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Multivariable Sub-Hardy Hilbert Spaces
Invariant under the action of n-tuple of
Finite Blaschke factors

Sneh Lata, Sushant Pokhriyal and Dinesh Singh

Abstract. This paper deals with representing in concrete fashion those
Hilbert spaces that are vector subspaces of the Hardy spaces H?(D") (1 <
p < oo) that remain invariant under the action of coordinate wise
multiplication by an n-tuple (1,,...,Tn,) of operators where each
Bi, 1 < i < n, is a finite Blaschke factor on the open unit disc. The
critical point to be noted is that these T’p, are assumed to be weaker
than isometries as operators. Thus our main theorems extends the prin-
cipal result of [I0] in the following three directions: (i) from one to
several variables; (i7) from multiplication with the coordinate function
z to an n-tuple of multiplication by finite Blaschke factors B;, 1 < i < n;
(iii) from vector subspaces of H?(ID) to the case of vector subspaces of
H?(D"), 1 < p < co. We further derive a generalization of Slocinski’s
well known Wold type decomposition of a pair of doubly commuting
isometries to the case of n-tuple of doubly commuting operators whose
actions are weaker than isometries.
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1. Introduction

One of the cornerstones of several approaches to describing the structure of
invariant subspaces of some well known operators relies on the device first
used fruitfully by Halmos while describing the invariant subspaces of the
shift operator of infinite multiplicity. This was essentially the use of what is
now referred to as the Wold decomposition. We refer to [4, [5]. The theory
has evolved way beyond the classical Wold decomposition and has used to
great advantage the central idea of a wandering subspace. This has led to
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breakthroughs-using deep technical arguments which have since been simpli-
fied a fair amount-in describing the invariant subspaces of the operator of
multiplication by the coordinate function z on the Bergman space and the
Dirichlet space of analytic functions on the open unit disc D, see [11 2] [12].

The thrust behind the use of wandering subspace stems from relying on
conditions on the operator of multiplication by z that are far more general
than requiring the operator to be an isometry. Some authors such as Izuchi [7]
and Shimorin [I6] have produced a decomposition of Hilbert spaces where the
operator of multiplication by z satisfies certain conditions which encompass
the requirement of being an isometry.

The first and the third authors of this paper adopted an approach in
[10] that also resulted in a description of Hilbert spaces that are vector sub-
spaces of the classical Hardy space H?(D) and on which the operator of
multiplication by the coordinate function z satisfies certain conditions that
also encompass the requirement of being an isometry. These conditions are
independent of the conditions of Shimorin in [16]. Indeed, in [T0] we give an
example of a periodic weighted shift which satisfies our conditions as enunci-
ated in [I0] but does not satisfy the conditions of [I6]. In fact, we also have
an example of an operator that does not satisfy our condition as given in [10]
but satisfies the conditions from [16]. We give details of these examples in
Section 2 where we define a near-isometry which is simply an operator that
satisfies the conditions of [I0]. The additional advantage of our result in [I0]
is that it generalizes some well known results such as the scalar case of de
Branges’ generalization of Beurling’s invariant subspace theorem [3] and also
the main result of [19]. Interested readers can see [I3] and [I9] for simpler
poofs of de Branges theorem for the scalar case.

In this paper by overcoming some redoubtable technical obstacles, we
have managed to adopt an approach along the lines of [I0] to characterize
a class of Hilbert spaces on D™ (n > 1) that are invariant under the ac-
tion of multiplication by multivariable versions of finite Blaschke products.
The conditions imposed on these operators are far weaker than the classical
assumptions of being isometric.

Our main features in this work below claim novelty on four counts:

(i) We generalize-in Theorem 3.1-the main theorem of [10] to a multivari-
able situation where the action of multiplication by the coordinate func-
tion z as in [I0] is replaced by us in our Theorems .6l and Theorem [§
to multiplication by a multivariable version of a finite Blaschke product
acting by an n-tuple of finite Blaschke products acting on the Hardy
spaces over D",

(ii) In the simplest case of n = 1, our Theorem and Theorem are
generalizations of the main theorem of [I0] since the operator of mul-
tiplication by z is replaced with multiplication by an arbitrary finite
Blaschke product.

(iii) In addition, we have demonstrated our results to be valid across all
Hardy spaces HP(D") for 1 < p < oo and not just H?(D").
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(iv) Finally, we have derive a multivariable generalization of the Slocinski’s
two variable Wold decomposition for doubly commuting tuple of isome-
tries [I7] under much weaker assumptions than the requirement of iso-
metricity.

The organization of the paper is as follows. We first introduce the con-
cept of a “near-isometry”. We then produce a decomposition (Theorem B3]
for a near-isometry which reduces to the classical Wold decomposition when
the near-isometry is actually an isometry. We note here that our decomposi-
tion is outside the purview of Shimorin’s decomposition [I6] which is also a
generalization of the Wold decomposition.

Proceeding in the same vein we produce a generalization of Slocinski’s
well known two variable Wold decomposition for doubly commuting tuples of
isometries [I7] to the class of doubly commuting n-tuples of near-isometries
(Theorem B4]). Indeed, our decomposition generalizes the n-variable exten-
sion [I4, Theorem 3.1] of Slocinski’s decomposition. This decomposition is of
interest in its own right and at the same time it allows us to extend The-
orem 3.1 from [I0] and Theorem 4.1 from [20] in a far reaching manner to
give representation of all Hilbert spaces that are algebraically (boundedly)
contained in H?(D™),p > 2 (1 < p < 2) on which an n—tuple of the opera-
tors of multiplication by finite Blaschke factors doubly commute and act as
near-isometries (Theorem and [L3).

We want to remind the reader that Theorem 3.1 from [10] and Theorem
4.1 from [20] do not assume any topological condition between the sub-Hardy
Hilbert space and the Hardy space H?(D), whereas our Theorem G, as
mentioned above, assumes bounded containment of the sub-Hardy Hilbert
space in HP(D™) when 1 < p < 2. However, as we record in Remark [£.7], this
containment condition in our result is redundant for all p in the one-variable
case, that is, n = 1. Thus, Theorem [£.6] and Theorem [£§ for n = 1 generalize
Theorem 3.1 from [I0] and Theorem 4.1 from [20] without adding any extra
hypothesis. Further, as mentioned in Remark [£7, when p = 2, the bounded
containment condition in Theorem[Z.6]is redundant for all n. Hence, we would
like to record here that we have, in the spirit of [I8], [19], and [20] dropped
any topological connections between the sub-Hardy Hilbert space and the
one-variable Hardy space HP (D) for any 1 < p < oo, and the multivariable
Hardy spaces HP(D™) for all p > 2.

