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Abstract. We consider the conductance distributions in chaotic mesoscopic cavities
for all three invariant classes of random matrices for arbitrary number of channels
Ni, Ny in the connecting leads. We show that the Laplace transforms of the
distributions can be expressed in terms of determinants in the unitary case and
Pfaffians in the orthogonal and symplectic cases. The inverse Laplace transforms
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of N = min(Ny, N2), and thus is of direct experimental relevance. We also obtain
the conductance distributions for orthogonal-unitary and symplectic-unitary crossover
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1. Introduction

The study of quantum transport properties in chaotic mesoscopic cavities has attracted
a great deal of attention in the last two decades [1]-[3]. The importance of theoretical
investigation in this direction has increased in recent years because of the availability
of sophisticated experimental techniques which can be used to test these theoretical
predictions [3, 4, 5, 6, 7, 8, 9]. Landauer-Biittiker formalism provides a powerful way
to investigate the quantum transport properties in these systems [10, 11, 12]. This
formalism is based on the scattering matrix approach and enables one to work out
important quantities such as conductance and shot-noise power from the knowledge of
the transmission eigenvalues. These transmission eigenvalues, in turn, are obtained from
the polar-decomposition of the scattering matrix [1, 2, 13, 14].

Quantum dots are examples of mesoscopic cavities where one can investigate the
electronic transport properties experimentally and compare them with the theoretical
results [3, 4, 5, 6]. Experiments on these systems now involve the study of conductance
and shot-noise moments as well as their full distributions. Apart from the quantum
dots, microwave cavities serve as important systems where the theoretical predictions
can be compared with experimental results. In microwave experiments one studies the
transmission of electric field through the cavity [7, 8, 9]. The same theory applies to
both the cases because of the equivalence of mathematical structures of the (time-
independent) Schrodinger and Helmholtz equations. Moreover, the experiments on
microwave cavities are free from the complicating effects of thermal fluctuations etc.
which lead to deviations from the standard fully coherent theory in quantum dots.

These chaotic mesoscopic cavities belong to the class of complex systems where
the particularity of the microscopic details are rendered irrelevant by the complexity
of the system and the macroscopic behaviour is decided solely by the associated global
symmetries. Random matrix theory (RMT) has been successfully applied to the study
of such complex systems. In the case of chaotic mesoscopic cavities the scattering
matrix is modelled using a unitary matrix belonging to the circular ensembles of random
matrices. The appropriate random matrix ensemble is decided by the time-reversal and
spin-rotational symmetry properties of the cavity [1, 2]. The classification of random
matrix ensembles follows from their invariance under orthogonal, unitary and symplectic
transformations and are accordingly referred to as orthogonal ensemble (OE), unitary
ensemble (UE) and symplectic ensemble (SE) [15]. OE and SE are applicable to time-
reversal invariant systems which are with and without rotational symmetry respectively.
UE, on the other hand, applies to systems where time-reversal is not a good symmetry.
These ensembles are also designated by the Dyson index  which assumes the values 1,
2 and 4 for OE, UE and SE respectively.

It has been shown that under the RMT treatment the statistics of transmission
eigenvalues is identical to that of a special case of Jacobi random matrix ensembles
2, 16, 17, 18]. This identification leads to simplifications in calculating explicitly the
above mentioned physical quantities. Exact results are available for the averages and
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variances of conductance and shot-noise power for arbitrary number of channels (or
modes) Ni, Ny in the leads connected to the cavity [1, 2, 18, 19, 20, 21]. However,
significant progress in deriving the exact distributions of these quantities for arbitrary
N1, Ny has been made only recently. For the conductance distribution the explicit
expressions have been given for Ny = Ny = 1,2 in orthogonal (5 = 1) and unitary
(B = 2) cases [1, 2, 13, 14]. The solution for arbitrary N, Ny for f = 2 was also
described in terms of Toda lattice and Painlevé equations [22]. The asymptotic case
of large N; = N, has been analysed in [22, 23]. Further progress in this direction
has been made by calculating higher cumulants of conductance and shot-noise power
20, 21, 24, 25, 26]. Recently Khoruzhenko, Savin and Sommers have studied in detail
the conductance and shot-noise distributions for all 5 and arbitrary Ny, Ny [27]. They
have obtained the results in terms of a Fourier series with terms involving Pfaffians.
However, explicit forms for the conductance distribution are given only for N = 1,2
with arbitrary M, where N = min(Ny, Ny) and M = max(Ny, Ny).

