a profile R € RY and an i—deviation R’ € RY of R. We need to show f5*(R)R;f**(R') in

the following cases.

aPb and allb : In this case, suppose f¥%(R) = a. then it follows that f**(R)R;f**(R).
So suppose that f%*(R) = b. This implies that [N4(R)| < k. Also in this case we have
|INo(R)UNy(R)| =n—k+1, for some l € {2,3,...,k}. Otherwise, |N,(R) UN,(R)| =
n—k+1and |N,(R)| > 1 = x; (due to the fact that aP;b) would imply that f**(R) = a,
which contradict our assumption that f**(R) = b. Also we have |N,(R)| < z;. Now
|INo.(R)UNy(R)| =n—k+1, for some [ € {2,3,...,k} implies that |[N4(R)| < k — 2.
So it follows that |[No(R')| < k—1 < k. Also |[N.(R)UNy(R)| =n—k+1—1.
Note that x; — 1 < ;-1 < ay. Also [N, (R')| = |Na(R)| — 1. Now |N,(R)| < z; implies
IN.(R")| < 21 — 1 < x;_,. This shows that f%**(R’) = b and we can conclude that
fot(R)R; f3(R).

bP;a and al/b : In this case, suppose fX2(R) = b. then it follows that f**(R)R;f**(R’). So
suppose that f%*(R) = a. Now if [N4(R)| > k — 1, then it follows that |[N4(R')| > k.
This implies that f*(R') = a. So suppose that |[N4(R)| < k—1 and |N4(R')| < k. In
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this case we have |N,(R) U Ny(R)| =n — k+1, for some [ € {2,3,...,k} Also we have
INo(R)| > x;. Also [N, (R)UNy(R')] =n—k+1—1. Note that z; — 1 < ;1 < ;.
Also |N,(R')| = |Nuo(R)|. Now |[Ny(R)| > z; and ;-1 < z; implies |Ny(R')| > x-;.
This shows that f%?(R’) = a and we can conclude that f**(R)R;f**(R').

Combining these cases, it follows that f* satisfies weak strategy-proofness. Hence as ¥ is
onto and Lemma 1 implies that f*? is strategy-proof. In a similar way, it can be shown that

ff Y is anonymous, onto and strategy-proof. This concludes the proof of Theorem 2. O]
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