2. Notations and preparatory results

For n > 1, let D™ be the open unit polydisc in C™, T™ be the n-torus, and
let m be the normalized n-dimensional Lebesgue measure on T". Further, let
LP(T™) and HP(T"), 1 < p < oo, denote the familiar Lebesgue spaces on T™.
It is well known that using the Poisson kernel for the polydisc D", H?(T™) can
be identified with the Hardy space H?(D™). Henceforth, whenever required,
we will consider H?(DD™) as a closed subspace of LP(T™) without any mention.
Recall that for 1 < p < co, HP(D™) is a Banach space consisting of analytic
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functions on D™ with norm

1/p
I fllp = < sup / |f(rei01,...,r60“)|pdm) < 00 (2.1)
0<r<1 n

and H>°(D") is a Banach algebra consisting of bounded analytic functions
on D" with the supremum norm. In fact, H?(D") is a Hilbert space with the
above-mentioned norm.

A k-tuple T = (T1,...,T)) of commuting operators on a Hilbert space
H is said to be doubly commuting if 7;7 = TT; whenever i # j, and a sub-
space M is said to be joint T-invariant(reducing) if M is invariant(reduces)
under each T;. Let T = (71, ...,T;) be a doubly commuting tuple of oper-
ators on a Hilbert space H. For an integer m € {1,...,k}, we define I,,, =
{1,...,m}, and for A = {iy,...,4} C I, we define Ty = (T},,...,T;,) and
Ng' = Ng x - - x Ny (|A| copies of Ny = NU{0}). For k = (ki,, ..., k;,) € N§',
we denote TX = Ti’jl e Ti’fl. Further, we define W; = H © T;H = Ker(T})
and Wa = [ W;. In case A = (), we take Wy = H.

€A

Definition 2.1. Let H be a Hilbert space. An operator T € B(H) is said to
be a near-isometry if it satisfies the following two conditions:

(i) There exists a constant § > 0 such that d||z|| < ||Tx|| < ||z|| for all
r€H.
(ii) For each k > 1, T*FT*+1H C TH.

We note that the conditions imposed on the operator of multiplication
with z in [I0] are precisely the conditions for being a near-isometry. In [I6],
Shimorin produced a decomposition of Hilbert spaces H connected with op-
erators T' that satisfy one of the following two conditions:

|| T%2||? + ||=||* < 2||Tx|]* for any x € H

or
1Tz +yl? <2 (|[«]|* + ||Tyl[*) for any 2,y € H

As we promised in the introduction, we will now give examples to es-
tablish that our conditions as written in the definition of a near-isometry
are independent of Shimorin’s conditions. Let ,, = 2—1%— when n is even, and

Bn = é when n is odd. Then T, multiplication by z, on the weighted
2

2

Hardy space H?(3) is clearly a near-isometry, but it does not satisfy any of
the two above-stated conditions of Shimorin. We will now give an example of
an operator that is not a near-isometry, but satisfy one of the Shimorin’s con-
ditions. We have taken it from [§, Example 4.4] where the author constructed
it to study hyperexpansive composition operators.

Let X = {(n,m) € Zx7Z:n < m} and let {a,}nez be a sequence of
natural numbers such that a, =1if n > 1 and a, = 2 if n < 0. Further, let
w be measure on the power set of X defined as pu({(n,n)}) =1 for n € Z and
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w({(n,m)}) = a, for n < m. Set

- { JaXiay i i<
Xy 1=
Then {e; ; : (i,7) € X} is an orthonormal basis for L?(X, 1) and

€ it if i<y
T(e; ;) = b+ R . .
(€i)) { €itlitl + /ai€iip1 if i=].

defines a bounded linear operator on L?(X, u1). Simple computations yield
T2 FIP + (1 £11? < 21T f17

for all f € L*(X,u) and hence T satisfies one of the Shimorin’s conditions.
We will now show that T is not a near-isometry. For this, we will show that
there exists a natural number k such that T**T*T1(L?) ¢ T(L?) which is
equivalent to showing that T%(N) J T*+!(L?), where N = L? © T(L?). Let
f = €12 — €22. Then f € N and T(f) = e1,3 — €33 — €23 € T(N) If we
now take g = ey 1 € L?, then T2(g) = e33 + ea3 + €13 € T?(L?). Clearly,
T(f) L T?(g) which shows that T'(N) £ T?(L?). Thus, T*T?*(L?) ¢ T(L?).
Hence, T is not a near-isometry.

Proposition 2.2. Let (Th,...,T)) be a k-tuple of doubly commuting near-
isometries, and let A be a subset of I,. Then for each j € Ij; \ A
(1) Wa reduces Tj,
(it) Wa e TiWa = Wa N W;,
(iit) T is a near-isometry on Wa.

Proof. Fix j € I;; \ A. To show that W, is invariant under T}, let 2 € Wy.
Then z € W; for each i € A which implies that T;*(z) = 0 for each i € A.
Thus, T} (T;x) = T; (T;'x) = 0 for each i € A. Therefore, T;(x) € W4 which
shows that W, is invariant under 7}. By using similar arguments and the
fact that each T; commutes with 7, we deduce that YW, is invariant under
TJT". Hence, W4 reduces T}.

To prove (ii), let x € W4 (Y W;. Then T (x) = 0 which implies, (T}z, h) =
(2, Tjh) = 0 for all h € W4 which proves that € W4 ©T;WW4. To prove the
other containment, let © € W4 ©T;Wa. Then (I}z, h) = (z,T;h) = 0 for all
h € Wa. This implies that Tz L Wa. But T} () € Wy, as Wy is invariant
under T7. Therefore, T3 (z) = 0 which establishes that z € W4 N W;, and
thereby completes the proof of (ii).

To prove (7ii), we first note that 7T} is clearly a contraction and bounded
below on W4. Now, using the facts that W4 reduces T and 7} is a near-
isometry on H, we conclude that Tj?*mT;”H(WA) C Tj(Wa) for all m > 0.
Lastly, since Wy reduces T}, therefore Tj*mTJ?”ﬂ(WA) C T;(Wa) for all
m > 0 even when we consider T} as an operator on W4. Hence, T} is a
near-isometry on Wy. O

The following simple observations from operator theory are extremely
handy for our proof of Theorem .41
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Lemma 2.3. Let Th € B(H) be a bounded below operator. Suppose W is a
closed subspace of H and T € B(H) is an injective operator such that

(i) T'Ty = TxTh,
(iii) TX(W) L Ti"(H) whenever 0 < k < m.

