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This review is intended for readers who want to have a quick understanding on
the theoretical underpinnings of coherent states and squeezed states which are conventionally generated from the prototype harmonic oscillator but not always restricting
to it. Noting that the treatments of building up such states have a long history, we
collected the important ingredients and reproduced them from a fresh perspective but
refrained from delving into detailed derivation of each topic. By no means we claim a
comprehensive presentation of the subject but have only tried to re-capture some of
the essential results and pointed out their inter-connectivity.
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1

Introduction

The story of coherent states dates back to a paper of Schrödinger in 1926 [1] in which
he provided a new insight into the underpinnings of quantum mechanics by constructing
the so-called minimum uncertainty wave packets for the harmonic oscillator (HO) potential. The whole exercise depicted a classical motion of a particle moving undistorted in
shape as time progressed. All coherent states conform to minimum uncertainty states, the
time dependence not hampering the coherence although the underlying parameter could
change with it. In the literature three different perspectives [2–4] towards construction of
coherent states have been followed. These are (i) the ladder-operator method, a specific
case in which coherent states emerge as the eigenstates of the annihilation operator; (ii)
displacement-operator method where the vacuum is translated to have a finite excitation
amplitude and (iii) employment of minimum uncertainty condition, in which one refers to
the minimization condition of the Heisenberg uncertainty relation concerning the product
of the uncertainties of the canonical position and momentum assuming the value of ~2 . In
practice one can produce a multi-mode coherent state of light from a classical oscillating
current in free space. Apart from describing super-fluids and super-conductors, coherent
states have relevance to the quantum state of a laser [5].
Coherent states have been in the news off and on since the 1950s (see [6, 7] for books
covering progress during this period) but the essential breakthrough came in the early
sixties through the pioneering works of Glauber [8], and Sudershan [9] in the context of
quantum optics. Subsequent works especially those of Nieto [2–4, 10] and a few others
(see the references in [11, 12]) put the subject on a firm theoretical footing. These include
employment of the techniques of group theory2 to define SU(1, 1) and SU(2) coherent
states [13,14] and more generally to arbitrary class of Lie groups [15], extension to quantum
groups [16, 17], q-deformation [18], Cλ -extended oscillator [19] and position-dependent
mass problems [20] as well. In a recent venture, it has been algebraically shown [21]
that accelerating non-spreading wavepackets in a nonrelativistic free particle system [22],
having an Airy-type probability distribution, are basically coherent states. Further, new
understandings of coherent states have emerged in the context of quantum information [23],
entanglement [24, 25] and field theory concerning the origin of topologically nontrivial
gauge fields [26]. For recent advances we refer to [27, 28] for theses and [29, 30] for reviews
and updates.
In addition to quantum optics and atomic theory, applications of coherent states arise
in integral quantizations [31], wavelets and their generalizations [32], loop quantum gravity [33], supersymmetric quantum mechanics (SQM) (see, for example, [34]), entropic
gravity [35], parity-time symmetric non-Hermitian systems (see for an early work [36]),
non-commutative algebra [37], to mention a few. Coherent states are associated with the
quantum many-body states of Bose-Einstein condensates [38], electronic states in superconductivity [39], signal processing and image processing [40]. The idea of pair coherent
states has also been considered as a correlated two-mode field [41].
It is also worth pointing out that the subject of coherent states has a wide range of
current interests that could prove to be worthwhile for the future generation of researchers
to pursue. The important emerging fields in this direction point to recent developments
in quantum gravity, that make use of notions rooted in geometry, the inherent ideas being
exchanged from quantum optics. Other practical use of coherent states concerns quantum
communications that include quantum key distribution, quantum digital signatures and
quantum fingerprinting [42].
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Squeezed states3 , on the other hand, are special states for which one encounters less
zero-point fluctuations for one variable while at the same time there is a compensatory
increase in fluctuation of the complementary counterpart such that the uncertainty still has
the value of 2~ . Thus, while for a coherent state the position and momentum fluctuations
corresponding to the HO tend to be equal in units of ω = m = 1, in the case of squeezing,
such uncertainties are unequal and less than the value of ∆x or ∆p of the coherent state.
However, their product has the value of ~2 . Note that the estimate of each uncertainty
q
turns out be ~2 in units of ω = m = 1.
Geometrically all this means is that while the uncertainty of the coherent state can be
traced by a circle in the phase space, in the case of squeezing the shape is compressed or
squeezed to that of an ellipse bearing the same area as the circle and having axes whose
lengths are proportional to the radius of the circle depending on the value of the squeezing
parameter. Thus an ellipse is the true depiction of a squeezed vacuum state [44, 45].
There is no unique definition that one can ascribe to the notion of a squeezed state
[46,47]. In its simplest manifestation it is a single-mode of vibration of the electromagnetic
field [48] and more general in character than a coherent state. Its motion in terms of a single
oscillator has been studied [49] by introducing quadrature operators and quantum quasiprobability distributions. The application of single-mode squeezing lies in the precision
measurements of distances which are done through interferometry. Another potential
application of the vacuum squeezed state is in reducing the quantum noise in gravitational
wave detectors which currently limits their performance in much of the detection band [50].
New generation of gravitational wave detectors are known to be GEO 600 in Europe and
LIGO in the United States [51]. In fact new field of gravitational-wave astronomy is likely
to be influenced by squeezed light (see, for a review, [52]). A general criterion for squeezing
has been noted in [53]. For a discussion on some of the nonclassical properties of squeezed
states see, for example, [54].
Although early works on squeezing concentrated mostly on the HO potential, generalizations to more complicated situations have been envisaged. Over the years squeezed
states have found relevance in several branches of physics, such as the nonlinear optics [55],
cavity-QED [56], photonic crystals [57], conformal symmetry [58] etc., while applications
have been sought in gravitational wave detection where squeezing can reduce noise [59,60],
quantum images [61], generation of Einstein-Podolsky-Rosen pairs [62], spin squeezing,
where the sensitivity of a state is characterized by the class of SU(2) rotations, and which
plays a significant role in entanglement detection and high-precision metrology. [63], etc.
More recently,
There could be two-mode or multi-mode squeezing as well which are generalizations
of the concept of a single-mode squeezed state [64]. Experiments favor the production of
two-mode squeezing over a single oscillation mode. In fact, when we are looking at the
production of squeezed light, what we observe is a two-mode squeezed light rather than
a single oscillation mode. One does not find squeezing in the fluctuation of individual
oscillators [49]. An example of two-mode squeezed mode laser to use in experiments to
provide Wigner function description of quantum nonlocality has also been advanced [65].
In two-mode squeezing the aspect of noise is present in the pure state, the squeezing
parameter plays the role of an effective temperature. Two-mode squeezing can be looked
upon as some kind of thermofield state [66, 67] whose evolution is through the Wigner
function [68]. It is known [69] that multi-mode squeezing could result [70] from the product
of component single-modes, each of which is generated from the ground Fock space. This
3
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framework proves rather convenient to handle squeezed multi-mode wavefunction in terms
of the normal modes. It also provides a clue to the calculation of Wigner function from the
form of single-mode squeezed state defined for the normal modes. On the other hand, for
the two-photon squeezed laser-like oscillator [71], single photon decay could cause violation
of the conservation law. In this connection see [72] which also gives a detailed account of
the theory of a two-photon nonlinear laser with squeezed output. A subsequent work has
dealt with the possibility when the lasing medium consists of long-lived atoms [73].
Multi-mode squeezed states can be obtained [69] by a direct application of a unitary
operator on the ground Fock state, its generator being an element of the Cartan subalgebra
of Sp(2n; R). However, in this review, we will adopt a different strategy [70] to establish
a similar idea by concentrating on the two-mode squeezing focusing on different aspects
of its theoretical status. Two-mode squeezing has also been interpreted as a system of
a pair of coupled oscillators. In fact its generation from a highly correlated state of two
oscillators has been demonstrated [49].
The applicability of two-mode squeezing covers a wide range of topics such as quantum
optics [5], quantum information [74, 75], cosmological entropy production [76] and laser
interferometers [77], For a recent review we refer to [78]. By undertaking squeezing so
that the width in the amplitude direction is reduced causing what is termed as ”amplitude
noise”, leads to the corresponding increase in the phase uncertainty. Conversely for an
increased amplitude fluctuations the phase squeezed light is decreased. For the case of
light, occurrence of squeezing reveals non-classical properties4 like non-Poissonian photon
statistics and anti-bunching whose study has proved to be a rather fertile ground for
research in quantum optics [81]. Such states are even viable even from the experiment
point of view employing the use of optical conjugation [82].
Since most of the basic works on coherent states and squeezed states start from the
HO oscillator we highlight and point out in section 2 some of the inherent properties of
such a system. In section 3 we review the HO coherent states and touch upon their various
properties. In section 4 we discuss pair coherent states. In section 5 we examine the time
evolution of coherent states and remark on the classical behavior by deriving the equation
of the classical oscillator. In section 6 we address the phase operator and introduce a new
set of operators to write down Perelomov coherent states in terms of the generators of
the su(1, 1) algebra. In sections 7 and 8 we consider several aspects of squeezing that
include both single-mode and two-mode manifestations. In section 9 we provide a general
quantum condition taking care of Bogoliubov invariance. In section 10 we derive a class
of coherent states and comment on the generation of squeezed states pertaining to the
situation when two potentials are isospectral in the purview of supersymmetric quantum
mechanics (SQM). We also comment on the possibility of deriving coherent states for the
specific case of the parity-time symmetric oscillator. Finally in section 11 we present a
brief summary.

