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Abstract. We consider an ensemble of random density matrices distributed
according to the Bures measure. The corresponding joint probability density of
eigenvalues is described by the fixed trace Bures—Hall ensemble of random matrices
which, in turn, is related to its unrestricted trace counterpart via a Laplace transform.
We investigate the spectral statistics of both these ensembles and, in particular, focus
on the level density, for which we obtain exact closed-form results involving Pfaffians.
In the fixed trace case, the level density expression is used to obtain an exact result
for the average Havrda—Charvat—Tsallis (HCT) entropy as a finite sum. Averages of
von Neumann entropy, linear entropy and purity follow by considering appropriate
limits in the average HCT expression. Based on exact evaluations of the average von
Neumann entropy and the average purity, we also conjecture very simple formulae for
these, which are similar to those in the Hilbert—Schmidt ensemble.
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1. Introduction

The density matrix formalism was introduced by von Neumann to describe statistical
concepts in quantum mechanics [1]. It plays a fundamental role in quantum mechanics
and provides a natural approach to deal with mixed states [2,3]. Given the set of finite-
size density matrices, it is now well acknowledged that, there is no unique measure which
can be used to describe it [39]. Therefore, one seeks a good and useful measure which
can be associated with these density matrices and consequently with the corresponding
eigenvalues [3-9].

One of the ways to induce a measure over the space of random density matrices is
via the operation of partial tracing [10,/11]. This relates to the idea of purification in
which a mixed state p, acting on an n-dimensional Hilbert space H,,, can be viewed as a
reduced state obtained by partial tracing a pure state belonging to a composite Hilbert
space H, ® H,, |12]. The auxiliary subsystem associated with #,, may be interpreted
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as the environment. In this approach, along with the dimension n of the given density
matrices, one ends up with an additional parameter at hand, viz. m associated with the
auxiliary subsystem. To elaborate, one considers a random pure state |p) € H,, @ H,,, of
a composite bipartite system of size n x m with m > n. Upon partial tracing over the
m-~dimensional environment, one obtains a reduced state of size n. The corresponding
reduced density matrix is given by

_ trn(lo) o) 0
(ple)
and gives rise to the Hilbert-Schmidt measure,
Pus(p) o< 6(tr p — 1)(det p)" " O(p). (2)

Here ©(p) is the Heaviside theta function with matrix argument, which implies the
positive-definiteness of p. It is of interest to discuss the limiting situations for the
Hilbert-space dimension m of the auxiliary subsystem. For m = 1, in view of our
assumption n < m, n also takes the value of 1. As a consequence, the density matrix in
this case is one-dimensional and has element 1. However, if we do let n > m, then p will
be n-dimensional and in its eigenbasis it will have one of the diagonal entries as 1 and rest
n — 1 as 0s. Physically, in the m = 1 case, p represents a pure state. The other extreme
is obtained for m — oo. In this limit, as argued by Hall [11], the distribution Pys(p)
tends to become a delta function, §(p — n~'1,). All the n eigenvalues of p therefore
assume the value 1/n. The reduced density matrix p in this case signifies a maximally
mixed state. For the Bures-Hall measure, one considers a symmetric superposition of
two pure states of the composite system, one of which is a local unitary transformed
copy of the other [3}13,/14], viz., |¢) ~ |¢) + (U ® 1,,,)|¢). Here U is an n-dimensional
unitary matrix taken from the measure |det(1,, + U)|*™ ™ du(U,), with du(U,) being
the Haar measure. The reduced density matrix obtained in this case,

_ [ ()
T

belongs to the Bures-Hall measure described by
Pan(p) oc o(trp — 1)(det p)™ " O(p) /d[X]e“PXQ

(det p)mfn71/2
Hj>k: (1 + o)

In the first line of the above equation, X is a random Hermitian matrix and d[X] is the

(3)

o d(trp—1) ©(p). (4)

corresponding flat measure, i.e., product of differential of independent components in
X. In the second line {y;} € [0, 1] are the eigenvalues of the density matrix p. In both
the limits m = 1 and m — oo, the behavior of p in the Bures-Hall case is identical to
that in the Hilbert-Schmidt case.

Another approach for assigning a measure over random density matrices is to
consider certain distance metrics on the space of mixed states. The two popular
and physically relevant choices are the Hilbert—-Schmidt distance [3,|4] and the Bures
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distance [15-17]. The Hilbert-Schmidt distance between two density matrices p; and
po is defined as the Frobenius norm of their difference, i.e.,

Dus(p1, p2) = Vtrl(p1 — p2)?]. (5)

The Bures distance, on the other hand, is given by [17]

Di(pr. p2) = /2 — 26x(\/prpa/pr) V2. (6)

It should be noted that the Bures distance is a function of fidelity [18], F(p1,p2) =
[tr(y/prp2+/p1)" /%)%, which is a commonly used quantity in the field of quantum

information [12]. Fidelity allows one to judge the prozimity of a pair of mixed states
and reduces to unity if the two states are identical. The Hilbert-Schmidt metric
is Riemannian but not monotone, while the Bures metric is both Riemannian and
monotone |3]. The monotonicity of the Bures metric guarantees that it does not grow
under the action of a stochastic map, i.e. a completely positive trace preserving map [9).
Being a function of fidelity, the Bures metric is also Fubini-Study adjusted, i.e. for pure
states it agrees with the natural geometry on them. Additionally, the Bures distance, in
the subspace of diagonal matrices induces the statistical distance which is the Fisher-
Rao metric [19]. It turns out that the Bures metric is the only monotone metric which
is simultaneously Fisher adjusted and Fubini-Study adjusted [9]. These outstanding
mathematical properties of the Bures metric provides additional inspiration to study the
geometry it induces in the space of mixed quantum states. Interestingly, the measure
induced by the above two distance metrics coincide with and if m is set equal to
n, i.e., if the Hilbert-space dimension of the environment is same as that of the system
under observation. We should remark here that the terms Hilbert-Schmidt measure
and Bures-Hall measure are conventionally used for this m = n case, and therefore
and can be seen as generalizations.