Then the following equalities hold:
01 (& mrwe A Tru) = & nywe A Ty,
m=0 m=0 m=0 m=0

(ii) Ty < N T2’”R> = (| TWTJ*R for any subspace R of H,
m=0 m=0

i) Ao (@ mew)= & 1 [ Tw)

777,1:0 m2:0 m2:0 m1:0

3. Wold decomposition for doubly commuting tuples of
near-isometries

A closed subspace W of a Hilbert space H is said to be a wandering subspace
for a bounded linear operator T' on H if T*W L TYW whenever k # .
Further, an operator T' € B(H) is said to be a shift on H if there exists a
wandering subspace W of T' such that

H= @Tkw.
k=0

Theorem 3.1. (Wold decomposition theorem)[6, Page 109] Let T' be an
isometry on a Hilbert space H. Then we can decompose H into two reducing
subspaces for T as H = Hs © Hy such that Ty, is a shift and Ty, is a
unitary. Moreover,

Ho=PT'W and H,=()T"H
k=0 k=0

where W =H&STH

The Wold decomposition theorem plays a vital role in may areas of op-
erator theory and operator algebras, in particular, invariant subspace prob-
lem for Hilbert spaces of holomorphic functions. It has greatly simplified the
proofs of many classical results, like Beurling’s theorem, its generalization due
to de Branges, and many of their generalizations; thereby it has generated a
new perspective to the area.

In [I7], Slocinski gave a Wold type decomposition for pairs of doubly
commuting isometries which facilitated a de Branges theorem for the bidisc
[18,[11]. Recently, Sarkar [14] generalized Slocinski’s decomposition to several
variables and used it in [I5] to obtain a vector-valued version of Beurling’s
theorem for the polydisc.
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Theorem 3.2. [14] Theorem 3.1] Let V = (V4,..., V) be an l-tuple (I > 2)
of doubly commuting isometries on a Hilbert space H. Then for every m €
{2,...,1}, there exist 2™ joint (V4,..., V) —reducing subspaces {Ha : A C

I,} such that
H= P Ha.
ACIn,

Moreover, for each A C I,,

Ha= @D VE[ [ ViaWal.

keNg jENém’\A

and whenever Ha # {0}, Vil is a shift fori € A and unitary fori € I, \ A.

In this paper, we work with near-isometries which may not necessarily
be isometries, and so we do not have the Wold decomposition or it’s above-
mentioned extensions at our disposal. Interestingly, we establish an analogue
(Theorem B3) of Wold decomposition for near-isometries. Furthermore, fol-
lowing the ideas of Sarkar [14], we extend this decomposition to doubly com-
muting tuples of near-isometries (Theorem [B4]) which, in fact, generalizes the
above-mentioned Sarkar’s decomposition (Theorem [B.2) to our setting.

The first and the third authors proved the following analogue of the
Wold decomposition for near-isometries implicitly in the proof of their main
theorem in [10]. We would like to state and prove it here as an independent
result as apart from being interesting in its own right it also acts as a foun-
dation for our analogue of the Wold decomposition for doubly commuting
tuples of near-isometries.

Theorem 3.3. Let T € B(H) be a near-isometry. Then H can be decomposed
into two reducing subspaces of T as

H=Ho®H:

such that T is a shift on Hy and invertible on Hy. Moreover,

Hy = Q_}()me, Hi = OOTWH.

where W =HOSTH

Proof. Let W = H © TH. We are given that T is a near-isometry, therefore
T*mTm 1 C TH for all m > 0 which imply that T™W L T™H'H for
all m > 0. Thus, 7™W L TFW whenever m # k. Also, T is bounded

below, so each T™W is a closed subspace of H. Let Ho = @ T™W and
m=0

Hi= () T™H. We will show Hg = H;.

m=0

Since T™W L T™tH for all m > 0, therefore Hy L 1 which implies
that H, C ’Hé‘. For the other containment, observe that 77W 1 T™+ly

for all m > 0 which implies that T™H = T™W & T™H for every m > 0.
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Thus, if z L T™W for all m > 0, then x € T™H for all m > 0. Therefore,

Hy = H;.
Lastly, by definition, Hy and H; are both T-invariant, T" is a shift on
Ho, and invertible on ;. This completes the proof. O

Theorem 3.4. Let (T1,...,T%) be a doubly commuting k-tuple of near-
isometries on a Hilbert space H. Then for any m, 2 < m < k, there exist 2™
joint (T, ..., Tn)- reducing subspaces {Ha : A C I,} such that

H= P Ha

Ag[?n
where for a non-empty A C L,
we= @i N 1w, @
’I‘GN(‘)4 jeNéwL\A
and for A =),
Ha= () TIH (3.2)
reNim

Furthermore, for each A C L, Tilu, is a shift if i € A and is invertible if
iel,\ A

Proof. We will prove the result by induction on m, and for this, we first
prove the result for m = 2. Since 77 is a near-isometry on H, therefore using
Theorem B3] we decompose H as

= mw P () Ti"H, (3.3)

m1=0 mi1=0

where Wi = H © TvH, Ti|ge gy is a shift, and Ti[qe  grmigy is

m1=0"1 mp=1"1

invertible. By Proposition 222 ToW; C W, and T5 is a near-isometry on Wy,
therefore applying Theorem [3.3] for W, we can write

W= P W e TV ED () T3 W
meo=0 meo=0
=P W) P () 75w (3.4)
meo=0 mo=0

Using the decomposition of W, from equation ([B4]) in equation(33), we
obtain
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= ™ <@ W W) €D ) T{"‘QV\A)@ N 7 H

m1=0 mo=0 mao=0 m1=0

— é T Ty (W, mm)@(é T < ﬁ T{"‘QV\A))

mi,ma=0 m1=0 mo=0
&P N (3.5)
m1=0

The second equality above follows using Lemma Note that T5 is also a
near-isometry on H, therefore using Theorem again, we can decompose

H as

Then, using Lemma 23] we get

"1 = TTEwW P () 1T

ma =0 ma =0
This yields

ﬁ MM = ﬁ <é T{”lTQ’"?Wg)@ ﬁ (ﬁ T{”ng”W)

m1:0 m1:0 szO m1:0 777,2:0

=P - ( N T{mwQ) b () = (3.6)

m2:0 777,1:0 ml,mQ:O

Using equation (3.0) in equation ([33]), we get

M= é T Ty (W N Wa) €D ( é I ( ﬁ T{"‘2W1>>

m17m2:0 m1:0 mzZO

@(é " ( ﬁ TI“Wz)) D ﬁ T Ty

m2=0 m1=0 my,ma=0

Thus, for m = 2, H is represented as a direct sum of closed subspaces
where the summands in the above decomposition of H are precisely the same
as the the ones written in equations (B1I) and B2).