2

A quick look at the harmonic oscillator

Before we get down to the nitty-gritty of coherent states let us recall some of the fundamental relations of the quantum HO [15, 83]. As is well known, a one-dimensional HO for
a particle of mass m and angular frequency ω is characterized by the Hamiltonian
4
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p̂2
+ mω 2 x̂2
(2.1)
2m 2
where we adopt the ”hat” notation for the position (x̂) and momentum (p̂) operators.
These operators are subject to the quantum condition from which the Heisenberg’s uncertainty relation follows
H=

~
(2.2)
2
Since x̂ and p̂ cannot be simultaneously diagonalized, we choose a representation, namely
the Schrödinger representation, in which x̂ is diagonal and p̂ is given by a first-order
differential operator
[x̂, p̂] = i~

⇒

∆x∆p ≥

d
dx
In the Dirac notation, the position eigenkets obey [84–89]
Z
x̂|xi = x|xi, hx|x′ i = δ(x − x′ ),
dx|xihx| = ¶
x̂ = x¶,

p̂ = −i~

and a similar set of relations for the momentum eigenkets
Z
′
′
p̂|pi = p|pi, hp|p i = δ(p − p ),
dp|pihp| = ¶

(2.3)

(2.4)

(2.5)

We also note the following forms of the overlaps

1
1
eipx , hp|xi = √
e−ipx
(2.6)
2π~
2π~
Explicitly, the coordinate representation of the time-independent Schrödinger equation
reads
hx|pi = √

[−

~2
+ V (x)]ψk (x) = Eψk (x),
2m

k = 0, 1, 2, ...

(2.7)

where, in the context of the HO, V (x) = 12 mω 2 x2 . The general expression of the wavefunctions ψk (x) for such a potential reads (see, for example, [86])
ψk (x) = (

x2
mω 1 1
)4 √
Hk (x)e− 2 ,
π~
2k k!

k = 0, 1, 2, ...

(2.8)

where Hk ’s are the Hermite polynomials. The first few are
H0 = 1,

H1 = x,

H2 = 4x2 − 2,

H3 = 8x3 − 12x

(2.9)

Sometimes it is useful to work with the linear combinations of the coordinate and
momentum operators. These define the annihilation and creation operators
a= √

1
(mωx + ip),
2m~ω

a† = √

1
(mωx − ip)
2m~ω

respectively, on effecting the following set of transformations
r
r
~
m~ω
†
(a + a ), p̂ = −i
(a − a† )
x̂ =
2mω
2
6

(2.10)

(2.11)

In terms of a and a† the quantum condition (2.2) translates to
[a, a† ] = 1

(2.12)

The vacuum is defined by the state |0i which is annihilated by the operator a
a|0i = 0

(2.13)

and the Hamiltonian of the HO takes the form
~ω
1
[a, a† ]+ = ~ω(a† a + )
(2.14)
2
2
On the other hand, in the Fock representation, the n-th eigenstate, n = 0, 1, 2, ..., is
obtained by repeated application of the creation operator a† on |0i
H≡

(a† )n
|ni = √ |0i
n!

(2.15)

Furthermore, the followings results
a|ni =

√
n|n − 1i,

a† |ni =

√

n + 1|n + 1i

(2.16)

show that the annihilation operator lowers the number of particles in a given state by one
unit while the creation operator raises it by one unit as well. The creation operator is the
adjoint of the annihilation operator and vice versa.
Along with the Hamiltonian H one can define a number operator N
N = a† a

(2.17)

having the property
N |ni = n|ni,

n = 0, 1, 2, ...

(2.18)

where the eigenvalues correspond to the set of natural numbers which also includes the
null value. The number operator N satisfies the commutation relations
[N, a† ] = a†

[N, a] = −a,

Finally, it is easy to see that the expectation of x in the n-th state vanishes
r
~
hx̂in = hn|x̂|ni =
hn|(a + a† )|ni = 0
2mω

(2.19)

(2.20)

where we used the property that a or a† has zero matrix element between identical states.
An analogous result for the momentum state p holds
r
m~ω
hn|a − a† |ni = 0
(2.21)
hp̂in = hn|p̂|ni = −i
2
This concludes our discussion on the HO in which we summarized its essential properties that we will need for later treatment of coherent and squeezed states.
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3

HO coherent states

Taking cue from where we just left we observe that since
h0|(a + a† )2 |0i = h0|(a + a† )(a + a† )|0i = h0|aa† |0i = 1

(3.1)

h0|(a − a† )2 |0i = h0|(a − a† )(a − a† )|0i = −h0|aa† |0i = −1

(3.2)

and similarly

where we used hi|ji = δij and h0|a† a|0i = 0, it follows from (2.11), (3.1) and (3.2) that the
product of the vacuum values of x̂2 and p̂2 is
hx2 i0 hp2 i0 =

~2
4

(3.3)

showing that the vacuum |0i satisfies the minimal uncertainty condition
(∆x)2 (∆p)2 =

~2
4

(3.4)

where we used the notation ∆O = O − hOi, with hOi = hi|O|ii corresponding to the
expectation in the state vector |ii.
This feature, however, is not shared by any arbitrary state |ni of the HO. For a
demonstration we consider the following expectation values
hn|(a + a† )2 |ni = hn|(a + a† )(a + a† )|ni = h0|2a† a + [a, a† ]|0i = 2n + 1

(3.5)

hn|(a − a† )2 |ni = hn|(a − a† )(a − a† )|ni = −h0|2a† a + [a, a† ]|0i = −(2n + 1)

(3.6)

and

where we used (2.12) and (2.18). In other words, the product hx2 in hp2 in becomes
hx2 in hp2 in =

~2
(2n + 1)2
4

(3.7)

which implies
(∆x)2 (∆p)2 =

~2
(2n + 1)2 ,
4

n = 0, 1, 2, ...