It is known that the distribution takes the form of a Gaussian for large N values
[28]. For small N, however, significant departures from the Gaussian behaviour are
observed. This is important from the point of view of experimental studies on chaotic
cavities [4, 5, 6, 7, 8, 9]. It is therefore desirable to have explicit results for small N
values. Our primary aim in this paper is to provide explicit results for an important
range of small N values. Using results in [15], we show that the conductance distribution
can be given for all Ny, Ny in terms of inverse Laplace transform of a determinant for UE
and Pfaffians in OE and SE cases. This formalism is particularly useful for finding the
explicit expressions of the distributions for all three g for values of N, say upto 6. We
also obtain the Laplace transform results for OE-UE and SE-UE crossover ensembles.

The paper is organized as follows. In section 2 we use Landauer formula and joint
probability density (JPD) of transmission eigenvalues to obtain the Laplace transform
of conductance distribution for all § and Ny, Ny values. In section 3 we give explicit
results for a range of small NV values by taking inverse Laplace transform of the results
in section 2. Section 4 deals with the conductance distribution in OE-UE and SE-UE
crossover ensembles. We conclude in section 5 with the summary of our results and
some general remarks.

2. Laplace Transform of Conductance Distribution

The JPD of transmission eigenvalues {7} is known from random matrix theory as
11,2, 17, 18]

POy, ... Ty) = CO|AN(Ty, .., Ty |BHTa (1)

where 0 < T; < 1, An(Th, ..., Tn) = [[;4(Tj — Ty) is the Vandermonde determinant
and a = B(|N;— N3|+1)/2—1. The normalization C’](VB) is found using Selberg’s integral



[15] as

o) _ fﬁl Fr1+5re+a+24(N+j-1))

L+ 51+ )T+ a+ 2501+ 25)

(2)

The dimensionless conductance at zero temperature is given in terms of the transmission
eigenvalues using the Landauer formula as [2, 10, 11]

g=ZE- (3)

Thus the problem of finding the conductance distribution reduces to the mathematical
problem of performing the following integral'

/ / ZT PW (T, ..., T)dT...dTy. (4)

One natural way to deal with the delta functlon in the integrand is to take the Laplace
transform of (4). We find

1 1 N
_ / g ./c](f)\AN\ﬁ [[e“TedT...dTy. (5)
o Jo =1

Here F®)(s) = £L{F®)(g)} is the Laplace transform of F(¥(g). Such averages involving
|An|? have already been considered in chapter 5 of [15]. We work along similar lines to
evaluate the above integral.

For f = 1 the main complication in solving (5) comes from the absolute value
sign of Ax. We resolve this difficulty by using the method of integration over alternate
variables [15]. We find

FO(s) =D(N + 1)C§&)Pf[q]§-}]z(3)]j,k:0 ..... N-1, (6)
when N is even, and

FO(s) =T(N +1)C\ Pt : (7)

vi(s) @ (s)
1

~2(s) 0

when N is odd. Here Pf[A] is the Pfaffian of the even-dimensional antisymmetric matrix

A [15]. In (6) and (7) \I/(.l,z and <I>(-1) are given by

\If(l / / sgn(z — y) e eV y Tk dy dy, (8)

(1) —ST a
D, ()—/0 e Hdg. 9)

Note that \Ifgl,z(s) = —\I/,(;;(s) We carry out the integration in (8) by considering the
ranges 0 < y <z and z <y < 1, thereby dealing with the sgn(z — y) factor.

The 8 = 2 case is comparatively easier to handle and the result is obtained in terms
of a determinant. We get

FO(s) = T(N + 1)CDet[92)(s)]jk—o,...n-1. (10)



where \Ifﬂ(s) is given by

1
\115212(5):/ eItk o, (11)
0

The ¥ in this case is symmetric between the indices j, k.
For = 4 we again obtain the result in terms of a Pfaffian, viz.,

FW(s) =T(N + 1)C§é>Pf[xy§j‘g(s)] k=0, 21, (12)

Here \1154]2(5) is given by

1
W) = [ et (13)
0

VU, 1, is again antisymmetric under the exchange of j, k as in 8 =1 case.

The conductance distributions for the respective cases follow from the inverse
Laplace transforms of (6), (7), (10) and (12). Explicit results are possible because of the
specific forms of the integrals that appear in the evaluation of ¥ and ®. As mentioned
earlier these results are well suited for finding the distribution of conductance for small
values of N (upto 6 or 7) and one can use symbolic manipulation software package like
Mathematica. The corresponding values of N; and N, cover almost all the combinations
of number of channels that are typically considered in experiments [4, 5, 6, 7].

We remark that one can find the moments of conductance from the expansion of
Laplace transform:

F(s) = Y0 co s (). (1)

(n+1)

Here (g*) represents the pth moment of conductance, given by
(") = / 9"F(g)dg. (15)
0

Similarly the cumulants can be found using the expansion of log(F(s)).