The Hilbert—Schmidt measure is commonly known as the fixed trace Wishart-
Laguerre ensemble in the context of random matrix theory and has been extensively
studied. Consequently, the corresponding spectral statistics and behavior of the
associated observables are fairly well understood. For instance, based on the knowledge
of the joint probability density (jpd) of eigenvalues [5}[8}/11,20-22], we know explicit
answers for the level density and two-point correlation function, moments and cumulants
of the eigenvalues and the entropy measures, asymptotic and universal behavior and
also extreme eigenvalue distributions and moments [4,6,22-45]. In comparison, the
fixed trace Bures—Hall ensemble has been explored very little due to its more involved
mathematical structure. The jpd of eigenvalues for this ensemble was derived by
Hall in [11]. Zyczkowski, Sommers and co-workers have obtained several key results
pertaining to the fixed trace Bures—Hall ensemble in the study of statistical distribution
of random density matrices and the associated entropy measures [3H5,19,/13,/14]. Borot
and Nadal have obtained the purity distribution for a generalized version of the
Bures—Hall fixed trace ensemble in the large dimension limit [39]. The corresponding
unrestricted trace variant has been investigated by Forrester and Kieburg in connection
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with the Cauchy two-matrix model [46]. This connection was discovered by Bertola
et al. while investigating the Cauchy two-matrix model [47]. Despite these invaluable
contributions, there are several aspects related to the Bures—Hall ensemble that remain
to be explored.

In this work, we investigate the spectral statistics of both unrestricted trace and
fixed trace variants of the Bures—Hall ensemble. For the former, we obtain an exact
result for the r-point correlation function of arbitrary order in terms of a Pfaffian. This
Pfaffian expression offers an alternative representation for the correlation function than
the one derived by Forrester and Kieburg [46]. We then focus on the level density
and use it to obtain the corresponding exact closed-form expression for the fixed trace
ensemble. This, in turn, is used to calculate the average Havrda—Charvat-Tsallis (HCT)
entropy [48,49] of random density matrices which are described by the fixed trace Bures—
Hall ensemble. Appropriate limits of the HCT entropy also lead to exact expressions
for the average von-Neumann entropy and the average linear entropy or, equivalently,
the average purity. Based on exact evaluations, we also conjecture very simple formulae
for the average von-Neumann entropy and the average purity. Finally, we validate these
analytical results using numerical simulation based on Dyson’s log-gas formalism [50-52].

The presentation scheme of the paper is as follows. In section [2| we derive exact
results pertaining to the spectral statistics of unrestricted trace Bures—Hall ensemble.
This is then used in section |3| to obtain an exact result for the level density in the
fixed trace case. In section [4] we derive exact expressions for the average entropies. In
section [p| we conclude with a brief summary of our results and also indicate directions
in which this work can be extended. Appendices collect details of the derivations of the
analytical results presented in this paper.

2. Unrestricted trace Bures—Hall ensemble
We begin with the unrestricted trace Bures-Hall ensemble. The matrices constituting
this ensemble are given by [13],14} 46|

B=(1,+U)GG' (1, +U"). (7)

In this, with n < m, G is an n X m-dimensional complex Ginibre random matrix having
the associated probability measure

Pg(G)dG o exp(—v? tr GG)dG (8)
with v? = 4, and U is an n x n-dimensional random unitary matrix from the measure
Py (U)du(U,) o |det(1,, + U) 2™ du(U,). (9)

Here dG represents the flat measure given by the product of differentials of all
independent components in G, and du(U,) is the Haar measure on the group of n-
dimensional unitary matrices. The related m x m random matrix

B =G'(1,+UN1, +U)G (10)
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possesses n eigenvalues identical to B and, in addition, has m—n generic zero eigenvalues.
The jpd of eigenvalues (\;€[0,00),7 = 1...n) for the random matrix B is given
by [5,46],
{A} —

P, ) = ALY H)\ (11)
where, C' is the normalization factor, A({\}) = det[\ '] = [Tic(Me — A;) is the
Vandermonde determinant, A, ({A}) = [];.(Ax + A;), and @ = m —n — 1/2, which
assumes half-integer values only. However, one may relax this parameter to a > —1
if the above jpd is defined without reference to the matrix model . We should
remark that pertains to a generalized Bures-Hall ensemble since the standard
one corresponds to the case m = n, or equivalently &« = —1/2. The jpd in
is related to that of the fixed trace Bures—Hall ensemble of random density matrices
via a Laplace transform [46], as discussed in section . Interestingly, the above jpd
also connects to the O(1) matrix model [53,54], as was discovered by Bertola et al.
while investigating the Cauchy two-matrix model [47]. Later on, Forrester and Kieburg
demonstrated the explicit relationship between the unrestricted Bures—Hall ensembles
and the Cauchy two-matrix model in [46]. This is very interesting since the former
constitutes a Pfaffian point process, while the latter corresponds to a determinantal
point process. Also, very recently, Muttalib-Borodin kind of deformation has been
considered in the Cauchy two-matrix model and the unrestricted Bures—Hall ensemble
by Forrester and Li [55]. Furthermore, Hu and Li have shown that the partition function
of the unrestricted trace Bures-Hall ensemble can be identified as the 7-function of BKP
and DKP hierarchies [56].

To proceed, we need to rewrite the jpd in ([11)) as a product of a determinant and
a Pfaffian. The Pfaffian for a 2n x 2n antisymmetric matrix A is defined as [51},52],

§ :UP 11,82 33i4"'Ai2n71,i2n' (12)

The sum in is over all possible permutations,

1 2 --- 2n
pz(. . . ), (13)
11 2 - lop

with restrictions that i1 < 49,13 < 14, ....,92—1 < T2n;%1 < 13 < l2,—1 and o, is the sign
of the permutation. Also the pfaffian is associated to the determinant as

det[A] = (Pf[A])?. (14)

In connection with the random matrix theory, Pfaffian (or equivalently quaternion-
determinant) based formulae were introduced by Dyson to write down the eigenvalue
correlation functions for circular orthogonal and symplectic ensembles [57]. Pfaffian
based techniques and results now constitute an indispensable part of random matrix
theory and have been applied in several contexts [50-52,58-63]. One of the most
noteworthy applications of Pfaffians is in the random matrix ensembles modeling
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crossovers between various symmetry classes [64-70]. Presently, for the jpd , we
use Schur’s Pfaffian identity [46]71],72],

Pt [(z — 2;) /(2 + 25)) ey n even,
T — X5 .
B e PR R xmjk v Wiz | oqq )
sJsksn [z, 0

and the result A({\}) [I1, A%e ™ = det[\,T*'e=#]. As a consequence, we have

7,11

P(Ai, s An) = C det[fjklin=1,..n PEgjk)jk=1,. N> (16)
n for n even,

N = (17)
n+1 for n odd.