(3.8)

Comparing with (2.2) it is clear that the minimum value holds only for n = 0.
A natural question to ask [90] is whether the vacuum is the only minimal uncertainty
state. The answer, as we shall presently see, is in the negative. Towards this end, suppose
that there exists a state |αi which is an eigenstate of the annihilation operator a
8

a|αi = α|αi,

α∈C

(3.9)

As such
hα|a† a|αi = |α|2

(3.10)

We also have the following set of relations
hα|(a + a† )(a + a† )|αi = (α + α∗ )2 + 1,

hα|(a − a† )(a − a† )|αi = (α − α∗ )2 − 1 (3.11)

resulting in the following representation of the uncertainty hxiα
r
r
~
~
†
hxiα =
ha + a iα =
(α + α∗ )
2mω
2mω
where the right side is a real number. Further
hx2 iα =

~
~
h(a + a† )2 iα =
[(α + α∗ )2 + 1]
2mω
2mω

(3.12)

(3.13)

We therefore obtain
h(∆x)2 iα = hx2 iα − (hxiα )2 =

~
2mω

(3.14)

~mω
2

(3.15)

Similarly for h(∆p)2 iα we get
h(∆p)2 iα = hp2 iα − (hpiα )2 =
Taking the product of (3.14) and (3.15) yields
~2
(3.16)
4
for the state |αi. It signals the same minimal uncertainty value as found for the vacuum
state. The |αi ’s are termed as the coherent states. We emphasize that every possible
choice of α admits of a different coherent state. Coherent states5 correspond to the most
classical states of the harmonic oscillator.
That the coherent state cannot conform to any of the basis states |ni of the HO is
clear from the observation that a basis state |ni, other than the solitary vacuum, cannot
be a minimal uncertainty state. We therefore inquire into the following issues:
h(∆x)2 ih(∆p)2 i =

(1) How to relate the coherent state |αi with the basis states |ni of the harmonic
oscillator?
(2) How to generate the coherent state |αi from the vacuum |0i ?
|ni
5

To answer the first question, let us express |αi as a linear combination of the states

Note that angular momentum coherent states analogous to the ones of the HO can also be defined [91,92].
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Inserting

P

n |nihn|

∞
X

cn |ni

(3.17)

|nihn|αi

(3.18)

αn
hn|αi = √ h0|αi
n!

(3.19)

|αi =

n=0

= 1 to re-cast it
∞
X

|αi =
we use (2.15) to write

n=0

This implies from (3.18) the form
|αi = h0|αi
Utilizing the normalization condition

P

1 = |h0|αi|2

∞
X
αn
√ |ni
n!
n=0

n hα|nihn|αi

∞
X
|α|2n

n=0

n!

(3.20)

= 1 then gives

= |h0|αi|2 e|α|

2

(3.21)

suggesting that the overlap h0|αi is given by
1

h0|αi = e− 2 |α|

2

(3.22)

which holds up to a phase factor. Hence the final form of the coherent state |αi is
1

|αi = e− 2 |α|

2

∞
X
αn
√ |ni
n!
n=0

(3.23)

The value α = 0 is consistent with the vacuum |0i while the amplitude of finding |αi in
the state |ni is
 n 
α
− 21 |α|2
√
hn|αi = e
(3.24)
n!
With hni = |α|2 , it follows that
hnin
exp(−hni)
(3.25)
n!
signalling a Poisson distribution for n photons to be in the coherent state.
That the coherent states are not orthogonal can be noticed by taking the scalar product
of two such states |αi and |α′ i which shows
|hn|αi|2 =

10

− 12 |α|2 − 12 |α′ |2

′

hα|α i = e
1

= e(− 2 |α|

e

2 − 1 |α′ |2 )
2

∗ α′

eα

∞ X
∞
X
α∗m α′n
√ √
m! n!
m=0 n=0

′ 2

= e−|α−α |

(3.26)

Thus, unless |α − α′ | >> 1 when the states |αi and |α′ i are approximately orthogonal, |αi
and |α′ i are generally non-orthogonal.
In effect this means that if we write |α′ i as
Z
1
d3 α|αihα|α′ i
(3.27)
|α′ i =
π
and insert for hα|α′ i the just derived result one clearly sees that the coherent states are
not linearly independent but in fact overcomplete..
One can prove the completeness result by expressing
1
π

Z

Z
∞ ∞
1
1 XX 1
2
√
√
|nihm| d2 αe−|α| αn (α∗ )m
d α|αihα| =
π
m! n!
3

(3.28)

m=0 n=0

R 2π
Setting α = |α|eiφ and noting that 0 dφei(n−m)φ = 2πδnm it follows that
Z ∞
Z
2
2
−|α|2 n ∗ m
drre−r r 2n
α (α ) = 2π
d αe

(3.29)

0

The integral in the right side on substituting r 2 = z turns out to be of the form 21 Γ(n+1) =
1
2 n! and furnishes the completeness relation
Z
X
1
d3 α|αihα| =
|nihn| = ¶
(3.30)
π
n
For an operator representation of the coherent states we need to make use of the well
known Baker-Campbell-Hausdorff (BCH) formula for two operators A and B

eλA Be−λA = B + λ[A, B] +

λ3
λ2
[A, [A, B]] + [A, [A, [A, B]]]+, , , ,
2!
3!

λ∈R

(3.31)

An off-shoot is that if [A, B] commutes with each of A and B then
1

eA+B = eA eB e− 2 [A,B]

(3.32)

An implication is the result
† −α∗ a

eαa

1

= e− 2 |α|

2 +αa†

∗a

e−α

(3.33)

where we used (2.12). When applied on the vacuum one finds
† −α∗ a

eαa

1

|0i = e− 2 |α|
11

2 +αa†

|0i

(3.34)

∗

because by (2.13) we can write e−α a |0i = 0.
Since we can express
∞
∞
X
X
αn
†
αn
√ |ni =
√ (a† )n |0i = eαa |0i
n!
n!
n=0
n=0

(3.35)

it gives, using (3.23) and (3.33), another form for |αi
1

|αi = e− 2 |α|

2 +αa†

† −α∗ a

|0i = eαa

|0i

(3.36)

The above representation is frequently used in the theory of coherent states.
To extract the coordinate representation of the coherent state, we substitute the definition of the a† operator in the above representation. Indeed using (2.10) we find
√ mω
ip
1
2
(3.37)
hy|αi = e− 2 |α| hy|eα 2~ (x− mω ) |0i
which can be transformed to
1

2

√ mω

α

hy|αi = e− 2 |α| e

2~

~
(y− mω

d
)
dy

hy|0i

(3.38)

Since from (2.8) and (2.9) the ground state wave function of the HO reads (in the units
of ~ = ω = m = 1)
ψ0 (x) ≡ hx|0i = (

mω 1 − 1 x2
)4e 2
π~

(3.39)

hy|αi assumes the form
d
mω 1 − 1 |α|2 √α (y− dy
) − 1 x2
e 2
)4 e 2 e 2
π~
We are thus led to the following form of the coherent state [115]