Clearly, each summand H 4 in the above decomposition of H is invariant
under T} as well as T5. Thus, each summand reduces T; as well as T5. Now

[ee]
for A=15, Ha= @ TlmlTQmQ(Wl QWQ).

ml,mz:()



10 Sneh Lata, Sushant Pokhriyal and Dinesh Singh

But,

B mmTrmwnwe) = @ (@ T2 (W, mw2)>

m17m2:0 m1:0 mzZO
=P e <@ 7" (W, mW2)>
szO m1:0

Therefore, T} and T both are shifts on H 4.
Now consider A = {1}. Then Ha = @ Ti™ < N T2m2W1> . Then

mi1=0 mo=0

clearly T is a shift on H 4. We already have that H 4 is invariant under T5
o0 o0
and T5 is one-to-one. Also, Th ( n 3" 2W1) = () 75"*W; which implies

mo =0 mo =0

that To(Ha) = Ha. Thus, T, is invertible on H 4.
Similarly when A = {2}, T} is invertible and 75 is a shift on Ha =
& 1 A mmm).

mao=0 m1=0
oo
Lastly, when A is empty, Ha = (| 77"'T5"*H in which case, using
ml,mgzo

the arguments similar as above, it can be easily seen that T; and T, are both
invertible on H 4.

Hence, the result is true for m = 2. Now suppose the result is true for
m = r where r +1 < k. Then

H=EP Ha, (3.7)

ACI,
where for each non-empty A C I,.,
Ha=EPTh| () TI aWa (3.8)
leNA FENIr\A
and for A =0
Ha= () T(H). (3.9)
1eNg

Let A be a non-empty subset of I.. Since 7,11 is a near-isometry on Wy,
therefore using Theorem [3.3] we can write

WA - @ T::L-T—l (WA N Wr-i—l) @ ﬂ T::L—T—lWA

My41 =0 Myri1 =0
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Using this representation of Wy in equation ([B8) and Lemma 23 we get

- @ T | N .l now

LENG ,my41€Ng jENIT\A i€ AU{r+1}
@ @ Th ﬂ ﬂ 17, \A T Wa | |- (3.10)
lENé’ JeNér\A mMy41=0
Further, when A = (),
Ha= () TIH (3.11)
leNg

Now applying Theorem for the near-isometry 7,41 on H, we have

O W ® N H

My41=0 my41=0

Using this representation of H in equation ([BI1]), we get

Ha= ()T} @ W@ N

lENg Mypt1= 0 m7.+1:0
o0

_ m7+1 m7+1

-N [ & nrwwad N

lENS m7.+1:0 Mp41 =0

oo

T T! T H (3.12)
r+1 I, 7‘+1 Ipyq :

my41=0 LeNG leNIT+1

9

Using equations ([3I0) and (3I2) in equation (B1), we see that H =

@D Ha, where the summands H 4 are same as in equations (1)) and (32)
ACT, 1

for each subset A of ;1. Also, by similar arguments as were used in the case
for m = 2, it can be seen that T;|4, is shift whenever i € A and is invertible
whenever i € I,41 \ A. This completes the proof. O

Remark 3.5. If the operators T, ..., T} in Theorem [3.4] are assumed to be
isometries, then Theorem reduces to Theorem 8.2. Hence, Sarkar’s de-
composition (Theorem 3.2) is a special case of our decomposition; thereby
Slocinski’s decomposition [IT] also turns out to be a special case of our de-
composition.
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4. de Branges’ theorem for doubly commuting n-tuples
of near-isometries

In this section, we give a representation of sub-Hardy Hilbert spaces over
the polydisc D™ which are invariant under any k-tuple of operators of multi-
plication with finite Blaschke products that are near-isometries and doubly
commute on the sub-Hardy Hilbert space. We first get a representation when
the involved multiplication operators are assumed to be isometries, and later
use it to work with the general case.

Let By,..., B, be finite Blaschke products with degrees rq,...,r,, re-
spectively. We know from [20] that each finite Blaschke product give rise to
an orthonormal basis for H?(ID). We first recall this construction of basis for
H?(D) generated using the finite Blaschke B;. Let

o —al
Bi(z) = [ —=
i 1—apz

For 1 < j <, define

N /1= |ad)? J i
; 1 . ) _
Ki(2) = —=, ki(z)=Y—="—, and Bi(z) =[] Z—=L.

l—ozéz 1 —ajz -1 1—ajz
Further, define
€ = k;'.HB;B;”, (4.1)

forOgjgri—landmZO,whereBé(z)zl

Then {¢!,, : 0 < j <r;—1, m > 0} forms an orthonormal set in H?(D)
which becomes an orthonormal basis for H?(D) if we assume o! = 0.

From this point onwards, By, ..., B, are fixed finite Blaschke products
with r1,...,r, factors, respectively. For each i, let Tz, : HP(D™) — HP(D")
denote the isometry

T, f(z1,...,20) = Bi(zi) f (21, -, 2n)-

For any automorphism ¢ of unit disc and any fixed 1 < i < n, if we let
@i : D™ — D™ denote the map ¢; (21, ..., 2n) = (21, -+, 2i—1, ®(2:), Zit1, - - -5 Zn),
then the composition operator induced by ¢; on the Hardy space HP(D"), 1 <
p < oo is well-defined and one-to-one. Therefore, in our investigation of rep-
resentation of a Hilbert space that is a vector subspaces of a Hardy space
HP(D™) on which the tuple (Ts,,...,Tp, ) doubly commute and each T, is
a well-defined near-isometry, we can without loss of any generality assume
that aﬁ =0foreach1<i<n.

Then, for every Blaschke product B;, the set {e;ﬂm 0<j<r—
1, m > 0} is an orthonormal basis for H?(D). Now for j = (j1,...,jn) with
0<ji<ri—1and m = (my,...,my) € N, define

ejm(zla e ,Zn) = e}lml (Zl) T G?W,mn (Zn)
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Then, using the identification of H*(D") with H*(D) ® - - ® H*(D), {ejm :
0<j; <7 —1,m € N} forms an orthonormal basis for H?(D") and
ri—1,...,rn—1
H?*(D") = @ efo el H* (B, By) (4.2)
J1se30n=0

where H*(By,...,B,) is the closed linear span of {B{"*---B™ : m; >
0} in H?*(D"). Following the terminology of [20], we call a scalar o, the
(j, m)" B—Fourier coefficient of f € H*(D") if ajm = ([, €jm).