In the above expression, the kernels are
fir = Fi () = NP e ™, (18)
A — Aj
=g\, \p) = J 1
ik —9Gk,j g( B k) )\k + )\ju ( 9)

and in addition, when n is odd,

Gjim+1 = —Gnt1; = 1 — 0jnt1. (20)

The inverse of the normalisation factor (partition function) can be obtained using de
Brujin’s integration theorem [73] as

C~!' =n!Pf[H], (21)
where H is an N-dimensional matrix with elements,
k—3j .
=[x [ v 0 fido(n ) = 55T G + )i+ ), 22)
for 1 < j,k < n, and additionally,
Hinet = ~Huty = (1= 8jn1) [ dX ) = (L= 80000 + ) (23)
0

when n odd. As shown in the [Appendix A| the Pfaffian in can be evaluated to a
yield a compact result for the normalization factor as [46]
I'j+a+1/2)

/2 i PG+ +2a+1)

2n2+20m n

O:

(24)

Given the jpd of eigenvalues, one is interested in calculating the r-point correlation
function, which is defined as
n!
(n—r)!

R\, \) = / d/\,+1.../ AP s Ay At s M) (25)
0 0
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In the present case an exact result for R, can be obtained using the generalization of
the de Brujin’s theorem, as derived by Kieburg |74, Appendix A.1]. The result is in
terms of a Pfaffian of an (N + 2r)-dimensional antisymmetric matrix:

[0]=tr [0]y=1-r Fug] g,
Rr()\l, o )\T,) = (_1)r(r—1)/2n! C Pf [0] j=tlor [gjk] j=tor [Gk]] iztr (26)
gz —(Gadqzyn Hirlymoy

In the above expression, the j, k indices in a matrix block [ -] j=. are the row and column
indices, respectively. The kernels G, and F};, appearing in the above Pfaffian are given
by

Fiw = Fj(\e) = fi(A) = N0 le ™, (27)
Gir = G;(\) = / dv fi(1)g(v, M) = T(j + )2, €™ Eja (M) — 1], (28)
0

for j = 1,..,n;k = 1,...,7. Here E,(2) = floo dt e ' /t* is the exponential integral
function. Moreover, when n is odd, we have

Foiip = Fop1(Me) =0, (29)
Gnik = Gri(Me) = —1, (30)

for k = 1,...,r. The g; and Hj, within the Pfaffian in are as in , and
(23). In reference [46], the r-point correlation function for the unrestricted Bures—
Hall ensemble has been derived by exploiting its relationship with the Cauchy two-
matrix ensemble. It involves the Pfaffian of a 2r x 2r antisymmetric matrix with
kernels involving integral over certain Meijer G-functions. While it appears difficult
to demonstrate a direct equivalence of the Pfaffian result of [46] with the above Pfaffian
result, it can be numerically verified on a case-by-case basis that they are indeed
equivalent.

The level density R;(A) is of special interest since the first order marginal
density p(\) = Ri(\)/n reveals the behavior of a generic eigenvalue of the ensemble.
Furthermore, it enables one to obtain the averages of observables which are linear
statistic on the eigenvalues. We use the Pfaffian-expansion result given in |75, Corollary
2.4] to obtain the following expression for the level density:

Ri(N) =nlC Y (=1 [®4(N) — By y(N)] PEHUM], (31)
Here o
D;1(A) = F3(N)Gr(N), (32)

and HU*®) is the (N — 2)-dimensional antisymmetric matrix obtained after removing
the jth and kth rows and columns from H. For n = 1, Pf[H(}?)] should be taken as
1. Moreover, as shown in [Appendix A] this Pfaffian can be evaluated in terms of a
restricted product as
G s—r
PIHOM] = ] — [[ra+o. (33)

r+ s+

> -
Tﬁ;#?,k 1#35,k
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Figure 1: Marginal density of eigenvalues for the unrestricted trace Bures—Hall ensemble
for various values of n and m. The solid lines are analytical predictions and the symbols
denote the numerical result based on Dyson’s log-gas approach.

The notation r,s # j,k in the product means that both r and s do not assume the
values j, k.

In Fig. |1) we show the plots of the marginal density p(A) for various values of n, m.
The solid curves are based on the above analytical result, and the symbols have been
obtained using the numerical simulation following Dyson’s log-gas formalism ,,
as briefly described in the [Appendix Bl We can see very good agreements between the
analytical-expression based and numerical simulation based results.

3. Fixed trace Bures—Hall ensemble

We now focus on the fixed trace Bures-Hall ensemble. The matrices constituting this
ensemble are given by
B

= 34

tr B (34)

where B are as in . Here, we note that the choice of variance of the Gaussian matrix

elements of G constituting B in is immaterial and hence any v? > 0 leads to the

same distribution. The above matrix model is equivalent to describing the reduced
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density matrices pertaining to the Bures—Hall measure. The related m x m dimensional

and rank n random matrix
B/

tr B"’

where B’ is as in (10)), share the n eigenvalues of p and additionally has m — n zero

/

p = (35)

eigenvalues. The joint eigenvalue probability density of the eigenvalues (u; € [0,1], ) =
1,...,n)of pin 7 and hence of the n x n random density matrix appearing in , is
given by [5}/11]

P(F>(M1,...,pn):CF)A {“} (Zuz—l)ﬂuj (36)

The parameter «, as discussed earlier, relates to the dimensions m and n. For n = m, we
have the standard Bures-Hall ensemble and the distribution of eigenvalues coincides
with the one induced by the Bures metric over the space of random mixed states [13]. If
we consider m = 1, n too must be 1 as per our construction and this leads to « = —1/2.
The corresponding single eigenvalue then takes the value 1 and physically corresponds
to a pure state. In the limit of m — oo with fixed n, & — oo and then, as discussed in
the introduction, the n eigenvalues approach the value of 1/n. Physically, this signifies
a maximally mixed state for n > 1.