(3.40)

hy|αi = (


1 2 √
1 2 1 2
ψc (x) ≡ hx|αi = (π) exp − x + 2αx − α − |α| , α ∈ C
(3.41)
2
2
2
√
√
where we have adopted the notations hxi = 2αR and hpi = 2αI , αR and αI being
the real and imaginary components of α. Such a wave function minimizes the Heisenberg
uncertainty relation (2.2). It also transpires that ψ(x) is a Gaussian and depicts a similar
feature as the ground state of the harmonic oscillator but with a shifted position. It also
possesses a phase which from (3.41) can be seen to be proportional to the position x.
Further, within the confines of the HO potential, the width of the wave function ψ(x) is
that of its ground state.
− 14



We now turn to the second question.
The coherent state can also be generated from the vacuum by applying the displacement operator on |0i. The displacement operator D is defined by
† −α∗ a

D(α) = eαa

1

2

†

∗a

= e− 2 |α| eαa e−α

12

1

2

∗

†

= e 2 |α| e−α a eαa

(3.42)

where we employed (3.33). It has a unitary complex feature. Two important properties
of the displacement operator are
D † (α)aD(α) = a + α,
D(α + β) = e

(3.43)

1
(αβ ∗ −α∗ β)
2

D(α)D(β)

(3.44)

While the first relation speaks of producing a displacement, the second one says that the
result of two successive displacements is equivalent to another displacement except that
one has to take into account the appearence of a phase factor.
In addition to (3.43) and (3.44) the following results are also valid
D † (α) = D −1 (α) = D(−α)
†

†

†

∗

D (α)a D(α) = a + α

(3.45)
(3.46)

Since |αi = D(α)|0i, it means that the displacement operator can act on the vacuum
to produce the coherent state.
A few words on the group theoretical representation of the Perelomov coherent states.
Defining the displacement operator as (see, for example, [93])
D(ξ) = eξK

+ −ξ ∗ K −

D(−ξ) = D † (ξ)

,

(3.47)

where ξ ∈ C and hence can be put in the form ξ = − 21 re−iφ with −∞ < r < ∞ and
0 ≤ φ ≤ 2π. The operators K + , K − along with K 0 satisfy the algebra of SU (1, 1) group
namely,
[K ± , K 0 ] = ∓K ± ,

[K + , K − ] = −2K 0

(3.48)

which in the Fock space operate according to
K + |k, ni =
−

K |k, ni =
0

p

p

(n + 1)(2k + n)|k, n + 1i

(3.49)

n(2k + n − 1)|k, n − 1i

(3.50)

K |k, ni = (k + n)|k, ni

(3.51)

corresponding to the states |k, ni where n = 0, 1, 2, ... having |k, 0i as the lowest normalized
state. The Casimir operator for such a set of generators is given by K 2 = K02 − 21 (K + K − +
K − K + ) and obeys K 2 = k(k − 1) for any irreducible representation.
The displacement operator D(ξ) can be disentangled to read as the product of the
exponentials [94]
0

+

D(ξ) = eκK eρK e−κ

∗K −

(3.52)

where κ = − tanh( 21 r)e−iφ and ρ = ln(1 − |κ|2 ).
The general form of the coherent state can be expressed as

D(κ) = D(ξ)|k, 0i = (1 − |κ|2 )k
13

∞
X
j=0

s

Γ(n + 2k) j
κ |k, ji
j!Γ(2k)

(3.53)

4

Time evolution and classical behaviour of coherent states

In the Schrödinger picture the state vector evolves with time but the Hamiltonian does
not depend on time. The fundamental governing equation is
i~

∂U
= HU (t)
∂t

(4.1)

where U is the evolution operator |ψ(t)i = U (t)|ψ(0)i whose solution is
i

U (t) = e− ~ Ht

(4.2)

For the time-developed coherent state |αi we write
i

|α, ti = e− ~ Ht |α(0)i

(4.3)

where |α, ti is the coherent state.
Employing (3.24) we cast the above equation to the form
1

i

|α(t)i = U (t)|αi = e− ~ Ht |αi = e− 2 |α|

2

∞
X
iHt
αn
√ e− ~ |ni
n!
n=0

(4.4)

where α = α(0).
Using the HO Hamiltonian (2.14), |α, ti turns out to be
1

i

|α, ti = U (t)|αi = e− ~ Ht |αi = e− 2 |α|

2

∞
X
1
αn
√ e−iωt(n+ 2 ) |ni
n!
n=0

(4.5)

A little calculation gives
i

|α, ti = e− 2 ωt |e−iωt α(0)i = |α(t)i

(4.6)

implying that the character of the coherent state does not change under time evolution.
To calculate hxi in the state |α(t)i we readily see
r
∞ ∞
α∗m αn
~ −|α|2 X X
e
hm|a + a† |ni √ √ e−iωt(n−m)
hα(t)|x̂|α(t)i =
(4.7)
2mω
m! n!
m=0 n=0
Since by (2.16)
hm|a|ni =

√
nδm,n−1 ,

hm|a† |ni =

√

n + 1δm,n+1

(4.8)

we can reset

hα(t)|x̂|α(t)i =

r

∞ ∞
√
~ −|α|2 X X α∗m αn √
√ √ ( nδm,n−1 + n + 1δm,n+1 )e−iωt(n−m)
e
2mω
m! n!
m=0 n=1
(4.9)
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which simplifies to

hα(t)|x̂|α(t)i =

r

~ −|α|2
e
2mω

∞
X
|α|2(n−1)

n=1

(n − 1)!

αe−iωt +

∞
X
|α|2n

n=1

(n)!

α∗ eiωt

Putting α = |α|eiφ , where φ is a real number, we arrive at
r

~ −|α|2 |α|2 
hα(t)|x̂|α(t)i =
|α|[e−iωt+δ + eiωt+φ ]
e
e
2mω

!

(4.10)

(4.11)

which reduces to
r

hα(t)|x̂|α(t)i = 2

~
|α| cos(ωt − φ)
2mω

(4.12)

It shows an oscillatory behavior of the classical oscillator. In fact if we double differentiate
we do get the equation of the simple harmonic motion
hẍi + ω 2 hxi = 0

(4.13)

In other words, coherent states, which are truly quantum states, depict a classical behavior.

5

Pair coherent states

Pair coherent states are defined as the simultaneous eigenstates of an operator that annihilates photons in pairs and that of the operator that gives the relative occupation number in
the two-modes [41]. Such coherent states exhibit a number of interesting properties including the feature of sub-Poissonian statistics, correlations in the photon number fluctuations
in the two-modes and violations of Cauchy-Schwarz inequalities.
More recently, the subject of entanglement has been studied in pair coherent state6
and the inseparability of the pair-coherent state was examined from in the light of the
non-classicality of the Glauber-Sudarshan P-function. The latter, as is well known, gives
a quasi-probability distribution in phase space, such a distribution can take negative and
singular values for non-classical fields [95]. Further, pair coherent states are of relevance
in quantum teleportation [96] and quantum information processes [97]. Also there have
been extensions to the generalized pair coherent states where two coherent variables have
a certain phase difference (see, for example, [100]).
If a and b denotes modes of the photon then the pair annihilation operator is defined
by
ab|ζ, qi = ζ|ζ, qi,

q>0

(5.1)

where q denotes the photon number difference for the the two modes in the field [101]
6

The wave function of pair coherent states is typically non-Gaussian for a two-mode radiation field. Nonclassical properties of pair coherent state has attracted much attention along with violation of Bell inequalities [98, 99].
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(a† a − b† b)|ζ, qi = q|ζ, qi

(5.2)

The exponential form of the pair coherent state is [102]
|ζ, qi = ζ|ζ, qi,

q>0

(5.3)

up to a normalization constant. The coherent state (5.1) is a specific case of the two-mode
nonlinear coherent state
f (Na , Nb )ab|α, f, qi = ζ|α, f, qi