Lemma 4.1. Let ¢ € H*(D"). Then each ¢, € H>(D"), where ¢;s are

unique functions in H*(By,--- , By) such that
ri—1,,rp—1
b= T ehgreliob
1:(7417 7i'rz)

i1, in=

Proof. To prove the result, it is enough to show that each ¢; multiplies
H?(By,...,B,) into H?(D"). For this, we take f € H?(B1,..., By), and let

00 ) k1, kn )
_ ph...pi — - pih...pi
f= > QG ., By Bir. Suppose fi,. k., = Q. B B
i1,eerin=0 i1yeensin=0

Then fx, .1, converges to f in H?(D"). Now consider,

ri—1,...,rn—1

6firnal P < D @5 frrall®

1
M

llej, o € 005 frr.n |

J:(]I::Jn)
JiyJn=0

= a1 (4.3)

Since {fx,. k,} is Cauchy in H*(D") and ¢ € H>®(D"), {¢fr,. .k, } is
also Cauchy in H?(D"). This, using inequality ([@3), implies that {¢; fx, .k, }
is Cauchy, hence converges to some h € H*(D"). But, convergence in H?(D")
implies pointwise convergence; therefore ¢; f = h. Thus, we conclude that ¢;
multiplies H?(Bx,. .., B,) into H?(D"). This, using equation @2 together
with the fact that each €] ,---€7 ; is in H>*(D"), establishes that ¢; multi-
plies the entire H?(D") into itself. Hence, ¢; belongs to H>(D".) O

From this point onwards, we will work with the n-tuple (Ts,,...,T5,)
only and, for notational convenience, we will use T; in place of Tz, in all our
results. The following is an extension of Theorem 4.1 from [20].

Theorem 4.2. Let M be a non-zero Hilbert space that is a vector subspace
of HP(D™) for some 1 < p <2, and let M be boundedly contained in HP(D™)
whenever 1 < p < 2. Suppose the operators Ty, ..., T, satisfy the following
conditions on M:

(i) T;(M) C M for each j =1,...,n;
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(it) Tj is an isometry on M for each j =1,...,n;
(iit) T;Ty, = TxT; for every j # m, where the adjoint is with respect the
inner product on M.

Then there exits an orthonormal set{¢y, ..., ¢p} in M withr <1+ 1y

consisting of H’A’%(]D)") functions (;—pp means oo when p = 2) such that

M=¢1H*(By,....B,) @+ @ ¢, H*(By,...,By) (4.4)

and

llerfr+ -+ onfellla = AIE + -+ IIf]13 (4.5)
whenever fi1,...,f. € H*(B1,...,By).

The following two lemmas are essentially part of the proof of Theorem
2 but we are proving them separately for reader’s convenience. We note
in advance that the idea of the proof of Lemma for the case p = 2 is
same as Lemma 4.2 from [20]. Also, the proof of Lemma [£4] is essentially
a careful extension of the basic idea used in the proof of Lemma 4.3 from
[20] to the several variable situation. We still present these proofs below for
completeness.

Lemma 4.3. Let M be a non-zero Hilbert space. Suppose M and the oper-
ators Ti, ..., T, satisfy the conditions of Theorem [[.3 If ¢ € M such that
{¢B]"* -+ B :ma,...,my > 0} is an orthonormal set in M, then
2,
(ii) ¢ € Hﬁ(]])"), where ;Tpp means oo for p = 2;

(iii) ||ofllx = | fll2 for all f € H*(Bi, ..., Bn).

00 . )
Proof. Toprove (i),let f € H*(By,...,By)and f = Y. «y,..;, B{* -+ Bir.
i1 yeerin =0
Fyoekon , ‘
Suppose fi,. .k, = 2, Q.. Bt Bl Then fi,  , converges to f in

7;1y~~~7in20

H?(D"). Now consider

Eykn
oS Fa =11 D iy, 8B -+ Bl
0150e0yin =0
Eykn
= > i i, 0B - B g
015000y in =0
Eykn
= > il
015000y in =0
= 1 fretn |3 (4.6)

Thus, {¢fk,.. -k, } is a Cauchy sequence in M and hence converges to some
h € M. We divide the rest of the proof of part (7) in the following two case.



Extending De Branges and Beurling 15

Case: p=2 For any fixed k = (ki,...,k,) € N, we can write

[
h= Y o¢B" - B+ B hy+-- 4+ B Thy,

J=(1,--2dn)
Jiseesdn=0

= Ofry. ke T BflJrlhl R Bfi"—th

ri—1,,rp—1
for some hq,...,h, € M. Let ¢ = > el o el op; for some ¢; €
i:(ilv"'vin)
11, ,in=0

H?(By,...,B,). Then the coefficient of e;; in h is given by

(h, €ik) = (D fky..kn» Cik)
= (bifrr. ky, BI - BEn)

This shows that ¢; f € H?(By, ..., B,) which implies that ¢ f € H?(D").
We also get (¢f, eir) = (h, e;x) which implies h = ¢ f. Thus, 9H?(B1, ..., B,) C
M.

Case: 1 < p < 2 Since M is boundedly contained in H?(D") and ¢ fg, ...k,
converges to h in M, therefore ¢fi,...r, converges to h in the p-norm. Also,
fry-k, converges to f in 2-norm. Now using the fact that convergence in
p-norm as well as the convergence in 2-norm implies pointwise convergence
on D", we conclude h = ¢f. Hence, ¢of € M.

Thus, from the above two cases, we conclude that ¢H?(By, ..., B,) C
M. This establishes (i).

Now using (i) and equation ([£2) together with the fact that each
el o €l is in H>(D"), we readily conclude that ¢H?(D") C HP?(D").
Hence ¢ € H®(D") when M C H?(D") and ¢ € H’é‘%(]D)") when M C
HP(D"™) for 1 < p < 2. Lastly, (¢i4) can be deduced easily from equation

D). O

Lemma 4.4. Let M be a non-zero Hilbert space that is a vector subspace of
H?(D"). Suppose M and the operators Tg,,...,Ts, satisfy the hypotheses
of Theorem [[.2 If ¢1,...,¢r are non-zero functions in H>(D™) such that

(i) p; H*(By,...,B,) C M for eachi=1,...,r,
(ii) ¢;H?*(Bu,...,Bn) L ¢;H*(B1,...,By,) in M whenever i # j.

Thenr <ri---Tpn.