3. Exact Results for Conductance Distribution

For N = 1,2 with arbitrary M, the exact results for all the three S cases are already
known [27]. We have for N = 1 and arbitrary M,

BM _
F®)(g) = TQBMM L (16)

for 0 < g <1 and zero otherwise. For N = 2 and arbitrary M we have

o T(BOM 4 1)/2 4 1) T(5M]2) vy DM+ 1)/24 1)
FPg) = My’ { rearen ) e teor-op

B
- 1) Z( )iy G+ 501 = D721 i) | (17)

J=
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for 0 < g < 2 and zero otherwise. Here O(z) is the Heaviside step function and B, (a, b)
is the incomplete beta-function. Further simplification can be made from (17) for § =1
and one obtains

FO(g) = M +1)[(4)7 = (g - 120y - 1)) (13)

For other § values one has to evaluate (17) for each M separately.

We give below explicit results for the conductance distribution for small Ny, Ny
values. Note that F®)(g) = 0 for all ¢ < 0 and g > N. We have considered N > 2
and M <5 for f=1,2and N > 2 and M < 4 for § = 4. It is possible to work out
explicit results for larger values of N also. However, the results become progressively
lengthier. We have also included N = 2 results below as the general result (17) gives
compact expressions for low values of M.

3.1. Results for OE (f=1)

For 5 =1, we obtain the following results:

o M =2 N=2
FW(g) = Slg—2(9 - 1)"*6(g - 1), 0<g<2. (19)
o M =3 N=2
FO(g) = 215>~ 4(g ~ 1)B(g — 1), 0<g<2. (20)
o« M =3 N=
ggm, 0<g<1,
F(g) = %[3593 —175¢% + 2739 — 125 (21)
—8(g —2)”*(g +5)0(g - 2)], 1<g<3.
o M =4,N=2
FO)(g) = 21"~ 8(g — 1)¥*6(g ~ 1)} <9< (22)

o M=4,N=3

FO(g) = 317 — (9 — 1)*(¢? — 129+ 51)0(g — 1)

8
—(9—2)(¢* + 69 +24)0(g — 2)], 0<g<3, (23)
o M =4 N =14
(5
" 429¢" — 512(g — 1)%/?
o7ang 1209 —512(g = 1)
x(6g* — 64g +201)0(g — 1)], 0<g<2,
FY(g) = 5 7 5 4 (24)
— " _[42947 — 72072 2672
27456[ 99" — 72072¢g° 4 672672¢g

—2800512¢> 4+ 6150144¢% — 6935552¢
+3158016 — 1024(g — 3)'/*(3g +4)0(g — 3)], 2<g<4.




e M =5 N=2

15
FO(g) = 15lo" = 16(g = 1)*O(g — 1)), 0<g<2, (25)
e M =5,N=3
¢ 20
mgl?’ﬂa 0<g<1,
(1) i[300:@5 — 21021g* 4+ 557704°
FY(g) =4 2288 (26)
—70070g% + 423159 — 9933
[ —32(g — 2)7%(29® + 14¢* + 63g +231)0(g — 2)], 1<g<3.
e M =5 N=4
(5
3379" —12(9 = 1)°(3¢" = 309 +83)6(9 — 1)
5/ 4 3 2
Fi(g) —2(g — 2)°(g* — 8¢> + 168¢* — 608¢g 27)
4+2608)0(g — 2)], 0<g<3,
5
\—@(9—4)9, 3<g<4
3.2. Results for UE (= 2)
For 8 = 2 we get the conductance distributions as:
o M =2 N=2
3
—2(g — 2)%, 1<g<2.
o M =3 N=2
(6
=9 0<g<1,
F®(g) = 6 \ (29)
| —5(9—2)%(g" + 69 - 6), 1<g<2.
e M =3 N=3
(3 8 4/ 4 3 2
219" — 39— 1)(g" — 49° + 629
F®(g) = § —228¢+309)0(g — 1)), 0<g<2 (30)
3
o M =4 N =2
(4
?977 O S g S 1a
F®(g) = 4 (31)
| —7(9 = 2)°(¢" + 6¢° + 249 — 60g + 30), 1<g<2.




o M=4,N=3

F®(g) =

(9
ﬁ[g” —3(g — 1)%(¢° + 6¢* — 89¢> + 9364

—3174¢ 4 3860)0(g — 1],

2
| (9 - 3)%(g°® + 24¢° — 69 — 60),

o M =4 N=14

( 2 15
3003 ¢
+25110¢% — 695169 + 73116)0(g — 1)

+2(g —2)"(3¢® — 48¢" + 15964° — 164644°
+89880g* — 294336¢° + 9702569% — 2196032g
1+2758628)0(g — 2)],

. (g—4)"