It can be observed that, by introducing an auxiliary variable to replace the 1
inside the delta function, performing Laplace transform [76] and then applying some
rescaling, we are led to the jpd given by for the unrestriced Bures—Hall ensemble.
Consequently, the corresponding normalization factors are also related. As shown in

the |[Appendix C| the normalization factor C*) in the jpd is given by
CH =T[n(n+2a+1)/2]C

27(n+20) Pln(n + 20 + 1) /2]
ﬂ-n/2

Mj+a+1/2)
F'G+DI(G+2a+1)

::]:

1

2n(2m=n=1) T[n(2m — n) /2]
n/2

I'(j+m—n)
LT(j +D0(j +2m — 2n)°

s 5

(37)
j=1
For the square case m = n, i.e. o = —1/2, this reduces to the result conjectured by
Slater in [7] and later proved by Sommers and Zyczkowski in [9], who also derived the
above general result.
Similar to the jpd of eigenvalues, the r-level correlation function R for the fixed
trace ensemble can be related to that of the unrestricted trace ensemble R, by means

of an inverse Laplace transform; see the [Appendix C] We have the result

RV (i i) = Dl -+ 200+ 1)/2 L7 {70202 R, (o s b ()] (389)
In particular, the level density (r = 1) for the fixed trace Bures—Hall ensemble can be

obtained from unrestricted trace ensemble result using the relation

R{(p) = Tln(n+ 204 1)/2] L7 {s' 0202 Ry (sp0) } (1)

(39)

t=1
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Figure 2: Marginal density of eigenvalues for the fixed trace Bures-Hall ensemble for
various n and m values. The solid lines are based on analytical results and the symbols
are using numerical simulation based on Dyson’s log-gas formalism.

Based on this Laplace inversion relationship and using , an exact closed form
expression for the level density can be found. As shown in [Appendix D] we obtain
the non-vanishing result for 0 < pu <1 as
F . .
RV () =nt 0™ 3" (=17 (W () — W ()] PEHOD). (40)
1<j<k<N
In the above equation, W, is given by
ot [ 2pFT(1 — k- )
W) = Tk + @)1 |

2B (1 -k —ay—j) Q-  k=1,..n, (41)
I'(y—=1J) Ply—=j+1)
and when n is odd, additionally, we have
e (L — )
C Th—j+1)
Here, B.(a,b) = [Jduu**(1 — u)’' is the incomplete Beta function and, for

compactness, we have defined

y=(m—1)n+20+2)/2=(n—1)2m—n+1)/2 (43)

\Ijj,n—i-l = \Ian’k(u) = O, j, k‘ = 1, e, N (42)
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In figure [2| we show the plots of the marginal density p'*)(u) = R(IF) (n)/n for
various combination of n,m values. Again we find very good agreement between the
analytical predictions (solid lines) and the numerical results (symbols) obtained using

log-gas approach [51,52], as discussed in [Appendix B}

4. Entropy Measures

Given an ensemble of random density matrices, a natural question to ask is,”how far or
close the associated states are to being pure or maximally mixed”? There are several
entropy measures which can be used to answer this. We focus here on the Havrda-
Charvét-Tsallis (HCT) [3}48,/49] entropy, which is defined as

S, oos i) = ﬁ <1 - Zuf) : (44)

Here w # 1 is a positive real parameter. The value of S, varies from 0 to
(1 — n'%)/(w — 1). The former indicates a pure state, while the latter signifies a
maximally mixed state. In the limit w — 1, the HCT entropy leads to the von Neumann
entropy,

S1(py s in) = Zmlnuz (45)

For w = 2, the HCT entropy ylelds the linear entropy,

The linear entropy S; is related to the purity Sp as

Sp(firs ooos pin) = 1 = So(pir, ey 1) Zuz- (47)

The HCT entropy is advantageous to use, as the ensemble averages are more easily done
with Y ", ¢ compared to the In (37, 1¢) in the Rényi entropy [77].

The calculation of average entropy can be performed in two ways. In the first
approach, the result for the average entropy associated with the Bures—Hall ensemble
can be found by directly integrating with the fixed trace ensemble jpd ,

1 1
<Sw>BH = / / Sw(Mla"'7Mn> P(F)(/“Lha,un) dﬂldﬂn (48)
0 0

Now, HCT entropy being a linear statistic, the symmetry of the eigenvalues in the jpd
allows us to reduce the above average involving n integrals to an average involving a
single integral on the level density REF) (). We obtain
1 L
(Sw)Bn = - pe Ry (p)dp. (49)
0

w—1 w-—1
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Table 1: Exact values and numerical values (6 significant digits) for the average von
Neumann entropy.

Bures-Hall Hilbert—Schmidt
n|m
Exact Numerical value Exact Numerical value

2|2 2In2 - 0.2196277 3 0.333333
23| 2m2-3 0.4029610 25 0.450000
24| 2m2-328 0.4839134 AL 0.509524
25| 2mIn2-3259 0.5295483 2 0.545635
26| 2n2— 322 0.5588413 o 0.569877
3|3 32 0.5079365 209 0.662302
314 a8 0.6912199 234 0.769877
315 Ll 0.7871460 Joeos 0.834896
316 380215016 0.8463584 i 0.878441
44| 2m2-28 0.7517706 ool 0.922396
415 | 2In2— $295 0.9149019 e 1.014406
416 | 2n2- 255759 1.010602 120308783 1.075958
55 TIAE 0.9541025 10721087 1.132625
516 | 1352392000084 1.097589 2822000yt 1.211654
6|6 |2n2— 2000 1.124981 TH89281377589 1.307893

The second approach relies on mapping the average entropy calculation as an average
over the level density of the unrestricted trace ensemble. This has been done in
the [Appendix E| and yields the result

1 MNa+vy+1) /°°

S, = — AY Ri(A) dA. 50
(Suen = 27 (W—Dl(a+y+wt+1) Jy 1Y) (50)

As demonstrated in the after some simplification and rearrangement, both
approaches lead to the same expression, which is given by

1 n! CF)
<‘Sw>BH - -
w—1 w—-1I'la+y+w+1)
X > (=17 — ) PE[HOD] (51)
1<j<k<N

with

J—k+w . .
= r T(k k=1 ..n. 52
ik (j+k+2a+w> J+a+wl(k+a); j, N (52)
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Table 2: Exact values and numerical values (6 significant digits) for the average Purity.