Proof. To understand the proof better we assume that each B; has 2 factors,
that is, 71 = --- = r,, = 2. The proof for the general case is identical.
Suppose there are rq - - -7, +1 = 2" 4+ 1 non-zero functions ¢1, ..., pant1
in M which satisfy the hypotheses (i) and (i¢) given in the statement of the
lemma. Using the decomposition of H?(D") given by equation ([#Z]), we can
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write
1,1
b= >, elgetodl, 1<j<2M 41 (4.7)
01 yeeyin =0
’l::(il,...,in)
Let t1,--- ,tan be the enumeration of the set {i = (i1,...,4,) : 0 < i; < 1}
such that t; < --- < ton (dictionary order) and define
o1 P2 - Panga
n 1
) o1, 0%, - ot
1= ) ) . ) ,
¢%2n ¢%2n R ¢t2:’>1

Then, using equation (7)), det(A1) = 0. Note that each ¢; € H>(D"), there-
fore, using Lemma 1] , each qﬁ € H>(D"). Also, qﬁ € H?(By,...,B,).
Therefore, the minor of each ¢; is a well-defined element of H*(By,. .., By,).
Let )\} denote the minor of ¢;. Then
2" 41
det(Ay) = > (=1)7 73\ =0.
j=1

Therefore

2" 41
< > (—1>j1¢>jA}7¢>mi> =0
Jj=1 M
for every 1 < k < 2"+1. Now using the hypothesis (i), we get (¢rAr, PpAL)m =
0 which implies A}, = 0 for every 1 < k < 27+,

For the next step, take any 2™ elements py, ..., pen C {1,...,2"+1} such
that p1 < p2 < -+ < pan (usual order) and 2™ — 1 elements q,...,gon_; C
{i = (i1,...,4) : 0 < i; < 1} such that g, < g, < ---gyn_; (dictionary
order) and form the 2" x 2" matrix

¢P1 ¢P2 e ¢P2771z
D1 D2 . D2
q; q, ¢q1
A2 = . . . )
D1 D2 Dn
gon_1 qon_y T gon_q

By using the expansion of ¢, as written in equation ([fZ), we obtain that
det(As) is equal to a scalar (either 1 or -1) multiple of A} for some 1 < k <
2" + 1, hence must be zero.

Again, as explained above, the minor of each ¢, is a well-defined ele-
ment of H2(By, ..., B,), let us denote it by )\?. Then,

on

det(Az) =Y (=1) 7', A2 = 0. (4.8)

i=1
Now using equation (£3]), hypothesis (ii), and following the similar ar-
guments as above, we obtain that )\?)], =0 for 1 < j < 2" We repeat this



Extending De Branges and Beurling 17

process for all choices of {p1,...,pan} C{1,...,2"+1}and {qy,...,9on_1} C
{i=(i1,... in): 0<i; <1},
After 2™ — 2 iterations, we form a 3 x 3 matrix

¢P1 ¢p2 ¢p3

— P1 P2 P3

AQ" -1 = q; q; q;
D1 D2 P3

q> gz g3

for some p1,pa,p3 € {1,...,2" + 1} with p; < pa < p3 (usual order) and
q,,9, € {i = (i1,...,1y) : 0 < 4; < 1} with g¢; < g, (dictionary order).
Then, as done before, using a minor from the (2" — 2)*" step we obtain that
det(Agn_1) = 0. Let A2 ~! denote the minor of ¢,, which is a well-defined
element of H?(By, ..., B,) because of Lemma 1] and equation (). Now
using the hypothesis ¢; H*(Bi,...By,) L ¢;H?*(B,...,B,) whenever i # j

one more time, we obtain that ¢h 0 — Zﬂgég; =0fori+#j i,j=1,2,3.
By repeating this for all possible choices of pi, p2, p3 and g, g5, we obtain
P3Pk = Gudy' (4.9)

for any I,m € {1,...2m"1} with [ #m and j,k € {i = (i1,...,4,) : 0 <4 <
1} with j # k.

Lastly, for any fixed choice of p1,ps € {1,...,2" + 1} with p; < ps and
ge{i=(i1,...,1y): 0 <i; <1} form the matrix

_ ¢P1 ¢P2
Ao = ( I )
1,..,1

Then det(Ayn) = Yo el g e} o(F ¢P> — ¢P1 %) = 0, using equation
1=(11,000s0n)
i#q

81 eeeyin=0
E3). Thus, ¢p, ¢5* = ¢p,¢h+ = 0. But Gpy H*(B1,...,By) L ¢p, H*(Bu, ..., By).
Therefore ¢p, ¢ = 0 = ¢p, ¢h' which implies that gLt = @72 = 0. Repeat-
ing the process for choices of p; and g, we conclude that gbé = 0 for all
1<j<2"4+1andgq € {i=(i1,...,%,) : 0 <i; <1} which implies that
¢; = 0 for all j, but each ¢; is non zero. Hence we arrive at a contradiction
which establishes that we can’t have more than 2" functions in H*(D") that
satisfy the hypotheses (i) and (ii). This completes the proof. O

Before giving the proof of Theorem 2] we note that it’s proof for the
Case p = 2, is essentially Lemmas .3 and .4t therefore, it is indeed a careful
extension of ideas from [20] to several variables situation. But, we would like
to mention that the ideas used for the Case 1 < p < 2 are new and original.

Proof of Theorem Since T1,...,T, acts as isometries on M and dou-
bly commute as operators on M, therefore using Theorem 4] we can de-
compose M as

M= P My, (4.10)

ACI,
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where
Ma= @@ Ti| () TI aWa)| when 0#ACI,
‘I"ENS" jGNén\A
and My = ﬂ 17 M when A=10
reNé"

with Wa = ();ea Wi, Wi = ker(T}"). Note that elements of M are analytic
functions on D™ and B;(0) = 0 for all 1 < ¢ < n, therefore M4 = {0}
whenever I,, \ A # (. So, equation (LI0) reduces to

M= P 17w, (4.11)
rel,
We will now show that the dimension of Wy can at be most r1---rp,.
For this we will work with cases p =2 and 1 < p < 2 separately.

Case p=2: M C H?*(D") Let {¢1,...,¢,} be an orthonormal set in Wy, .
Then, for each i, {¢;B{"*--- B :mq,...,m, > 0} is an orthonormal set
in M. Thus, using Lemma 3] we obtain that

(i) ¢p;H*(B1,...,B,) C M for each i

(i) ¢; € H*(D") for each i;
(iii) ||difllm = ||fl|2 for every f € H?(By,...,By).

