The atom in a molecule as a mereological construct in chemistry
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Abstract: In this paper I discuss some consequences and manifestations of a mereology of structured

wholes in chemistry, with particular reference to the concept of atoms in molecules.
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The identification of an entity in a molecule as an “atom” is a mereological construct, one that is
central to chemical theory, predating quantum mechanics or modern notions of atomic structure and the
nature of the chemical bond. Understanding the properties of atoms and functional groups in molecules
during chemical transformations is central to science of chemistry. An atom does not lose every shred
of its identity when it combines with other atoms or a group of atoms to form a molecule. It is this
identification that makes possible the systematic study of chemistry as a science. If not for this vestigial
identity retained by an atom in different chemical environments, chemistry would be no more than an
encyclopedic catalog of the properties of disparate substances. Classical mereology, however, fails for
such structured entities as molecules, where the whole is not merely the sum of its parts. When the
whole is greater than the mereological sum of its parts, we speak of emergence. Process Structural
Realism (PSR), as formulated by Joseph Earley (Earley, 2008), describes how combinations of
processes may produce ontologically significant coherences. PSR sees such diverse structures as viral
capsids, flames, swarms, chemical reaction networks and circadian rhythms through the common lens
of emergent phenomena or dissipative structures. The key concept in PSR is that the components act in
concert because of their inclusion in a closed set of interactions that defines the coherence. Framing
these concepts in process terminology enables one to move from a classical mereology of objects or

stuff (Simons, 1987) to a mereology of potentialities (Whitehead, 1978).



Quantum mechanics provides a vivid illustration of the failure of classical mereology. In classical
statistics, probabilities of independent events are additive. In the statistical interpretation of quantum
mechanics, for which Max Born was awarded the Nobel prize in 1954, the squared wave amplitude y|*
determines the probability density of particles. However, in order to reconcile the statistical
interpretation with the existence of quantum interference phenomena, one needs to modify the classical
laws for compounding probabilities: If a wave function y; with probability density P(y1)=|y1|* is

superposed with a wave function y2 with probability density P(y2)=|w2[?, the probability density of the

superposed wave yi+y: is given by:

P(yity2) = [wityal* = [yif + fwa* + wi*yz + yary L (1)

and not just by the sum of the individual probabilities [y1[* + |y2|*. The cross terms in equation (1) are
interference terms that determine whether the whole is more (constructive interference) or less
(destructive interference) than the sum of its parts. Interference of probabilities in quantum mechanics
is thus nothing more nor less than a special rule for compounding potentialities in the new mereology.
Seen in this way, quantum mechanics is a modification of the basic laws of classical mereology to a
mereology of potentialities. The indistinguishability of electrons requires a further modification of the
laws of compounding potentialities: namely the antisymmetrization principle. In density functional
theory, both these problems are handled through the introduction of an extra interaction term which has

no classical analog: the exchange-correlation potential.

Similar considerations apply when dealing with the notion of the “atom” in chemistry, a term that is
used in multiple contexts. While we may intuitively understand the concept of an atom in a molecule
(AIM), its rigorous definition is the subject of considerable controversy. Several schemes for

partitioning a molecule into atoms have been proposed and the merits and shortcomings of each have



been debated in the literature (Parr, Ayers and Nalewajski, 2005; Bader and Matta, 2012). Some
requirements of an AIM would be that it contain a nucleus, that its electron density reduce to that of the
free atom as the other atoms are removed and that its properties likewise reduce to that of the free atom
in this limit. This would ensure transferability of AIM properties between different molecules
containing that atom. Perfect transferability of an atom between different molecules is an unattainable
limit (Riess and Miinch, 1981; Bader and Becker, 1988), but it is the quasi-invariant subset of
properties retained by an atom in different chemical environments that is commonly referred to as an
AIM. For many-electron atoms, the core electron densities are largely unperturbed from those of the
corresponding free atoms and are carried largely intact into the AIM. In the valence regions of atoms,

however, there is considerable variation between atomic densities in different molecular environments.