Bures—Hall Hilbert—Schmidt

nim
Exact | Numerical value | Exact | Numerical value
22| % 0.875000 2 0.800000
23| 2 0.750000 2 0.714286
24| 1 0.687500 2 0.666667
25| 3 0.650000 & 0.636364
26| 3 0.625000 2 0.615385
313 2 0.696970 3 0.600000
314 P 0.588235 = 0.538462
315 & 0.530435 3 0.500000
316 g 0.494253 & 0.473684
414 2 0.562500 2 0.470588
415 2 0.480769 3 0.428571
416 | 2 0.433824 2 0.400000
505 | + 0.466667 2 0.384615
56| 32 0.405405 5 0.354839
66| i 0.396930 2 0.324324
Moreover, when n is odd, we have
N1 =TT +a+w), npy=0; jk=1,..n (53)

For w = 2, gives the average linear entropy (S;)pm, and also the average
purity via the relation (Sp)py = 1 — (S2)sn. The average von Neumann entropy can be
obtained by carefully taking the limit w — 1, and after some rearrangement of terms,

as
n! Ot itk (k)
(Si)pr = Y(a+v+2) - Mot 52 > (=1 — &g)PE[HOP] (54)
1<j<k<N
where
(j—k+1) . , _
= r DIk 1); k=1,..
Eik Giht2a+D) U+a+l(k+a)v(j+a+1); j, e T (55)
along with

5j,n+1 = _F(] +a+ 1)¢(] + o+ 1)7 £n+1,k = O; ja k= 17 ey Ty (56)

when n is odd. Here ¢(y) is the digamma function with the integral representation
U(y) = [1/T(y)] [;" e rv " Inrdr.
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Figure 3: Average von Neumann entropy and average purity for the square case (m = n)
with varying n values. Results for both Hilbert—-Schmidt ensemble and Bures-Hall
ensemble are shown. The von Neumann entropy varies from 0 for a pure state to Inn
for a maximally mixed state. The purity varies from 1/n for a maximally mixed state
to 1 for a pure state.

In Tables [I] and [2] we compile the evaluations for average von Neumann entropy
(S1)BH, and the average purity (Sp)py = 1 — (S2)pu. For comparison, we also show the
results for Hilbert—-Schmidt ensemble, for which the average von Neumann entropy and
average purity are given by [4],22,24] 25|

1 -1 -1
(Shis= D0 5= ==yl ) —gm )= (50)
j=m+1
m—+n
(Sehus =~ (58)

We should emphasise here that it is reasonable to compare the above entropic quantities
for the two ensembles. This is because in either case n signifies the dimension of the
density matrix and m refers to the dimension of the auxiliary subsystem (environment),
as discussed in the introduction for partial tracing approach to induced measure over
random density matrices.

In figures|3|and We show the average entropy results for S; (von Neumann entropy)
and Sp = 1 — Sy (purity) for both Bures-Hall and Hilbert—Schmidt ensembles. The
former figure depicts behavior of the entropies for the square (m = n) case which
corresponds to the standard Hilbert—Schmidt and Bures-Hall ensembles and is of a
special significance [3,5]. The latter deals with the general case and displays behavior of
the entropies for n fixed, m varying, and m fixed, n varying scenarios. We find that for
any n > 2, on average, the Bures—Hall measure is concentrated more towards states of
higher purity than the Hilbert—Schmidt measure. This was shown in [4] for the square
case and now we see that it holds even for the rectangular case. Additionally, it can
be seen that for fixed m, the difference in averages increases as n is increased towards
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Figure 4: Average von Neumann entropy and average purity for various combination of
n, m values. Results for both Hilbert—Schmidt and Bures—Hall ensembles are depicted.

m. On the other hand, for fixed n, if the m value is increased, then the difference
approaches zero.

On examining the exact evaluations of the average von Neumann entropy and the
average purity (or, equivalently, the average linear entropy) for the Bures—Hall ensemble,
we come up with the conjecture that, similar to those of the Hilbert—Schmidt ensemble,
they are given by very simple formulae:

(St = Y(mn —n?/2+1) = (m +1/2)

mn—n2/21 m 1
; i ;J ~1/2

_ 2m(2m4n) — (n* —1)

(Se)en = 2m (2mn — n? 4 2)

?

— 422,

(59)

(60)
n odd.

(61)
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or equivalently,

(mn—=1)2m—-1)2m—n—1)
2m (2mn — n? + 2) '

Comparing these conjectural expressions with and , we find that one way to

prove the above conjectures is to demonstrate the following equalities:

(Sa)pu =

(62)

S (1€~ )P [HO9] = D 1y (e
1<j<k<N '
Z (1) (e — 10, )PE [H(j’k)} _ n(2;7'10— n) _ 2m(2m + 78’L7)n— (n* — 1)7 (64)

1<j<k<N

where ;1. is given by , , and 7; is given by , with w set to 2.
It readily follows from , , and that in the limit m — oo the

average von-Neumann entropy and average purity for both Hilbert—Schmidt and Bures—
Hall ensembles assume the values Inn and 1/n, respectively. These values are expected
in view of the discussion in the introduction concerning the m — oo limit with n fixed.
Moreover, we find that

(Sp)en = (Spins = 2m(n’§21:l— I) (12)7(:71 : 711>2 +2) 20, (65)

where the equality holds for n = 1. Therefore, this is in conformity with the conclusion

that on average the Bures—Hall measure is concentrated more towards the states of
higher purity compared to the Hilbert-Schmidt measure. The other observations found
in Fig. {4 for the difference of average purities are also consistent with this expression.