(5.4)

where Na and Nb are number operators which goes over to (5.1) when f = 1.
In this connection it is worthwhile to mention the two-mode Perelomov coherent state
which reads
† b† −ξ ∗ ab)

|ξ, qi = e(ξa

|q, 0i

(5.5)

obeying the equation
2
ξ tanh(|ξ|)
ab|ξ, qi =
|ξ, qi
2 + q + Na + Nb
|ξ|

(5.6)

showing that the Perelomov coherent states are two-mode nonlinear coherent states, the
coefficient in the right side serving as a nonlinear function. In the two-mode Fock space
the |ζ, qi in (5.5) reads


ξ tanh(|ξ|) † †
a b |q, 0i
(5.7)
|ξ, qi = exp
|ξ|
with a suitable normalization constant. In the context of photon-added coherent states
proposed in [103] one can show that these are nonlinear coherent states [104]. A generalization was carried out in [105]. We refer to [106] for a unified approach to multiphoton
coherent states. The techniques formulated there can be generalized to deformed bosons.
About pair coherent states a couple of remarks are in order. In a two-photon medium
such coherent states arise due to competition between nonlinear gain and nonlinear absorption where the threshold refers to the condition of linear gain being equal to the
linear absorption. In a two-level system the problem of interaction of fields is difficult to
tackle analytically unless one considers the situation of the interaction with only one of
the correlated modes.
There is another class of coherent states called the parity-pair (PP) coherent states
[107]. It has the form
s
∞
X
n(n−1)
q!
ζ n (−1)− 2 |n + q, ni
(5.8)
|ζ, qiP P =
n!(n + q)!
n=0

It can be re-expressed as a superposition of two pair coherent states having a phase
difference of π
16


π
1  π
|ζ, qiP P = √ e−i 4 |iζ, qi + ei 4 | − iζ, qi
2

(5.9)

It resembles the parity harmonic oscillator coherent states [108].

6

The phase operator

Let us introduce [116, 117] a phase angle φ to define a and a† according to
a=

√
N + 1e−iφ ,

√
a† = eiφ N + 1

(6.1)

This means that
−iφ

e

=



1
√
N +1



a,

iφ

e

†

=a



1
√
N +1



(6.2)

While eiφ e−iφ = 1 follows trivially, it is not difficult to check
e−iφ eiφ 6= 1

(6.3)

pointing to the non-Hermiticity of the phase operator. In other words the exponential eiφ
is not a unitary operator.
Since corresponding to the operators X and Y the commutator [X, Y ] = k implies
[X, ecY ] = ckecY , where c and k are real parameters, it follows that
[N, eiφ ] = eφ ,

[N, φ] = −i

(6.4)

on putting X = N, Y = φ and k = 1. A natural outcome is the uncertainty constraint
between the phase and number operator
∆φ∆N ≥

1
2

(6.5)

It follows that for a known phase an uncertain number of particles is implied. This is
a standard feature of coherent states in contrast to the Fock states where because of a
definite number of particles the phase is uncertain.
We now turn to an interpretation of the phases eφ and e−φ which are indeed operators
because the equations in the right side of (6.2) are so. Using the notation Φ for the
representation of φ, more specifically Γ± for e±iΦ , we write [118]




1
1
iΦ
+
†
−iΦ
−
a, e |ni → Γ = a √
(6.6)
e |ni → Γ = √
N +1
N +1
the following set of relations immediately follows
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Γ− |ni = |n − 1i,

n = 1, 2, ...

Γ+ |ni = |n + 1i,

n = 0, 1, 2, ...

−

Γ |ni = 0,
− +

n = 0, 1, 2, ...

+ −

n = 1, 2, ...

Γ Γ |ni = |ni,

Γ Γ |ni = |ni,
+ −

Γ Γ |0i = 0

(6.7)

Identifying [119, 120]
Γ+ + Γ− = 2 cos Φ,

Γ+ − Γ− = −2i cos Φ

(6.8)

has the implications
(∆ cos φ) ∆N ≥

1
|sin Φ| ,
2

(∆ sin φ) ∆N ≥

1
|cos Φ|
2

(6.9)

These can be considered as equivalent to the ones in (5.5).
Interestingly a realization of SU (1, 1), which was discussed in (3.48)−(3.52), is possible
[121, 122] if we introduce additional pair of operators R+ and R− defined by
R− |ni = n(n − 1),
−

R |0i = 0

n≥1

+

R |ni = (n + 1)|n + 1i

(6.10)
(6.11)
(6.12)

which obey the relations
R+ = N Γ+ = Γ+ (N + 1),

R− = Γ− N = (N + 1)Γ−

(6.13)

We at once see that together with N , R+ and R− the following algebra is obeyed
[R− , N ] = R− ,

[R+ , N ] = −R+ ,

[R− , R+ ] = 2N + 1

(6.14)

+
Generically if there exist operators Ω−
m and Ωm defined by

Ω−
m |ni = n(n − m),
Ω−
m |0i = 0,
Ω+
m |ni = (n

n<m

n≥m

+ m)|n + mi,

n = 0, 1, 2, ...

(6.15)
(6.16)
(6.17)

then these satisfy the relations
− m
− m
Ω−
m = (Γ ) N = (N + m)(Γ ) ,

+ m
+ m
Ω+
m = N (Γ ) = (Γ ) (N + m)
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(6.18)

where m = 1, 2, ..., then the following su(1, 1) algebra is a straightforward consequence
[Ω−
m , N ] = mΩm ,

+
[Ω+
m , N ] = −mΩm ,

+
[Ω−
m , Ωm ] = M (2N + m)

(6.19)

It is evident that (6.14) is a representative of the general feature (6.19) for the m = 1 case.
By means of Bogoliubov transform one can disentangle the unitary operator
+

∗ Ω−
m

U (α) = eαΩm −α

,

α=

r iφ
e
m

(6.20)

to express it in the form
β

U (α) = e m e

iφ Ω+
m

β

eδ(β) e− m e

−iφ Ω−
m

(6.21)

where
β = tanh r,

δ(β) =

2N + m
ln(1 − β 2 )
2m

(6.22)

As a result U (α) acting on the vacuum state |0i turns out to be
2

U (α)|0i = (1 − β )

7

1
2

∞
X

(βeiφ )n |mni,

m = 1, 2, ...

(6.23)

n=0

HO squeezed states

For the coherent state (3.36) we saw that the argument of the exponential involved a linear
complex combination of the annihilation and creation operators. From the point of view
of representing a squeezed state one goes for the complex quadratic combination of these
operators. The feature of squeezing corresponds to the possibility of arbitrary compression
of the position uncertainty at the expense of appropriate fluctuation in the complementary
momentum variable or vice-versa. The essential characteristic of a squeezed state in the
HO potential is that although its profile is still Gaussian, its width is different from the
ground state.
In the next subsection we give a general framework to address single-mode squeezing.
Subsequently we define a θ-vacuum and make use of Bogoliubov transformation to connect
with the usual vacuum state |0i of the Fock space. This allows us to provide a simple way
to generate single-mode squeezing. Finally the phase connection is pointed out.