If p(r) is the electron density at the position r in a molecule and we associate a density pa(r) with every

atom A in the molecule, we can define a weight function wa(r) such that:

pa(r) = wa(r) p(r) ().

Requiring that the AIM densities add up to the total molecular density p(r) at every point r:

2.A pa(r) = p(r) 3)

results in the normalization of the weights:

Yawa(r)=1 4),

where the summation is over all atoms in the molecule. The atomic electron population Na for each

AIM is defined as:
Na =] pace) dr 5).

Integrating the total electron density in the molecule gives the total number of electrons N:



N=]p(r) dr (©).
whereupon:
2aNa) =N (7).

Bader s Mereology:

Bader’s topological atoms result from partitioning space exhaustively into disjoint regions Qa, Qs ...

each associated with a particular AIM. This is equivalent to the specification:

wa(r) =1 for r€Qa (8)
=0 otherwise.

The boundaries of the region Q4 are specified in this scheme by requiring that the “zero-flux condition”

(Bader, 1990):
Vp(r).n(r) =0 )

be satisfied at every point on the surface Sa bounding the region Qa, where n(r) is the normal to the

surface. The surface integral of this quantity:

¢ds, Vp(r).n(r)dr = 0 (10)

is the flux of the gradient vectors of the charge density (Vp) through the surface Sa. It vanishes over

every atomic region Q4 and, by extension, over the entire molecular space.

Bader’s partitioning scheme is motivated by the observation that concentrations of electron density
around nuclei are the most obvious features of X-ray diffraction patterns of crystals: each nucleus is
generally associated with a maximum or a cusp in the electron density, with the slope of the density at
the cusp Vp(r)|r=o proportional to the negative of the atomic number -Z. This is the feature that makes it

possible to deduce or ‘solve’ a molecular structure from analysis of X-ray diffraction patterns and



visual inspection of electron-density maps calculated from these data; this forms the basis of
quantitative crystal structure determination from X-ray diffraction experiments. The electron density in
an isolated atom decreases away from the nucleus in any direction. This feature is generally retained
when atoms combine to form a molecule, with the nuclei functioning as attractors of the electron
density gradient vector field Vp(r). Bader formally defines an AIM as the union of such an attractor and

its basin of attraction Qa (Bader, 1990).

AlIMs in Bader’s partitioning scheme are cleanly separated in space by inter-atomic surfaces formed by
all paths of the gradient vector field originating at the bond critical point between the pair of atoms and

terminating at infinity. Using Bader’s partitioning (8) in equation (3) gives:

pa(r) =p(r) for r € Qa (11)
=0 otherwise.

Using equation (11) in equation (5) then yields for the atomic electron population Na:
Na = IQA p(r) dr (12),

where the domain of integration is restricted to the region Qa, the basin of atom A. A bond path in
Bader’s theory is defined as a trajectory of the gradient vector field Vp(r) connecting two atomic
nuclei. A pair of bonded atoms is usually associated with a bond path and a bond critical point between
them. A molecular graph can be defined as the network of bond paths, where the atomic nuclei are
nodes or vertices of the graph connected by bond paths. Bader has clarified, however, that bond paths
are not the same as chemical bonds (Bader, 2009). The topology of the electron density and its network
of critical points provides a fairly reliable view of molecular structure, corresponding with chemical
intuition. Bond paths and molecular graphs are clearly higher-level coherent structures that emerge

from the non-classical mereology of AIM.



Hirshfeld's mereology:

A fundamentally different mereological partitioning of a molecule into atoms was proposed by Fred
Hirshfeld (Hirshfeld, 1977). In this scheme, a “promolecule” is first constructed from the superposition

of the electron densities of the isolated atoms:

p’(r) = 4 pa(r) (13),

where p’A(r) are the reference atomic densities to which the AIM densities pa(r) are compared. The
molecular electron density is then partitioned among the atoms, in such a manner that each AIM
contributes to the molecular density p(r) at each point in proportion to its contribution to the pro-
molecule’s density at that point:

pa(r) _pa®
p(r) = p(r)

wa(r) = (14),

The second equality here is a restatement of the general definition (2) for the weight function. This
partitioning is known as the stockholder partitioning scheme, as it is analogous to the way a company’s
shares (and profits) are apportioned among its stockholders: in proportion to each stockholder’s
original contribution to the corpus of the company. In contrast to Bader’s partitioning, Hirshfeld’s
mereology results in spatially overlapping atoms, allowing for interpretation of chemical bonding in
terms of the overlap electron density between atoms. This is the higher-level coherence that results

from this mereology.