5. Summary and Outlook

In this work we investigated statistical properties of random matrix ensemble distributed
according to the Bures measure. We started our analysis with the unrestricted
trace Bures-Hall ensemble and obtained a new Pfaffian based representation for the
correlation function of arbitrary order. This was then used to obtain a closed-form
exact result for the level density of the fixed trace Bures—Hall ensemble. Based on this,
we computed the average HCT entropy and also obtained the average von-Neumann
entropy, average linear entropy and average purity by considering appropriate limits.
The exact evaluations of these average entropies enabled us to propose very simple
conjectural expressions for the average von-Neumann entropy and average linear entropy
or purity. We found that the Bures measure is concentrated more towards states of
higher purity than the Hilbert-Schmidt measure even for the rectangular case.

The simple conjectural expressions suggest that there is some additional structure
in the eigenvalue statistics of Bures-Hall ensemble that needs to be unveiled. Moreover,
it would be of interest to obtain higher order statistics for the entropies, i.e, higher
moments and cumulants. This would help provide a better understanding concerning
the statistics of these entropies when dealing with Bures measure.
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Appendix A. Evaluation of Pfaffians

We need to evaluate Pf[H|, where H is an antisymmetric matrix defined by and (23).
First of all, we observe that factors I'(i+«), ¢ = 1, ..., n, can be pulled out of the Pfaffian
from the ith row as well as the ith column, thereby giving rise to an overall factor of
[I.-, T'(¢ + ). Therefore, we obtain

. PE[(k—4)/(k+Jj+2a)], - . even,
PEH] = [ [Tte)- oo [ (k= 5)/(k+ +2a)]ﬂ e Himin noda, Y
i=1 [~ perm 0 , |

Comparing this with the Schur’s Pfaffian identity, equation ({L5]), we find that by setting
r; =1+ «,i=1,....n, we can reduce the above Pfaffian to the following product:

n n k—1

:HF(i+a)~ H HFz+a HH (A.2)

Pl 1§j<k<nk+]+2a paiey k271/€+]+2a
Now, [Tk = j) = (k= 1)k — 2)--(2)(1) = T(k), and [[H(k + j + 20) =
(k + 20 + 1)(k + 20+ 2)---(2k + 2a — 1) = I'(2k + 2a)/T'(k + 2ac + 1). Therefore,
we have

n n

, BT (k+2a+1) DB (k +2a+ 1
P = [T o) [T = Tl reva T Ty 00

where the last step followed because the £ = 1 term in the second product is 1. We now

use the identity I'(2k + 2a) = 2%+20711(k + o + 1/2)I'(k + a)/m'/2. This yields
72 ﬁ L(k)T(k+20+1) a2 H D(k+ DTk +2a+1)

2n*+2an D(k+a+1/2)  2n*t2np) L(k+a+1/2)

Pf[H| = (A.4)
which is the required result.

For the evaluation of Pf[HU*)] as a restricted product given in , first of
all, we pull out the I'(i + a), ¢ = 1,...,n;i # j,k from the Pfaffian. This gives a
factor H?:l;#j,k ['(i + «). Now, we use Schur’s Pfaffian identity, equation , with
{z1,....2n0} ={s+als=1,..,n; s # j,k}. This gives the result (33).

Appendix B. Generating eigenvalues from the Bures—Hall ensemble

Dyson showed that the jpd of eigenvalues of classical random matrix ensembles coincide
with the Gibbs-Boltzmann factor associated with a log-gas system at three special values
of the inverse temperature § = 1,2 and 4, with the Boltzmann constant set to 1 [51,52].
The ‘log’ has to do with the fact that the gas particles interact via Coulombic interaction,
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which is logarithmic in two-dimensional space. We can use the same idea here and, for
the unrestricted ensemble case, interpret the jpd in as a Gibbs-Boltzmann weight:

PAi, ..., ) = Ce W, (B.1)
with g = 2. This gives the energy function as

Lo A%AD 7T von
W:—§1n<mn)\ie >

i=1

- % (—2ZID|)\j—)\k|+Zln|)\j+)\k| —aZmﬁ;Ai) . (B.2)

J<k j<k i=1
In this case, along with the two-dimensional Coulombic interaction, there is another
two-body interaction between the particles given by In|\; + Az|. Moreover, the
particles are constrained to move on the positive real axis, and also feel the one-body
potential —aIn A\; + A;. The above energy function can be implemented in the standard
Metropolis-Hastings algorithm based Monte Carlo simulation to generate the stationary
configurations, which yield the jpd. The generic one-eigenvalue density p(A) can be
obtained by collecting the values of all A\; and then plotting the histogram. We note
that numerically we have to put a “large” cut-off for the domain of eigenvalues (position
of the particles) as we cannot assign the full positive real domain. It should be large
enough so that the eigenvalues density resulting from the simulation becomes negligible
beyond this cut-off.

For the eigenvalues in the fixed trace case, we can use the eigenvalues \; generated
n
j=1

in the above simulation, and obtain p; = A;/(>_7_; A;). Another option is to implement
the simulation with the above energy function but restrict positions of the charges (1)
in the domain [0, 1], along with the constraint that > , z; = 1. In this case, for the
Metropolis-Hastings algorithm, we perturb positions of two charges simultaneously by
amounts op and —du, so that the fixed trace constraint remains imposed throughout
the simulation, if one starts with such an initial configuration [38]. Additionally, if
position of any of the two charges fall outside [0, 1] as a result of perturbation, that
move is rejected. In the present work, we have used the first approach as it generates
the eigenvalue densities for both unrestricted and restricted trace ensembles at once.
Yet another way to obtain the eigenvalues is to use the random matrix itself
using and for the unrestricted trace and fixed trace cases, respectively, and
then diagonalize it. For the square case (n = m), it is comparatively easier to
do so since one requires generating complex Ginibre (Gaussian) matrices, and Haar-
distributed unitary matrices. For the rectangular case (n < m), the unitary matrices
have to be generated from the measure |det(1, 4+ U)|*™ ™ du(U,), and this requires
some additional work. One way to do this is to implement Monte Carlo simulation by
performing random walk in the space of unitary matrices and use Metropolis-Hastings
algorithm with the statistical weight |det(1,, + U)[*™~™ i.e. use the energy function
as —2(m — n)In|det(1, + U)|. The perturbation moves in the unitary matrices can

be implemented using U — U exp(id M), where M is an n x n-dimensional Hermitian
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random matrix from the Gaussian Unitary Ensemble (GUE) [51,/52], and ¢ is a small
scalar. Once the stationarity is achieved, the unitary matrices would be generated from
the measure |det(1,, +U)|>™ ™ du(U,) and hence can be used to construct (7)) and ,
which can then be diagonalized to obtain the eigenvalues. It should be noted that the
eigenvalues for p can be obtained easily using those of B and therefore, in practice, one
needs to diagonalize B only.