Also, ¢;H*(B1,...,B,) L ¢;H?*(By,...,By) whenever i # j. Then,

using Lemma 4] we conclude, r < ry ---7,. Hence the dimension of Wy, in
this case can at be most be r1 - -7,.

Case: 1 < p < 2 Using equation (@I and Lemma 3] we get that W;, C
H7% (D") C H*(D") which implies M N H2(D") # 0.
Set X = M N H?(D"). Then we can easily check that
[|z]? = |34 + []2]13

defines a norm on X and it becomes a Hilbert space with this norm. Note
that X C H?(D") and each T} is an isometry on X. Hence using Case p = 2,
we get

xX= & nm--TmN
my,...,;Myp >0
where N' = X1 N -+ N X, with X; = ker(T}) and dim(N) can at most be
1+ Tn. We will show that dim(Wry,) < dim(N). For this, let {f1,..., fx}
be a linearly independent set in Wy, . Note that, using Proposition [Z2] we
can decompose X in terms of X7, ..., X,,_1 as follows:

X=T(X)DTo(X) @T3(X1NAX) & --- DTy, <”ﬁ X7> & (ﬁ X7> :

i=1 i=1
Since Wi, C X, we can represent each f; as

fi = Th(al) + To(a?) + T3(al) + - - - 4+ T (a?) + by,
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Whereal1 €EX, bjcXiN---NX, =N and a{ ceXin---NXj_g for2<j<n.
k
We claim that {by,...,bx} is a linearly independent set. Suppose Y «;b; = 0.
i=1
Then,

k kK n n k
Z()éifi = ZZO@Tj(G{) = ZTj <Z am{) . (412)
i=1 i=1 j=1 j=1 i=1

Note that the right hand side of equation ([I2)) has an element of > | T;(X) C
>oii Ti(M) € Wi, whereas left hand side is an element of Wy, . Therefore,
Ele a; fi = 0 which implies that each «; = 0. This proves that {b1,...,bs}
is a linearly independent subset of . Hence k can at be most 7y - - - 7, since
dim(N) < rq---ry. This implies that dim(Wry,) <rp---1y,.

From the above two cases, we conclude that dim(Wy,) <1y -« ry, Wi, C
H>(D") when M is a vector subspace of H?(D"), and Wy, C HZ%(]D)")
when M is boundedly contained in H?(D"). Now equation (@3] follows from
equation ([@II) by taking an orthonormal basis for Wy, . Lastly, equation
3) follows from equation (4] together with the fact ||¢f||am = ||f]|2 for
every ¢ € M with ||¢||m and f € H?(By, ..., By,). This completes the proof.
U

Lemma 4.5. Let Y be a Hilbert space space consisting of analytic functions
over D™. Suppose {¢p1,...,¢r} is a linearly independent set in Y such that

(i) for each 1 < j <r, ¢;f €Y whenever f € H*(Bi,...,By) and ¢,f =
> am @By - Bl for f = > O B - B

m=(mi,...;my) m=(mi,...;my)
mi,...,mMy=0 mi,...,my=0

(i1) (bjBil <o Bln L g B - B™ in Y for every 1 < j, k < r whenever
(11,...,ln)7é(m1,...,mn).

Then ¢1f1+ -+ ¢pfr = 0 for fi,..., fr € H*(By,...,B,) if and only if

each f; = 0.

Proof. Suppose f1,..., fr € H*(By, ..., By) such that ¢1f1 +---+ ¢, fr = 0.

Then, for any fixed m = (mq,...,m,) and 1 < j <r,
(orfr+-+ e fr ¢y B" - B'm) = 0.
Let fi= >  «iBFM...Bf for1<i<r Then
k=(k1,....kn)
ki,....,kn=0
<a1n31n1 ~-BMgy + -+l ¢ B - B™ ¢, BT ._B:;nn> -0
Thus,

(b1 + - + ) BI - B || = 0
which implies al,¢1 + -+ + al, ¢ = 0. Now ¢1,...,¢, are linearly inde-
pendent, therefore al, = --- = af, = 0. By repeating this process for all
m = (mi,...,my), we get a, = 0 for every m and every 1 < j < r. Hence,
each f; = 0. This completes the proof. O
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Theorem 4.6. Let M be a non-zero Hilbert space that is a vector subspace
of HP(D™) for some 1 < p < 2. Suppose M is boundedly contained in HP(D™)
when 1 < p < 2. Further, suppose the operators T1, ..., T, satisfy the follow-
ing conditions on M :

(1) TjM C M for each j;
(it) each T} is a near-isometry on M;
(iii) the tuple (T1,...,T,) doubly commute on M.

Then there exists an orthonormal set {¢1, ..., ¢} in M withr <ry...ry,
such that

M :¢1H2(B17"'7Bn)@"'@¢TH2(B1a"'7Bn)
where the closure is in the norm on M and

(a) each ¢; € H%(D”) with the understanding that i—pp means oo when
p=2,

(0) loifllm < || fllm for each f € H*(By,...,By,) and 1 <i <r,

(¢) the direct sum is an algebraic direct sum.

Proof. Since the tuple (T4, ...,T,) doubly commute and each T; is a near-
isometry on M, using Theorem 4] we decompose M as

M= P My, (4.13)

ACI,

where

My = @ T* ﬂ T;,L\A(WA) when 0 #AC I, and

k:ENE)4 jGNé"\A
My = ﬂ TI’ZM when A=10
keNin

with Wa = (;ca Wi, Wi = ker(T}"). Notice that elements of M are analytic
functions on D™ and B;(0) = 0 for all 1 < i < n, therefore M4 = {0}
whenever I, \ A # (. So, equation ([£I3)) reduces to

M= P 1w, (4.14)

kel,,

We will first show that Wy C jig=7 (D™). For this, take ¢ € Wy, with

[|6llm = 1. Then {¢B]** ---B*™ : mq,...,m, > 0} is an orthonormal set
oo . )

in M. Suppose f € H*(By,...,B,) with f = > a;B{'---Bin. Set
J=01,---:0n)
Jise-Jn=0

klv--wkn . )
Try ok, = > «a;B{'---Blr, then the sequence { fi,...r, } converges to
.7:(]17;]71)

J1see5In=0
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f in H?(D"). Now consider
K1yeeokn

lofurkallia = D llageBy B |?

j‘:(jlw"'v.jn)
J1se-5In=0

= |l frr-oea 12 (4.15)

This yields that {¢fg,..k,} is a Cauchy sequence in M, hence con-
verges to some h in M. For p = 2, we deduce ¢f = h by calculating the
(i, k)" B-Fourier coefficient of h using exactly the same arguments as we
used in Case p = 2 of Lemma 3] When 1 < p < 2, M is boundedly con-
tained in H?(D™) which implies that {¢fx,. k,} converges to h in H?(D").
Also, fx, .k, converges to f in H?(D"). Thus ¢f = h, since convergence
in p-norm and 2—norm implies pointwise convergence. Therefore, ¢f = h
irrespective of the value of p.