Hirshfeld’s partitioning follows from the reasonable requirement that the loss of information be
minimized upon formation of a molecule from neutral atoms (Nalewajski and Parr, 2000). Defining a

shape function for each atom as a density per electron:



Pa (r)

O'A(r) = NA

(15),

with an analogous expression for the promolecular atoms ¢°,(r) allows one to define an information

loss function (Ayers, 2006; Parr, Ayers and Nalewajski, 2005):

(1) Na
=3\ Nu J ou(m) ln{Eﬁ‘;}dr + 3 Naln (—ﬂ) (16).

GA'.. r) N..t’j.
The first term in equation (15) represents the information loss due to polarization, i.e. change in shape
of the electron density upon molecule formation, while the second term is an entropy of mixing,

reflecting the transfer of electronic charge between AIMs upon molecule formation. The shape

functions are normalized to unity by virtue of equation (2):
Joumyar = [o'\mdr = 1 (17,

supporting the interpretation of I as an information entropy. Each term also satisfies the condition of

statistical independence (additivity of independent events), as expected of any measure of information.

The first serious problem with Hirshfeld’s mereology is the arbitrariness involved in choosing neutral
atoms as the reference densities (Davidson, 1992). This choice has no strict theoretical basis and is
adopted merely for computational convenience. Thus for heteronuclear, strongly ionic molecules, it
would seem more reasonable to use the ionic fragments as reference densities. These different choices
of the promolecule density lead to very different electron populations on the atoms. These ambiguities

are further exacerbated when dealing with ionic molecules.

Momentum Space Mereology:

The fundamental quantity analogous to p(r) in momentum space is the electron momentum density y(p)

(which is related to p(r) through Fourier-Dirac transformation of the full N-electron wavefunction). A



momentum space formalism is useful in interpreting the results of electron momentum spectroscopy
and Compton scattering experiments. However, atomic momentum densities are not spherically
symmetric. Thus partitioning the momentum density of a molecule with respect to zero-flux surfaces of
Vy(p) does not result in basins that can be identified with atoms. But a Hirshfeld-type partitioning of
molecular momentum densities may be employed to define AIMs in momentum space (Balanarayan

and Gadre, 2006):

v ()

=—a_— 1
va(p) Tava® Y(p) (18),

where ya(p) and ya(p) are the momentum densities of the AIM and the free atom A, respectively,
centered at p=0. This scheme yields integrated atomic charges that agree well with atomic charges

obtained from the corresponding Hirshfeld AIMs in coordinate space.
Conclusion:

We have thus seen that modification of the basic laws of classical mereology lead to different
conceptions of the atom in a molecule, and to the emergence of ontologically higher-level coherences
associated with the science of chemistry. We have here discussed three different formulations of the
concept of the atom in a molecule: two in position space and one in momentum space. The first
scheme, championed by Richard Bader (Bader, 1990), partitions position space exhaustively into
disjoint regions, using boundaries defined by the zero flux condition (9). This scheme is theoretically
appealing as it results in atoms that satisfy the virial theorem of quantum mechanics, and can be
justified by appealing to Schwinger’ s action principle. Bader’s formulation is the one
that provides a physical conception of the notion of a chemical bond between atoms. The second

scheme, first proposed by Fred Hirshfed (Hirshfed, 1977) and justified on information theoretic

grounds — namely the requirement that the loss of information be minimized upon formation of a



molecule from neutral atoms (Nalewajski and Parr, 2000), results in spatially overlapping spherical

atoms with fuzzy boundaries. The appeal of this scheme is that it allows for interpretation of

chemical bonding in terms of the popular concept of overlap of electron density between atoms, but the
partitioning is not unique unless performed self-consistently using an iterative scheme (Bultinck, et al,
2007) and there is the further arbitrariness involved in the choice of neutral atoms as the reference

densities (Davidson, 1992). The third mereology discussed here is a fuzzy partitioning in the spirit of