Finally, in view of the invariant nature of the measure |det(1,, + U)|*™ ™ du(U,),
we may first generate the corresponding eigenangles {¥;} using the log-gas approach
and then obtain matrices U by conjugating diag(dy, . ..,v,) with unitary matrices from
the Haar measure.

Appendix C. Relationship between level densities of fixed trace and
unrestricted trace ensembles

Establishing a relationship between the fixed trace and unrestricted trace variants of the
Bures—Hall ensemble is based on implementing a Laplace transform which has been used
in earlier works also. We use the same idea here and introduce an auxiliary variable t to
replace the 1 for the fixed trace condition in the expression for r-level density function
for the fixed trace Bures—Hall ensemble:

n! o >
R, ey piri ) = —),/ dur+1~-/ dpn O™
0 0

(n—r)!

Y A WS (1))
5(;;“ t) A Hu] (C.1)

It should be noted that we have extended the integration domains from [0, 1] to (0, c0)
and this keeps the result of the multidimensional integral unchanged due to the delta-
function constraint. We now apply the Laplace transform (¢ — s) and obtain

> n! o0 o0 ) T o e
Rq(~F)<M1--~Mr; 3) = m/o dur+1..../0 d,un C(F A+ E“}} ]i['uje Hj (C.Q)
]:

After some rearrangement, the right hand side of the above equation can be expressed
in terms of the level density of the unrestricted trace ensemble as

7P _ o 1 R C.3
N (,ul,...ur,s)— O sn(n+2at1)/2—7 T(S,llla...,sﬂfr)a ( )

so that the application of inverse-Laplace transform and substitution of ¢ = 1 yields

") CF) . 1
Rr (:uh MT) - C L gn(nt+2a+1)/2—r RT(SMM ) SMT) (t)

(C.4)

t=1

To obtain the ratio C)/C we can set r = 0 in the above expression, which for the
correlation function means integrating the jpd over all eigenvalues and multiplying with
n!/(n — 0)! and therefore gives the result Ry = 1. As a consequence, we have

ci) 1

1= Ttl {m} o (C.5)

t=1




Bures—Hall Ensemble: Spectral Densities and Average Entropies 20

which upon performing the inverse Laplace transform yields

O —Tn(n+20+1)/2 = T(a+7+ 1) = Tmn — /2, (C6)

where v = (n — 1)(n + 2a + 2)/2 as in (43). Plugging this back in (C.4) gives (38).

Appendix D. Level density for the fixed trace ensemble using inverse
Laplace transform

We use the expression for R;()\) from (31) into (39), along with the relationship
between the normalization factors. The inverse Laplace transform acts on the relevant
parts of the full expression:

B () = niC0) Y (1)L s e 2 () (1)
i<k
— LTt RNy (sp) H(E)] 1y - (D.1)
Therefore, we essentially seek the inverse Laplace transform of s!=(n+2a4D/2¢, (5);) =
st 420402 B (1) Gy (spe), where Fj(\) and Gy,()) are as in equations ([27)—(30). This
requires the following results:

E—l{s—ae—su}(t”t:l _ (1 - ,U)(;_(a@)(l - N), (D.Q)
b—1
c*@ﬂa@MMwul=%@¢w1—a@—BA1—a@wa—ﬂy<Dw

where O(u), B(u,v) and B, (u,v) are the Heaviside theta function, beta function and
incomplete beta function, respectively. Use of these in (D.1)) with Fj(A) and Gg())

given by , leads to

~ 2pFoB(1 — k — -7
E_I{Sl_n(n+2a+1)/2q)j,k(S/L)}(t)|t:1 _ F(k’ + Oé),dj+a_1|: H ( a, 7y .])

P(y =J)
B k) (-
G ) e e

Expressing the (complete) beta function in terms of gamma functions and simplifying

gives us . Similarly, when n is odd, using , we also have
j+a71(1 — M)vfj
r! Sl—n(n+2a+1)/2q)‘n s T M ‘
{ g1 (1)} () ]y T(y—j+1)
Lot 2ed D2, 4y (sp) } ()| my = 0. (D.5)
Therefore, the desired expression follows.
We should add that in reference [14], for the square case (m = n), the

distribution has been shown explicitly to correspond to the matrix model using
an approach aided by matrix Dirac delta function [78]. Moreover, in the references [4]

I

and [14], the moments and averages pertaining to the fixed trace ensembles have
been deduced by considering the matrix Laplace transforms for the unrestricted trace
ensemble and thereby formulating the generating functions. The formalism adopted in
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these references is equivalent to the current approach of working in the eigenvalue space
to derive the correlation function and moments. However, for the rectangular case, the
matrix-based approach seems mathematically more involved.