—4(g —1)°(¢° — 6g° + 330g* — 4010¢°

L 3003

e M =5 N=2

5
FO(g) = —[¢° — 2(g — 1)*(¢° + 4¢" + 104
21

+20g” — 280g + 560)0(g — 1)],

e M =5 N=3

F®(g) =

o M =5N

(
5
0039 — (9= 1)°(3¢" + 24¢” + 108"
—3280g° + 31930g% — 1046409 + 120900)0(g — 1)],
5
m(g — 3)%(g°® + 244° + 324¢* — 4004°
—570¢% — 1920g + 3900),

=4

(5
415701
+19538¢% — 209310¢> + 1127760g% — 2855515¢

4+2799990)0 (g — 1) + 6(g — 2)°(¢"° + 18¢° — 6754°
+15000¢7 — 116910¢° + 342828¢° + 779824 4"
—10900080¢> 4 542242204 — 135038120¢

+154989420)0(g — 2)],

5
TR (g —4)*(g* + 60g> + 2104

9" = 2(g — 1)"(29" + 24¢° — 699¢°

—940g + 180),

\

3.3. Results for SE (B =4)

For g = 4 our results are as follows:

0<g<2, (32
2<g<3
(33)
0<g<3,
3<g<4
0<g<2 (34)
0<g<2,
=9=% (35
2<¢g<3
(36)
0<g<3,
3<g<i4



o M =2 N=
(127 0<g<1,
FOg) =2 T,
——(9=2)(g" + 10g — 10), 1<g<2
o M =3 N=2
(4 n 0<g<1
79 <g<l,
@ () — 4
F(g) = — (g = 2)°(¢° + 109" + 60g" + 280¢°
| —1190g” + 12609 — 420), 1<g<2.
e M =3 N=3
(15 47 8.9 8 7
g —(g—1 244° — 844
a1~ 9~ 139" +24g” — 844y
+17496¢°% — 167990¢° + 10134004*
FW(g) = { —3859020¢> + 8836968¢> — 10975377g
+5747952)0(g — 1)], 0<g<2,
15 14/ 3 2
— (g — —Tg — <g<3.
\2431(g 3) " (g° +429° — Tg — 112), 2<g<3

o M =4 N=2

8
F®(g) = 155l9" = 2(9 = 1)°(¢" + 64" + 217 + 56¢°

+126¢° + 252¢% — 29568¢° + 155232¢>

—288288¢ + 192192)0(g — 1)], 0<g<2.
e M=4N=3
60
F@ () = 23 — 1)12(1 4 19410 9
(9) 060347 9 =3(g—1)“(g + 1297 + 78¢

+364¢% — 73017¢" + 1534512¢° — 148073524°
+83363952¢" — 2877463264° 4 5978268244
—685194300g + 334840968)0(g — 1)

+3(g — 2)°(g** + 18¢" 4 180g¢"* + 1320g"
—140844¢" + 2208888¢° — 155484564°
+62418048¢7 — 1434685564° + 209723976¢°
—212061696¢* + 91459872¢> + 783610044¢>

—2453722488¢ + 2560102776)0(g — 2)], 0<g<3.

(38)

(39)

(41)

The plots of conductance distribution for these and other higher values of Ny, Ny

have been shown in figure 1. As mentioned above the conductance distribution for large

N can be approximated by the Gaussian distribution [28]

1
Fa(g) = —————e (9= (9)*/2var(g)

27rvar(g)

(42)
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Figure 1. Conductance distributions for 8 = 1,2 and 4 for various M, N. The three
columns correspond to 8 = 1,2,4 whereas the the rows correspond to increasing N.
The numbers near the curves represent M values.

Here (g) and var(g) are the average conductance and the variance of conductance
respectively and are given by [1, 2, 18, 27]

N1N2
9 = A1t 2B (43)
9= B(Ns —2+2/B)(Ns — 1 + 2/B)2(Ns — 1 + 4/B)’
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where Ng = N; + N,. For large Ny, Ny these get reduced to

NN,

(9) = Ne (45)
2N2ZN?

var(g) = 5]1\[32 ) (46)

Comparison between the exact results and the above Gaussian approximation of (42)
has been shown in figure 2 for N > 2 and M < 4. The departure is shown in figure 3 as
the relative percentage difference 100(F(g) — Fiz(g))/F(g). It has been shown recently
that the Gaussian approximation holds in the range N/4 < g < 3N/4 for large N
[22, 23]. This Gaussian range is also observed in figure 3, even though the N values are
rather small. Outside this range the Gaussian approximation becomes poor. We also
find that the power law approximations [23] suggested outside this range do not work
well for these N values.

p=1 p=4
T I T I T I T I T I 3 T I T I T I T I
L A A c D i
2_ —
G I 1
LL
1_ —
0 ] DN ]

Figure 2. Comparison between the exact results (solid lines, black) and Gaussian
approximations (broken lines, red) given by equation (42). The labels near the curves
represent the M, N valuesas A: M =3, N=2,B: M =4 N=2C: M=3,N=3
and D: M =4, N = 3.