Hirshfeld’s scheme, but performed now on the electron density in momentum space (Balanarayan and
Gadre, 2006), where no zero flux condition similar to Bader’s partitioning in position space holds. This
momentum space partitioning has not found widespread utility as yet and has remained an interesting
curiosity, but if the position space and momentum space pictures are to be regarded as complementary
descriptions of the same ontological reality (as quantum mechanics asserts), there is no reason to not

consider a momentum space mereology on the same footing as a position space mereology.



References:
Ayers, P. W.: Information Theory, the Shape Function, and the Hirshfeld Atom. Theor. Chem. Acc. 115,

370-378 (2006)

Bader, R. F. W., Becker, P.: Transferability of atomic properties and the theorem of Hohenberg and
Kohn. Chem. Phys. Lett. 148(5), 452-8 (1988)

Bader, R. F. W.: Atoms in Molecules: A Quantum Theory. Oxford Press, Oxford (1990)

Bader, R. F. W.: Bond Paths Are Not Chemical Bonds. J. Phys. Chem. A 113, 10391-10396 (2009)

Bader, R. E. W., Matta, C. F.: Atoms in molecules as non-overlapping, bounded, space-filling open

quantum systems. Found. Chem. (2012) DOI: 10.1007/s10698-012-9153-1

Balanarayan, P., Gadre, S. R.: Atoms-in-molecules in momentum space: A Hirshfeld partitioning of

electron momentum densities. J. Chem. Phys. 124, 204113 (2006)

Bultinck, P., Ayers, P. W., Fias, S., Tiels, K., Van Alsenoy, C.: Uniqueness and Basis set Dependence of
Iterative Hirshfeld Charges. Chem. Phys. Lett. 444, 205-208 (2007)

Davidson, E. R., Chakravorty, S.: A test of the Hirshfeld definition of atomic charges and moments.
Theor. Chim. Acta 83, 319-330 (1992)

Earley, J. E.: Ontologically Significant Aggregation: Process Structural Realism (PSR). In: The
Handbook of Whiteheadian Process Thought, Weber, M. (ed.) Ontos Verlag, Frankfurt, 2, 179-191
(2008)

Earley, J. E.: Process Structural Realism, Instance Ontology and Societal Order. In: Whitehead's
Process Philosophy: System and Adventure in Interdisciplinary Research. Discovering New Pathways.

Riffert F., Sander, H.-J. (eds.) Alber, Berlin, 190-211 (2008)



Earley, J. E.: How Philosophy of Mind Needs Philosophy of Chemistry, HYLE: Int. J. Phil. Chem. 14,
1-26 (2008)

Hirshfeld, F. L.: Bonded-atom fragments for describing molecular charge densities. Theor. Chim. Acta
44, 129 (1977)

Nalewajski, R. F,, Parr, R. G.: Information theory, atoms in molecules, and molecular similarity. Proc.

Nat. Acad. Sci. 97, 8879-8882 (2000)

Parr, R. G, Ayers, P. W., Nalewajski, R. F.: What Is an Atom in a Molecule? J. Phys. Chem. A 109,
3957 (2005)

Riess, J., Miinch, W.: The theorem of Hohenberg and Kohn for subdomains of a quantum system.

Theor. Chim. Acta 58, 295-300 (1980)

Schwinger, J.: The Theory of Quantized Fields. I. Phys. Rev. 82,914 (1951)

Simons, P.: Parts: A Study in Ontology. Oxford University Press, Oxford (1987)

Whitehead, A. N.: In: Griffin, D., Sherburne. D. W. (eds.) Process and Reality. The Free Press, New
York (1978)