7.1

Single-mode squeezing

Squeezed states minimize the uncertainty relation but not restricting the ground state to
belong to belong to this set. Comparing with (3.47) the only difference is the appearence
of the free value of the squeezing parameter or of the width s. Explicitly one writes in the
coordinate representation for the normalized single-mode squeezed state the wave function
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1
2
ψs (x) = (πs) exp − 2 (x − x0 ) + ip0 x , α ∈ C
(7.1)
2s
√
√
where we identified x0 = 2αR and p0 = 2αI with α ∈ C as before.
In terms of the operators a and a† the underlying squeezing operator is defined by
− 41

η

2 −a†2 )

Sη = e− 2 (a

,

η∈R

(7.2)

Employment of the su(1, 1) algebra, highlighted in (3.48) − (3.51), generated by a set of
2
three operators K + = 12 a† , K − = 12 a2 and K 3 = − 21 [K + , K − ] = 12 (a† a + 21 ) and use of
the entanglement formula (6.21) make it convenient to recast (7.2) in the following manner
Sη = e

eiφ
2

tanh(r)a†

2


 e−iφ
1
†
2
cosh(r))−(a a+ 2 ) e− 2 tanh(r)a

The action of the operator Sη on the vacuum |0i defines the squeezed state |ηi
∞ 
j p(2j)!
X
− 21
iφ
|ηi = Sη |0i = cosh (r)
|2ji
tanh(r)e
j!

(7.3)

(7.4)

j=0

The estimate of the mean photon number corresponds to ha† aiη = sinh2 (r).
In the context of definitions of R+ and R− presented in (6.10) − (6.14). the representa+
∗ −
+
∗ −
tion in the form ψR = e(βR −β R ) |0i stands as a squeezed state. So is ψS = e(γS −γ S ) |0i
[122, 123], where the quantities S + and S − stand for S + = N Γ+ 2 and S − = Γ− 2N along
with β = σeξ , σ = eiξ tanh σ, δ = eiτ tanh ρ , γ = 2ρ eiτ .

7.2

θ-vacuum

Let us apply Bogoliubov transformation [124] on the annihilation and creation operators
a and a† which generates θ dependent quantities aθ and a†θ through
a†θ = Sθ (a† )Sθ−1

aθ = Sθ (a)Sθ−1 ,

(7.5)

where a and a† are related to x̂ and p̂ by means of (2.10). Applying the BCH expansion
(46) the expressions for aθ and a†θ takes a ’hyperbolic’ rotated form

 


aθ
cosh θ − sinh θ
a
=
(7.6)
− sinh θ cosh θ
a†
a†θ
The vacuum |0i, which is annihilated by the operator a, moves over to the θ-dependent
entity |0θ i generated according to
|0θ i = Sθ |0i

(7.7)

aθ |0θ i = 0

(7.8)

which is annihilated by aθ
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For the translation aθ = a + θ, |0θ i obeys a|0θ i = −θ|0θ i and is therefore the coherent
state with the eigenvalue −θ.
Explicitly |0θ i is given by
1

1

|0θ i = e− 2 ln cosh θ e 2]

a†2 tanh θ

|0i

(7.9)

which saturates the uncertainty product
h(∆xk )2 ih(∆pk )2 i =

1
4

(7.10)

In estimating (7.10) we used the expectation value h(∆xk )2 i = 21 e2θ and h(∆pk )2 i =
1 −2θ
with the help of the transformations (2.11) and (7.6) and the use of (7.7), (7.8)
2e
and (7.9). Changing the sign of θ, ∆xk can be turned arbitrarily small by making θ
appropriately large. This makes the idea of squeezing transparent.
To demonstrate the validity of (7.9) let us define the n-dependent vacuum value un
θ

2 −a†2 )

un = h0|a2n Sθ |0i = h0|a2n e− 2 (a

|0i

(7.11)

Differentiating with respect to θ shows
θ
1
1
∂
2
†2
un = − un+1 + h0|a2n a†2 e− 2 (a −a ) |0i
∂θ
2
2

(7.12)

It is rather easy to work out the vacuum value in the right side by observing
1
h0|a4 a†2 = 6a2
2

1
h0|a2 a†2 = 1,
2

(7.13)

Employing them we are led to a recurrence relation
∂
1
un = − un+1 + n(2n − 1)un−1
∂θ
2

(7.14)

It admits of the solution
1

un = kn e− 2 ln cosh θ (tanh θ)n

(7.15)

where the pre-factor kn is given by
kn =

(2n − 1)! 1
(n − 1)! 2n−1

(7.16)

The case n = 1 is relevant for our purpose for which k1 = 1. It implies
1

h0|a2 |0θ i = e− 2 ln cosh θ tanh θ
21

(7.17)

2

Since a2 a† = 2 + 4a† a + (a† a)2 , the solution (7.9) of |0θ i follows. We note in passing that
since aθ |0θ i = (a cosh θ −a† sinh θ)|0θ i, the annihilation character of the operator aθ on the
1 †2
transformed vacuum state |0θ i becomes evident if we expand the exponential e 2 a tanh θ .

7.3

The phase connection

As a final remark, the quantities R+ and R− introduced in (6.13), where the role of the
phase operator Φ is implicit, can also be used to generate the single-mode squeezed state
SR [123]. Indeed corresponding to the form (6.23) for m = 1 the squeezed state is given
by
+ −β ∗ R− )

SR = e(βR

|0i

(7.18)

where notice that a linear combination of R+ and R− appears in the argument of the
exponential in contrast to the quadratic combination of a2 and a†2 in (7.1).
SR can also be projected as
SR = 1 − |β|2

∞
X

β n |ni

(7.19)

β = eiν tanh r

(7.20)

n=0

By (6.20) and (6.22) the quantities α and β are
α = reiφ ,

in which the phase factor eiν is introduced without any loss of generality.
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Two-mode squeezing

In this section we discuss different ways of generating two-mode squeezing. First we lay
out a general strategy of defining two sets of annijhilation and creation operators to act
upon a two-mode vacuum state and attempt to generate the two-mode squeezed state
related to the generators of the SU (1, 1) group. In the next subsection, we again make use
of Bogoliubov transformations to define the two-mode a squeezed vacuum state. Finally,
in section 9, we propose a generalized quantum condition that makes clear how two-mode
squeezing could be expressed as the joint product of two single mode squeezed states.

8.1

General framework

Before realizing the two-mode squeezing state, let us focus on two decoupled single-mode
operators ak and a†k , k = 1, 2. In terms of coordinates and momenta these are similarly
expressed as done in (2.11)
r
r
~
m~ω
†
(ak + ak ), pk = −i
(ak − a†k ), k = 1, 2
(8.1)
xk =
2mω
2
satisfying the quantum condition
[xk , pk ] = i~,
22

k = 1, 2

(8.2)

In terms of a parameter s the squeezing operator S is given by
† †

s

S = e 2 (a1 a2 −a1 a2 ) |0i

(8.3)

To operate upon the two-mode vacuum state |0, 0i we define the SU (1, 1) operators
K+ = a†1 a†2 ,

K− = a1 a2 ,

K0 =


1 †
a1 a1 + a2 a†2 − 1
2

(8.4)

We use the general result [121]
eζ0 K0 +ζ+ K+ +ζ− K− = eγ+ K+ eln γ0 K0 eγ− K−

(8.5)

where ζ0 , ζ± are suitable real quantities and
γ0 =



ζ0
cosh θ −
sinh θ
2θ

−2

,

γ± =

2ζ± sinh θ
2θ cosh θ − ζ0 sinh θ

(8.6)

ζ2

along with θ 2 = 40 − ζ+ ζ− .
Putting ζ0 = 0, ζ± = ∓( 2s ), we see that θ, γ0 and γ± take the simple forms
s
θ= ,
2


s −2
γ0 = cosh( )
,
2

s
γ± = ∓ tanh( )
2

(8.7)

which imply
s

† †

s

† †

s

†

†

s

e 2 (a1 a2 −a1 a2 ) = etanh( 2 )a1 a2 e− ln cosh( 2 )(a1 a1 +a2 a2 −1) etanh( 2 )a1 a2

(8.8)

In consequence the action of the two-mode squeezing operator on the vacuum reads
S|0, 0i =

∞
X
√
|n, ni,
1−λ

λ = tanh(s)

(8.9)

n=0

In complete analogy to the above scheme two-mode squeezing comprising either the
pair (R+ , R− ) or S + , S − ) can be defined. We do not give the details here.