4. Conductance Distribution for Crossover Ensembles

4.1. Crossover Ensembles

The OE-UE and SE-UE transitions are important for studying the effect of magnetic
field on the mesoscopic cavities [4, 5, 18, 30, 31]. Variation of the magnetic field
leads to crossover from the OE or SE (time-reversal invariant) to UE (time-reversal
noninvariant). This in turn gives rise to the phenomenon of weak-localization or weak-
antilocalization in crossover ensembles. We have recently worked out the statistics of
transmission eigenvalues for both OE-UE and SE-UE crossover ensembles for arbitrary
N1, Ny [18]. The crossover is governed by a symmetry breaking parameter 7. The
transitions from OE to UE and SE to UE take place as 7 is varied from 0 to oo.

The conductance problem in chaotic cavities has also been analysed using the
Hamiltonian formalism as a microscopic justification for the scattering matrix approach
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Figure 3. Relative percentage difference between exact distribution and Gaussian
approximation.

[2, 30]. To consider the crossover regime under this approach, one assumes the
Hamiltonian to belong to the Gaussian crossover ensemble of random matrices [31].
For instance, for the OE-UE crossover the Hamiltonian is taken as [30, 31, 35]

H, = Hy(v?) + inA(v?). (47)

Here H, belongs to GOE and has v? as the variance for non-diagonal elements. A
is an antisymmetric matrix whose independent matrix elements are Gaussians with
variance v2. 1 serves as the transition parameter with n = 0 corresponding to GOE
and n = 1 corresponding to GUE. Using various theoretical arguments, supported by
numerical evidences, it has been shown that the parameter n is proportional to the
magnetic flux through the cavity [29, 30]. The connection of the parameter 7 with
the magnetic flux has been established via the parameter n by relating the scattering
matrix to the Hamiltonian [2, 31]. It turns out that, for the range of magnetic field
strength for which theory holds good, the parameter 7 is proportional to the square
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of magnetic flux through the system. A comparison of random matrix results [18, 31]
for averages of conductance and shot-noise power with the corresponding semiclassical
results [32, 33, 34] also leads to the same conclusion.

In [18] we have obtained the averages and variances of conductance and shot-noise
power for the crossover ensembles. We show here that the Laplace transform method
can be used to derive the conductance distributions in the crossover ensembles also.

The JPD of transmission eigenvalues for the crossover is given by [18]

N
P(Ty, .. Ty; 7) = €T CyAN(Th, ... Tn)PHF] [ 17, (48)
1=1
where Cy = C](\}) for OE-UE crossover and C'](V4) for SE-UE crossover. & is given by

N-1
& = Zau, en = p(+2b+2). (49)
pn=0

The parameter b is defined by
2b+1=|N; — Nyf. (50)

Also v = b and b+ 1 respectively for the OE-UE and SE-UE crossovers. The crossover
parameter 7 appears in (48) in the normalization and the Pfaffian. F;; in (48) is an
antisymmetric function with the indices 7, k taking values from 1 to NV or N+1 depending
on whether N is even or odd. N is necessarily even in the SE-UE crossover to take care
of Kramers degeneracy explicitly for SE. For j,k = 1,2,..., N, F;, = G(1},T};7). In
addition, for odd N case of OE-UE crossover F; y41 = —Fny1,; = H(Tj;7)(1 — 05 n41)-
The explicit forms of G and H have been given below. We use the above JPD and other
results from [18] to obtain the conductance distributions for the crossover ensembles.
As in (5) the Laplace transform of the conductance distribution is given by

1 1 N
F(S;T) — /0 /0 P(Tl,...TN§T>H6_STj dTldTN (51)
j=1

The above integral can be evaluated by expanding the Pfaffian and then performing
the integral using the method of alternate variables [15, 35, 36]. The final answer is
obtained in terms of a Pfaffian. We outline the proof in appendix A. We give the results
for the OE-UE and SE-UE crossovers below.

4.2. OE-UFE Crossover

For the OE-UE crossover we get the Laplace transform of the conductance distribution
as

F(s:7) = & T(N + 1)CVPHY, 1 (s: 7)o, N—1, (52)

when N is even, and
Ujn(s;7)  @i(s57)

F(s:7) = & T(N + 1)CVPE
(S,’T) € ( _I— ) N —ék(S;T) 0 ' )
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when N is odd. In (52) and (53) ¥ and & are given by

U, (s 7) / Gz, y;7) e e Vg My dy dy, (54)
D,(s;7) = / H(z;1)e 27 dx, (55)
0
where
Gz, y;7) = 4abTytH! Z Z (—1)“+”e—(€“+€”)T
p=0 vr=p+1
[P0’2b+1(2flf o 1)P0,2b+1(2y o 1) o PB,2b+1(2x . 1)P£,2b+1(2y o 1)}
_ b+1 b+1 Z Z ,u—l—l/ —(epten)T
pn=1 v=0
x [PeP (22 — 1) PY* 2y — 1) — PY*" (22 — 1) P (2y — 1)), (56)
H(z;7) = 22" Z(—l)“e_E“TPg’QbH@x —1). (57)

Here the Pf’b(x) are Jacobi polynomials. Note that in the 7 — 0 limit G(z,y;7) =
sgn(rx —y) and H(z;7) = 1. The OFE result therefore follows from the above crossover
result for 7 = 0.