Appendix E. Average HCT entropy in terms of integral involving level
density of unrestricted trace ensemble

We begin with the expression for the average entropy to obtain

(F) poo oo [ m -
<Sw>BH:wi1_(wO—l/ / (Z/ﬁ)5<;m—1>
{u} H 1 dp, (E.1)

We now focus on the multidimensional integral part of the above expression and

introduce an auxiliary gamma function integral as

P(le/ / / <Zm) (ZMZ—>iEM?dM dr (B2)

where 6 will be fixed later. Letting p; = A;/r and some simplification yields

r(le/ ra+'y+w/ / (ZV) (ZA— )i%li[ ad\; -dr. (E.3)

We now set 6 = a4+ v+ w + 1, and integrate over r first by changing the order of
integration. This integration is trivial due to the delta function, and leaves us with

1 > > ”WN{A}”Q_J

We substitute this in (E.1) and introduce the normalization factor for the unrestricted
trace ensemble to obtain the average entropy as an integral involving the unrestricted
trace Bures—Hall measure ,

1 CF)
w—1 Clw—1D(a+y+w+1)

/ / (ZA”) Al,...,An)ﬁdAj, (E5)

The ratio C*)/C of the normalization factors can now be replaced by I'(a 4+ v + 1)

(Su)Bn =

using (C.6) and the multidimensional integral can be reduced to a single integral
involving the level density owing to the symmetry between the eigenvalues and,
therefore, gives us the result .



Bures—Hall Ensemble: Spectral Densities and Average Entropies 22

Appendix F. Calculation of the average HCT entropy

We first use the level density for the fixed trace ensemble directly to obtain the
average HCT entropy using (49)). This yields

1 () )
<SW>BH _ 1 o TLC Z (_1>3+k

w—1 w—1 4
1<j<k<N

<[ e watiin— [ s piiaos (F.1)

where U, . (p) is given by and ([42). For (41), we obtain

' B 20(k + a)l(1 — k — )
/0 W)y = G+k+2a4+w)l(1—j—k—a+7)
_ (j+kfgék++j%w_j)[B(l—k—a,y—j)—B(j+oz+w+1,7—j)]
_Fgé%%ﬁB@+a+%y—j+n. (F.2)

Here, along with elementary integrals, we used fol B (b,c)dp = (a+1)"HB(b,c) —
B(a+ b+ 1,¢)]. Now, we write the beta functions in terms of gamma functions and
simplify to obtain

[ s = AU atet D) T U oty

j+k+2a+wl(a+y+w+1) MNa+y+w+1)

B ( j—k+w )F(j+a+w)F(k+a) (F.3)
j+k+2a+w MNa+y+w+1) '
Additionally, when n is odd, using we get
1 , 1
I'j+a+w) /
w () dp = — , w\, dy = 0. F.4
/0 1 W () dps Tat totrD) J, " +1e(p)dp (F.4)

Equation then follows using (F.3) and (F.4) obtained above and defining n;; =
1 w
Pla+vy+w+1) [ uW(u)dp.
This result can be also obtained using the equation (50)) which involves integration
with the level density of the unrestricted trace ensemble. We have

1 n!CT(a+y+1) '
So)pH = - R
(Sdpn = 77 (w—Dl(a+y+w+1) 1@;@( |

X { /O h MND; 1 (N)dA — /0 h A”@k,j()\)d)\l Pf[H U], (F.5)

where @, ;(\) = F;(A)Gi(N). Using and (2§), we obtain
> A'+at+w+1)

AP, (N)dN=T(k
A A ( +a){j+k+2a+w
G—k+w)T(i+a+wl(k+a)

_ F.6
j+k+2a+w ’ (F.6)

—F(j+oz+w)1
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where along with the gamma function integral, we used [~ A*Ey(A) dA = T'(a+1)/(a+b).
Also, when n is odd, using and , we obtain

/ ¥ (I)j7n+1<>\)d)\ = —F<] +a+ CL)), / Y (I)n+17k()\)d/\ =0. (F?)
0 0

Substituting these in (F.5|) gives back again.

Appendix G. Calculation of the average von Neumann entropy

We will calculate the average von Neumann entropy by taking the limit w — 1 in the
average HCT entropy. First of all, we notice that, since Y ., p¢ = 1 for w = 1,
the ensemble average over it using the fixed trace jpd also yields (30, puf)pn =
fol ,u“’RgF) (n)dp = 1. Therefore, if we compare the respective factors appearing with
1/(w —1) in the second term on the right side of and (51), we obtain

n! C(F) . .
D (S0 — ) PE[HOY]

=1. (G.1)
MNa+~vy+w+1) <

w=1

This, in turn, leads us to the result

> |vw (P e[ =0 ©2)
- - Nik = Tk.j ’ =U. :
S INV =T Tlaty+w+1) -

Now, we can write down in the following form:

(Su)BH = L Z 2 o CEN(=1)7* (1 — 15 ) PE [H(j,k)}]
w=1) 1<j<k<N N(N —1) Ma+y+w+1)
_ Z [2F(Ox +y4+w+1) =l CEONN = 1) (1) *(n;), — mr;)Pf [H(j,k)} 3
1<j<hsN NN =D(w-Dl(a+7+w+1)

In view of the identity (G.2)) above, this is clearly of 0/0 form for w = 1. Therefore, we
may apply L’Hospital’s rule in this expression to evaluate the w — 1 limit, and thereby
obtain the average von Neumann entropy. We use the following results:

a—wF(a+7+w+1) 2T+ v+ 20+ +2), (G.4)
9 w—
a5 =Dl 5 +w+1) "2 Ta+ 7 +2), 5
0w 2N +at+ DIk +a+1)
't (j+k+2a+1)
(j—k+1) , , .
r )T (k 1); jk=1,.. .

(j+k+2a+1) U+at DUk +a)p(j+atl) Jj L (G.6)
0 w : . ) y ,
8_an7n+l 21 _F<‘7+a+1>w<‘7+&+1)7 a_w7771+1,k 21 Oa jak:L'“;n- (G?)

We note that the first term in (G.6|) is symmetric in j and k, and since we are concerned
with the difference 7, — 7y ;, we may drop it and define & as in for j,k=1,...,n,
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along with ;41 and &,11 given in . Therefore, the limit gives us

Z 20(a+v+2)¢(a+y+2) —nl CEIN(N — 1)(=1)7*(&; , — &) PE [HUM)]
NN -DI'(a+~v+2)

1<j<k<N

which, in turn, leads to after separating the two terms in the summation.

Instead of performing the above limit, the average von Neumann entropy calculation
can also be performed by directly averaging over — > p; Inyi; using the level density
expression of the fixed trace ensemble or mapping it to an average over the level density
of the unrestricted trace level density, similar to what has been done for the average
HCT entropy. This again leads to the same expression as after some simplification.
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