8.2

Bogoliubov transformations

Applying the Bogoliubov matrix transformations on ak and a†k , k = 1, 2 yield their θdependent counterparts as in the earlier single-mode case


 θ  
ak
ak
cosh θ − sinh θ
=
(8.10)
− sinh θ cosh θ
ak†θ
a†k
If |0θ i be the vacuum of aθk , k = 1, 2, implying
aθk |0θ i = 0
23

(8.11)

then as before in (7.5) we can solve for |0θ i to get
1

1

|0θ i = e− 2 ln cosh θ e 2]

a†2
k tanh θ

|0i

(8.12)

Noting that we can easily calculate the uncertainties ∆x1 and ∆p1 by first transforming
x1 and p1 in terms of aθ1 and a†θ
1 by employing the two relations in (8.1) and then using
the transformation (8.10). It turns out that
r
r
1
1
1 θ
1 −θ
2
2
∆x1 = (h0θ |x1 ||0θ i) 2 =
e , ∆p1 = (h0θ |p1 ||0θ i) 2 =
e
(8.13)
2
2
and similarly for ∆x2 and ∆p2
r
r
1
1
1 θ
1 −θ
2
2
∆x2 = (h0θ |x2 ||0θ i) 2 =
e , ∆p2 = (h0θ |p2 ||0θ i) 2 =
e
(8.14)
2
2
It transpires that the two single-mode squeezed states saturate the uncertainty relation
1
(8.15)
(∆xk )2 (∆pk )2 = , k = 1, 2
4
An interesting implication of either (8.13) or 8.14) is that, due to the presence of the
parameter θ, we can make (∆pk )2 , k = 1, 2 arbitrarily small by letting θ grow randomly
large while for (∆xk )2 , k = 1, 2 we can make it arbitrarily small by enforcing large negative
values of θ and so have any amount of squeezing as one desires.
For two separate single-mode oscillators their coordinates and momenta are subject to
the condition (8.2). However for two-mode squeezing the basic commutations of xk and
pk corresponding to the pair (x1 , p1 ) and (x2 , p2 ) need to be defined with opposite signs
[x1 , p1 ] = i~,

[x2 , p2 ] = −i~,

(8.16)

This ensures that the Bogoliubov transformation (7.6) is preserved. Note however that the
sets of annihilation and creation operators γ1 , γ1† and γ2 , γ2† continue to hold the standard
commutation relations
[a1 , a†1 ] = 1,

[a2 , a†2 ] = 1

(8.17)

[a1 , a2 ] = 0,

[a†1 , a1 ]

(8.18)

=0

With this little background the two-mode squeezed vacuum state assumes the following
representation
† †

1

|0Θ i = e− 2 ln cosh Θ ea1 a2 tanh Θ |0i

(8.19)

where the Θ denotes the squeezing parameter. It clearly reveals that in the modified
vacuum |0Θ i the a1 a2 -pairs are condensed. Furthermore, the a1 and a2 modes contribute
equally to |0Θ i. It is also not difficult to establish the inequality
(∆xk )2 (∆pk )2 ≥

1
+ h∆x1 ∆x2 ih∆p1 ∆p2 i
4

where the second factor in the right side amounts to
which is typically prevalent in two-mode squeezing.
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1
4

(8.20)

sinh2 (2Θ). It is the noise term

9

Generalized quantum condition

In this section we derive pedagogically, in the framework of a generalized quantum condition, the result that a two-mode squeezed state can be written in a factorizable form
with respect to the component single modes. We also examine the possibility of relating
two-mode squeezing as a system of a pair of coupled oscillators.
To begin with let us combine the two commutations given by (8.2) into a generalized
quantum condition [70]. For this we make use of the replacements
∂
− ig(x2 )
∂x1
∂
− if (x1 )
p2 → i
∂x2

(9.1)

p1 → −i

(9.2)

implying that the two-mode squeezed state wave function ψΘ (x1 , x2 ) = hx1 , x2 |0Θ i would
obey the differential equation
 



∂
∂
µ x1 +
+ g(x2 ) + ν x2 −
− f (x1 ) ψΘ (x1 , x2 ) = 0
(9.3)
∂x1
∂x2
where the quantities µ and ν are µ = cosh Θ and ν = − sinh Θ. Factorizing ψΘ (x1 , x2 ) in
the form φ(x1 )χ(x2 ) yields
dφ
+ [µx1 − νf (x1 )]φ = cφ
dx1
dχ
− [νx2 + µg(x2 )]φ = cχ
ν
dx2

(9.4)

µ

(9.5)

where c is a separation constant. Restricting f (x1 ) = −x1 and g(x2 ) = −x2 for normalizability of φ and χ leads to the solutions


1
x21
φ = φ0 exp
cx1 − (µ + ν)
,
µ
2


1
x2
χ = χ0 exp
cx2 − (µ − ν) 2 ,
ν
2

φ0 > 0,

µ+ν >0

(9.6)

χ0 > 0,

µ−ν <0

(9.7)

With z = √12 (x1 + ix2 ) and pz = √12 (p1 + p2 ) the basic commutation relations (8.2)
could be described by a single generalized quantum condition
[z, pz ] = i

(9.8)

which admits of a plausible representation of of pz
∂
(9.9)
∂z
It is interesting to note that if we introduce quantities Λ+ and Λ− such that Λ± =
γ1 ± iγ2 , then z and pz would read
pz = z − i

1
z = (Λ+ + Λ†− ),
2

i
pz = (Λ†+ − Λ− )
2
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(9.10)

with the standard bosonic conditions [Λ± , Λ†± ] = 1 holding. Furthermore, since Λ± |0i =
(γ1 ± iγ2 )|0, 0i = 0, Λ± have the same ground states as those of γ1 and γ2 . Moreover,
1
because γ1 = 12 (Λ+ + Λ− ) and γ2 = 2i
(Λ+ − Λ− ), the two-mode squeezed state given by
† †

|0Θ i = e− ln cosh Θ eγ1 γ2 tanh Θ |0, 0i

(9.11)

is also expressible as
i

2 −Λ

|0Θ i = e− ln cosh Θ e 2 (Λ+ †

2
− † ) tanh Θ

|0, 0i

(9.12)

The above result makes it transparent that squeezing for two-mode quantum systems [64]
can be interpreted [69, 70] as the direct product of two single-mode squeezed states. Even
squeezed multi-mode wave function can be shown to arise [125, 126] from the single-mode
squeezed state for the normal modes.
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SQM approach

To deal with the construction of coherent states for a wider class of potentials, other
than the HO, some works have already been reported [127–133]. Here we summarize the
answer to the specific question that if two potentials are isospectral to each other (in
other words, they have the same eigenvalues and the S-matrix) then how their coherent
states and squeezed states are related7 In this regard, it is useful to follow the approach
of [134] which, by adopting the techniques of SQM8 , has related the coherent states for
the strictly isospectral Hamiltonians by a unitary transformation. Let us remark that in
one dimensional case, strict isospectrality could be present in the first-order systems when
the factorization energy E is smaller than the ground-state of the starting Hamiltonian. In
such a context, the potential and eigenfunctions of the partner Hamiltonian of the SQM
system are known in terms of analytic expressions, which are, in general, more complex
than the corresponding ones of the initial Hamiltonian.
Continuing with the units of ~ = ω = m = 1, let us define operators