For arbitrary Ni, Ny the results for conductance distribution are complicated.

However, for N = 1 and arbitrary M the final expression is simple. We find
F(g, — M lz I/ —V(V+M TPOM 1(29_1) (58)

It is easy to see that 7 — oo reproduces the correct UE result. For the other limit 7 = 0,
which gives the OE result, one has to use the following identity which follows from the
generating function for Jacobi polynomials [37]:

[e.e]

0,M—1 1—M2
;< /P 2g = 1) = o9 (59)

The effect of varying 7 on conductance distribution has been shown in figure 4 for
M < 4.

4.8. SE-UE Crossover

For the SE-UE crossover the Laplace transform of the conductance distribution is given
by
F(s:7) = & T(N + 1)COPHY, (53 7)o, N—1, (60)

.....

where as in (52),

U, (s;7) / / (z,y;7) e e~V iy 1k dy dy. (61)
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Figure 4. Conductance distribution in OE-UE crossover for N =1 and M = 1,2, 3,4,
with different values of .

In this case G(z,y; 7) has the expansion

1 o0 o0
Gl yim) = =32y YN (p+b+ 1)y b 1)eErter
©n=0 v=0
% [PS’2b+1 or — 1)P,/0’2b+1(2y o 1) . PB,Qb-ﬁ-l(QI, o 1)P£,2b+1(2y N 1)}
1 oo p—1
= §$byb Z (L+b+ 1) (v+b41)e Eutenr
pn=1 v=0
X [PS,zbJrl 21 — 1) P92+ (2y — 1) — PO+ (2 — 1)P£,2b+1(2y _ 1)} . (62)

For 7 — 0 we have G(z,y;7) = —0d(x — y)/0x. The SE result given in section 3 does
not take into account Kramers degeneracy. One therefore has to properly scale the
quantities to obtain (12) from (60) in the 7 = 0 limit.

4.4. Large N1, Ny results

For large N the conductance distribution is expected to behave like a Gaussian as in (42).
However, the average and variance should be appropriate to the crossover ensembles, as
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given in [18]. We have for arbitrary N, N,
— N1N2 N1N2 e—NsT

and
var(g) = N?N3 NiNo(Ny = 1)(N2 — 1) o-2Ns—1)r
(Ns — 1)(Ns)?(Ns +1) ~ (Ns —2)(Ns — 1)(Ns)(Ns + 1)
_ N12N22 e~ 2NsT NNy (N1 + 1) (N2 + 1) e 2(Ns+1)7
(Ns)?(Ng + 1)2 Ng(Ng +1)(Ns + 2)(Ns + 3)
2N Ny(Ny — N,)? N
+ ST 64
(N —D(VeP(Ns T )5 +2)° o
for OE-UE crossover. Similarly
NN, NN,
= e ST 65
LA VR Ay o)
and
var(g) = N{NZ NiNy(Ny = (N2 —1) oy
(Ns — 1)(Ns)?(Ns +1) ~ (Ns — 3)(Ns — 2)(Ns — 1)(Ns)
i leN22 e~ 2NsT N1N2(N1 + 1)(N2 + 1) e~ 2(Ns+1)7
(Ns — 1)2(Ng)? (Ns — 1)(Ns)(Ns + 1)(Ns + 2)
—~ ZNuN(Ny — No)” e NS (66)
(Ns —2)(Ns — 1)(Ng)*(Ns + 2) ’
for SE-UE crossover. For large Ny, Ny the above equations simplify to
N1N2 €_NST
= 1
= (1375 ). (o7
and
NEN 2N
var(g) = N (1+e2Ys7), (68)
S

valid for both the crossovers. In (67) the upper and lower signs correspond respectively
to the OE-UE and SE-UE crossovers. It is clear from (67) and (68) that for large Ny, Ny
while the average changes very little for both the crossovers, the variance becomes half
as 7 varies from 0 to oo.

5. Conclusion

To conclude we have proposed a formalism to obtain exact distributions of conductance
in chaotic mesoscopic cavities for all the three invariant classes of random matrices. The
technique is particularly useful for finding explicit answers for small N values where one
expects significant deviation from Gaussian-like behavior. These results are important
from the point of view of experiments where similar number of channels are typically
considered.
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We have also worked out the conductance distributions for the OE-UE and SE-UE
crossovers using the results of [18]. These results are important for investigating the
behaviour of conductance distributions in mesoscopic cavities with small magnetic field.