Hence, ¢H?*(By,...,B,) € M C HP(D") for 1 < p < 2. This, as
we noted earlier as well, readily establishes that ¢H?(D") C HP(D"). Con-
sequently, Wy, C H?P/2-P(D"), where 22_—pp means infinity when p = 2.
Also, equation [@IH) yields ||of]|m < ||@l|mllfl|l2 whenever ¢ € Wy and
f € H*By,...,B,).

We will now show that the dimension of Wy, can at most be 7y ---7y,.
To this end, let {¢1,...,®,} be an orthonormal set in Wy, . Then,

X =¢1H*(By,...,Bn)+ -+ ¢, H*(B1,...,By)

is a vector subspace of H?(D™). Note that the set {¢1,...,¢,} C M satisfies
the hypotheses of Lemma L] therefore, ¢1 f1+-- -+ ¢, fr =0 for f1,..., fr €
H?*(By,...,B,) if and only if f; = --- = f. = 0. As a result,

1D eifillx =D Il
=1 =1

defines a well-defined norm on X. In fact, X' is a Hilbert space with respect
to this norm.
Further, for any fi,..., f. € H*(By,...,B,)

||¢1f1 + .- +¢Tfr||p é ||¢1f1||p + -+ ||¢Tfr||p
<ol zo [l filla + -+ [[dr]] 20 |l frll2

Hence, X is a Hilbert space that is boundedly contained in H?(D™). Also, each
T; is an isometry on X. Therefore, using Theorem 2] dim(X;N---NX,) can
at most be ry - - - r,,, where X; = X ST; X. We can easily see that {¢1,...,¢,}
is an orthonormal set in X. Consequently, to show that r < ry---r,, it is
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enough to show that each ¢; € ﬂ?zl X;. Fixany 1 < j <mn,andlet f € T;X.
Set f=T;(>"i_, ¢ifi) for some fi,..., fr € H*(Bi,...,By). Then,

(i, TifYae = (¢pi, 1 Bjfr + -+ ¢ Bjfr)x = (1,Bj fi)2 =0
as B;(0) = 0. Thus, ¢; L T;&X which means ¢; € Xj;. Thus, {¢1,...,¢,}
is an orthonormal set in ﬂ;.lzl A&; which implies that r < ry---7,. Hence,
dimension of Wy, can at most be ry---7,.

Lastly, let {¢1,---,¢,} be an orthonormal basis of W,,. Then, using
equation ([@I4]), we get that

o1 H*(By,...,By) + -+ ¢, H*(By,...,B,) (4.16)

is dense in M. Furthermore, using Lemma again, we conclude that the
sum on the right hand side of equation ([£I6) is in fact an algebraic direct
sum. Hence,

M = ¢1H2(B15"'7Bn) @@¢TH2(B1,,Bn)

Finally, we note that the assertions (a) and (b) from the statements of the
theorem have already been shown to hold true for any unit vector in Wy, in
particular, they are true for ¢;s. This completes the proof. O

Remark 4.7. In Theorem [.0], the bounded containment of the sub-Hardy
Hilbert space M in HP(D™) for 1 < p < 2 is used only to show that the

subspace Wy, is a subset of H?% (D™). We could work without this condition
for p =2 case because of equation ({-3) which is a decomposition of H*(D")
in terms of H?(B, ..., By). A similar decomposition exists for HP(D), 1 <
p < oo which for p = 2 is indeed equation (4.3) with n = 1. We brief it
here for reader’s convenience. Suppose B is a finite Blaschke product with
k factors and e, 1 < i < k —1 are functions defined by equation (7.1
corresponding to B. Then [9] proves that

HP(D) = eqoH?(B) & - -+ & e(_1)0H(B),

where HP(B) is the closed linear span of {B’ : j > 0} in HP(D) and the
sum is an algebraic direct sum for p # 2. It is not difficult to check that
H?(B) ={foB: f € H?(D)}. Now, by using this decomposition and the fact
that elements of HP(D) are power series on the unit disk we can easily show
that elements of Wy, multiplies H*(B) into M without assuming a bounded
containment of M into HP(D). Therefore, the bounded containment condition
is redundant for one variable case in Theorem [{.0]

Theorem 4.8. Let M be a Hilbert space which is a vector subspace of
HP(D™) for some p > 2. Suppose the tuple (T1,...,T,) satisfies the con-
ditions (i), (it), and (iii) of Theorem[{.6 Then M = {0}.

Proof. Since p > 2, M is a vector subspace of H2(D") as well. Thus, using
the same arguments as we used in Theorem Gl for Case p = 2, we get

M= P 17 Wi,

rel,
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and functions in Wy, multiplies H?(By, ..., B,) into M C HP(D"). This im-
plies that functions in Wy, multiplies H?(D") into HP(D") C H?(D"), hence
Wy, € H>®(D"). But no non-zero function in H°(D") can multiply H?(D")
into H?(D™). Hence Wy, = {0} which implies M = {0}. This completes the
proof. 1

Corollary 4.9. [10, Theorem 3.1] Let M be a Hilbert space which is a vector
subspace of H*(D). Suppose the operator of multiplication with the coordinate
function z is well-defined on M and is a near-isometry on M. Then there
exists a function ¢ € M N H>®(D) with ||¢||pm = 1 such that

M = ¢H?(D) (closure is in the norm on M)
and [|¢f[|p < || fll2 for all f € H*(D).

Proof. This is simply the one-variable case of Theorem for p = 2 where
the Blaschke product is the coordinate function z. O

Corollary 4.10. [20, Theorem 4.1] Let M be a Hilbert space such that
(i) M is algebraically contained in H?(D);
(i) M is invariant under Ty, the operator of multiplication with a finite
Blaschke product B with m factors;
(iii) Tp is an isometry on B.
Then
M=¢H*(B)®--- @ ¢, H*(B)
where each ¢; € H>*, 1 < j <, and r < m. Further,

lorfr+ -+ onfellla = AN+ + 13 f; € HA(B)
for each f = ¢1fi + -+ 60 fr in M.

Proof. Every isometry is a near-isometry and hence the result follows form
Theorem by taking n =1 and p = 2. O
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