1
d
d
1
†
+ W (x) , A = √
+ W (x)
(10.1)
−
A= √
dx
2 dx
2
where W (x) is the so-called superpotential and is an arbitrary function of x. These
operators go over to the corresponding a and a† in (2.10) for the particular choice of
W (x) = 1 which conforms to the HO case. In the language of SQM the Hamiltonians
formed by the combinations A† A and AA† are the partner pairs. This has the implication
that their eigenvalues, eigenfunctions and S-matrices are related. Put another way, if one
can solve for the eigenfunctions of A† A then one at once has a knowledge of AA† .
Factorization of a quantum Hamiltonian is however not unique [113]. To this end if
we consider a new set of operators




1
d
d
1
†
ˆ
ˆ
+ W (x) , B = √
+ W (x)
(10.2)
−
B=√
dx
2 dx
2
7
8

For some comments related to the isospectral issue see [135].
For reviews on SQM see [136–141] and references therein. The key feature of SQM rests on the factorization method [110–112, 142] (sometimes also expressed through intertwining relationships) that allows
one to uncover insightful properties of the underlying system.
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subject to BB † = AA† then this results into a Riccati equation whose solution is provided
by the relation
Ŵ (x) = W (x) + φλ (x)

(10.3)

where φλ (x) stands for

Z
φλ (x) = ψ02 (x) λ +

x
−∞

ψ02 (y)dy

−1

(10.4)

where λ ∈ ℜ but outside of [−1, 0] and ψ0 (x) is the normalized ground state wave function
corresponding A† A.
Taking E0 to be the lowest energy eigenvalue, it is not difficult to establish that the
eigenstates χn of the strictly isospectral family of Hamiltonians Hλ = B † B + E0 are linked
to the eigenstates ψn of H = A† A + E0 from the equality (B † B)b† A = b† A(A† A). As a
result one has the following normalized expressions

χ0 (x) =

p



λ(λ + 1) λ +

Z

x

−∞

ψ02 (y)dy

1
φλ (x)
χn (x) = ψn (x) +
2(En − E0 )



−1

ψ0 (x)


d
+ W (x) ψn (x),
dx

(10.5)
n = 1, 2, ... (10.6)

That a unitary transformation induced by the operator U relates H and Hλ can be
shown by noticing that if one writes B = aU † then it is evident that U † U = 1. With a
new operator defined by ã = U aU † implying B † B = ã† ã = U A† AU † the following result
immediately follows
Hλ = U HU †

(10.7)

The unitary character of U emerges i.e.
U †U = 1

(10.8)

by observing that En = hχn |Hλ |χn i, from which it follows that U † |χn i = |ψn i, and the
orthonormality of the sets |ψn i and |χn i, namely, hψn |ψm i = hχn |U U † |χm i = δnm .
(9.7) and (9.8) are the central results that serve as a good benchmark to determine
the coherent states. Suppose that the Hamiltonian is expressible as a linear combination
of the generators Ji , i = 1, 2, 3 of a Lie group G obeying the algebra9
H=

X

di Ji ,

i

di ∈ C

(10.9)

where the algebra is given by the commutation relations
[Ji , Jj ] = ckij Jk ,
9

i = 1, 2, 3

For the determination of coherent states induced by nonlinear algebras see [114].
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(10.10)

Then one can write
Hλ =

X

di J˜i ,

J̃i = U Ji U †

(10.11)

i

Hλ being unitarily related to H.
It therefore follows that for an element D(z) belonging to the coset space of G, the
coherent states corresponding to the isospectral Hamiltonians H and Hλ are of the types
|zi = D(z)|ψ0 i,

(10.12)

|z; λi = Dλ |χ0 i

(10.13)

where Dλ = U D(z)U † . The above two expressions can be identified as the Perelomov
coherent states [15] associated with H and Hλ respectively.
For the particular case of the oscillator Hamiltonian H given by (2.13), the associated
Hλ can be identified to be
1
Hλ = ã† ã + ,
2

ã = U aU † ,

ã† = U a† U †

(10.14)

where [ã, ã† ] = 1, the coherent states associated withe isospectral oscillator family |z; λi
are given by
ã|z; λi = z|z; λi

(10.15)

where the eigenvalue z is independent of λ. In the Perelomov sense the following holds
|z; λi = Dλ (z)|χ0 i,

† −z ∗ ã

Dλ (z) = ezã

(10.16)

satisfying the minimum uncertainty product.
Even squeezed states of isospectral Hamiltonians are related by unitary transformation.
As explicitly shown in [134] one can also construct a more general state which minimizes
the uncertainty product in analogy with the squeezed coherent state of the HO in terms
of the usual displacement operator
|ξ, z; λi = Sλ (ξ)Dλ (z)|χ0 i,

1

2 −ξ ∗ ã2 )

Sλ (ξ) = e 2 (ξã†

(10.17)

Indeed it turns out that the individual position and momentum uncertainties are unequal
while the product assumes the value of one-half in accordance with minimum value of the
uncertainty principle. Further, the state |ξ, z; λi is connected to the squeezed coherent
state of the HO by a unitary transformation.
Sometimes obtaining commuting sets of creation and annihilation operators [143] can
be effectively used to construct coherent states. For the complex parity-time symmetric
oscillator10 [146], a pair of commuting sets of creation and annihilation operators was
derived [36] that allowed building of coherent states as eigenstates of such annihilation
10

Exploration of complex non-Hermitian quantum systems, in particular, those admitting a combined
parity and time reflection symmetry, is an area of active research interest and a rapidly evolving field
(see, for example, the comprehensive treatments in [144]). We might recall that the interest in this
area of research stems from the conjecture, made nearly two decades ago [145], that the eigenvalues of
the governing Hamiltonian would normally support a real bound-state spectrum unless a spontaneous
breaking of the underlying parity-time-symmetry takes place. In the latter case the accompanying
energies cease to be real and as a consequence eigenvalues in conjugate pairs develop signaling a phase
transition in the system.
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operators. In such a pursuit a modified normalization integral [147] was employed, as
appropriate for parity-time systems, although it turned out that the coherent states were
only normalizable in the open interval (0, 1) for the guiding coupling parameter.
Construction of new families of coherent states has also been reported for other nonHermitian systems [148] using the Gazeau-Klauder approach [109]. (See also [149].) In
particular coherent states of the parity-symmetric Scarf I potential has been determined.
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11

Summary

To summarize, in this review, we delved into that specialized branch of quantum mechanics
which concerns with certain non-classical aspects and which comes under the category of
what are termed as coherent states and squeezed states. For coherent states, we focused on
three different strategies of constructing them namely, the annihilation operator or ladder
operator approach, displacement-operator approach and minimum-uncertainty approach.
In all the three cases, we tried to give a complete coverage by pointing out their interconnectivity and highlighting some of the special properties. In this way we tried to cover
the basic knowledge of the field. For squeezed states, after laying out a general strategy, we
considered in some detail different aspects of the generation of both single-mode and twomode squeezing and also emphasized on the feasibility of Bogoliubov transformations. We
also derived a generalized quantum condition which demonstrated how the factorization
principle works to express multi-mode squeezing, specifically the two-mode squeezing, as
a direct product of single-mode states.
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