We remark that, working in similar fashion, it is possible to present the exact
distribution of shot-noise power also as an inverse Laplace transform of determinant or
Pfaffian. One just needs to replace e** by e™**(17®) in the expressions for U and .
However, evaluation of the inverse Laplace transform to obtain explicit results poses
technical difficulties.
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Appendix A. Proofs of (52), (53) and (60)

The Pfaffian of a 2u x 2 antisymmetric matrix A is defined as [15]
Pf[A] = Z UpAihizAis,iz; e Ai2;¢71,i2;¢‘ (Al)
P

The sum in (A.1) is over all permutations

< 1, 2,..., 2u )
p=1. . .
11, 12, ..., 12

with the restrictions ¢ < ig, 13 <4, ..., fop—1 < lou; 11 < i3 < ... < ig,—1 and o}, is sign
of the permutation. Also, Pfaffian is related to the determinant as
det[A] = (Pf[A])%. (A.2)

For the OE-UE crossover, Laplace transform of conductance distribution is

_ 1 1 N ' _
F(s) = eSm0W / dT, - - - / dTN<He_ST’Tﬂ>det[T,g]j:o,H,NflPf[]-"mm]
i=1

0 0 k=1,..,N

ox 1 PHF ) (A.3)

j:
k=1,.

1 1
= egOTC’](\}) / drly - / dTy detle 5T
0 0

where m,n =1,..., N or N + 1 depending on whether N is even or odd.
When N is even, the expansion for Pfaffian and symmetry of the T" variables lead
to

1 1 N
F(s) = (N = )l eforc / Ty - - / dTN<| |e_STiTﬂ>det[T,g]j:o,“,Nfl(]-"172]:374....7:1\/_1,1\7)
0 0 Pl k=1,..,N

1 1
= (N =Dt eforoY) / dTy - - - / dTwdet[e s 1T0 For yop e T 0,
0 0 ’

Defining

1
far :/ ATy 1e™ 1T For 101, (A.4)
0
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and integrating over the odd numbered columns in the determinant we get

ﬁ(S) ( ” 6807—0 /dT2 / dT4 /dTNdet T+ GB_ST%TW-H]?c 0,. 11\\!]/1 (A5)
1,..,N/2
The remaining integrals give rise to a Pfaffian [15, 35, 36|, viz.,
F(s) = (N — D)5 CP2N2(N/2)IPH, 45 7)] k0. -1
= STD(N + 1)CWVPHY; o (5:7)] k0. N—1, (A.6)

where U, 1(s;7) is given by (54).
When N is odd we get instead of (A.5),

F(s) = Nl forgV) / AT / AT, - - / ATy det 57 e T30, filmo.na  (AT)

(N-1)/2

This then leads to (53

The proof for SE—UE crossover result is similar to even N case of OE-UE crossover.
Note that the proofs for the f = 1,4 invariant ensembles are implicit in the above
derivations.

References

[1] Mello P A and Kumar N 2004 Quantum transport in mesoscopic systems: Complexity and
statistical fluctuations (Oxford University Press)
[2] Beenakker C W J 1997 Random-matrix theory of quantum transport Rev. Mod. Phys. 69 731
[3] Alhassid Y 2000 The statistical theory of quantum dots Rev. Mod. Phys. 72 895
[4] Chang A M, Baranger H U, Pfeiffer L. N, and West K W 1994 Weak localization in chaotic versus
nonchaotic cavities: A striking difference in the line shape Phys. Rev. Lett. 73 2111
[6] Chan I H, Clarke R M, Marcus C M, Campman K and Gossard A C 1995 Ballistic conductance
fluctuations in shape space Phys. Rev. Lett. 74 3876
[6] Huibers A G, Patel S R, Marcus C M, Brouwer P W, Duruéz C I, and Harris J S 1998 Distributions
of the conductance and its parametric derivatives in quantum dots Phys. Rev. Lett. 81 1917
[7] Hemmady S, Hart J, Zheng X, Antonsen T M, Ott E, and Anlage S M 2006 Experimental test of
universal conductance fluctuations by means of wave-chaotic microwave cavities Phys. Rev. B
74 195326
[8] Barthélemy J, Legrand O, and Mortessagne F 2005 Complete S matrix in a microwave cavity at
room temperature Phys. Rev. E'71 016205
[9] Schanze H, Stockmann H-J, Martnez-Mares M, and Lewenkopf C H 2005 Universal transport
properties of open microwave cavities with and without time-reversal symmetry Phys. Rev. E
71 016223
[10] Landauer R 1957 Spatial variation of currents and fields due to localized scatterers in metallic
conduction IBM J. Res. Dev. 1 223
[11] Fisher D S and Lee P A 1981 Relation between conductivity and transmission matrix Phys. Rev.
B 23 6851
[12] Biittiker M 1990 Scattering theory of thermal and excess noise in open conductors Phys. Rev. Lett.
65 2901
[13] Baranger H U and Mello P A 1994 Mesoscopic transport through chaotic cavities: A random
S-matrix theory approach Phys. Rev. Lett. 73 142
[14] Jalabert R A, Pichard J-L and Beenakker C W J 1994 Universal quantum signatures of chaos in
ballistic transport Furophys. Lett. 27 255
[15] Mehta M L 2004 Random Matrices (New York: Academic)



19

Aratjo J E F and Macédo A M S 1998 Transport through quantum dots: A supersymmetry
approach to transmission eigenvalue statistics Phys. Rev. B 58 R13379

Forrester P J 2006 Quantum Conductance Problem and the Jacobi Ensemble J. Phys. A: Math.
Gen. 39 6861

Kumar S and Pandey A 2010 Jacobi crossover ensembles of random matrices and statistics of
transmission eigenvalues J. Phys. A: Math Theor. 43 085001

Savin D V and Sommers H-J 2006 Shot noise in chaotic cavities with an arbitrary number of open
channels Phys. Rev. B 73 081307(R)

Novaes M 2007 Full counting statistics of chaotic cavities with many open channels Phys. Rev. B
75 073304

Novaes M 2008 Statistics of quantum transport in chaotic cavities with broken time-reversal
symmetry Phys. Rev. B 78 035337

Osipov V A and Kanzieper E 2008 Integrable theory of quantum transport in chaotic cavities
Phys. Rev. Lett. 101 176804

Vivo P, Majumdar S N, and Bohigas O 2008 Distributions of conductance and shot noise and
associated phase transitions Phys. Rev. Lett. 101 216809

Sommers H-J, Wieczorek W, and Savin D V 2007 Statistics of conductance and shot-noise power
for chaotic cavities Acta Phys. Pol. A 112 691

Savin D V, Sommers H-J, and Wieczorek W 2008 Nonlinear statistics of quantum transport in
chaotic cavities Phys. Rev. B 77 125332

Osipov V A and Kanzieper E 2009 Statistics of thermal to shot noise crossover in chaotic cavities
J. Phys. A 42 475101

Khoruzhenko B A, Savin D V, and Sommers H-J 2009 Systematic approach to statistics of
conductance and shot-noise in chaotic cavities Phys. Rev. B 80 125301

Politzer H D 1989 Random-matrix description of the distribution of mesoscopic conductance Phys.
Rev. B 40 11917

Bohigas O, Giannoni M-J and Schmit C 1986 Spectral fluctuations of classically chaotic quantum
systems, in Quantum Chaos and Statistical Nuclear Physics , Lecture Notes in Physics 263,
edited by Seligman T H and Nishioka H (Springer).

Pluhat Z, Weidenmuller H A, Zuk J A, Lewenkopf C H and Wegner F J 1995 Crossover from
orthogonal to unitary symmetry for ballistic electron transport in chaotic microstructures Ann.
Phys. (NY) 243 1

Frahm K and Pichard J-L 1995 Magnetoconductance of ballistic chaotic quantum dots: A
Brownian motion approach for the S-Matrix J. Physique (I) 5 847

Heusler S, Muller S, Braun P, and Haake F 2006 Semiclassical theory of chaotic conductors Phys.
Rev. Lett. 96 066804

Braun P, Heusler S, Miiller S, and Haake F 2006 Semiclassical prediction for shot noise in chaotic
cavities J. Phys. A: Math. Gen. 39 L159

Béri B and Cserti J 2007 Effect of symmetry class transitions on the shot noise in chaotic quantum
dots Phys. Rev. B 75 041308(R)

Pandey A and Mehta M L 1983 Gaussian ensembles of random Hermitian matrices intermediate
between orthogonal and unitary ones Commun. Math. Phys. 87 449

Mehta M L and Pandey A 1983 On some Gaussian ensembles of Hermitian Matrices J. Phys. A:
Math. Gen. 16 2655

Szego G 1975 Orthogonal Polynomials (American Mathematical Society, Providence)



	1 Introduction
	2 Laplace Transform of Conductance Distribution
	3 Exact Results for Conductance Distribution
	3.1 Results for OE (beta=1)
	3.2 Results for UE (beta=2)
	3.3 Results for SE (beta=4)

	4 Conductance Distribution for Crossover Ensembles
	4.1 Crossover Ensembles
	4.2 OE-UE Crossover
	4.3 SE-UE Crossover
	4.4 Large N1, N2 results

	5 Conclusion
	Appendix A Proofs of (52), (53) and (60)

